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» Semantics
— Algebraic model theory

» Syntax

— Initial-algebra semantics
(= compositionality)

— structural recursion

— Induction principle

— theory of translations
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Simple Type Theories are

Second-Order Equational Presentations!
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Equational Meta-Logic



Universal Algebra

Syntax Semantics




Universal Algebra

Syntax Semantics

signatures:




Universal Algebra

Syntax Semantics

signatures:

algebras:
A — {Zn X AT — A}nEN




Universal Algebra

Syntax Semantics
signatures:
L = {Zn c Set }nEN
algebras:

A — {Zn X A" — A}nEN
free constructions:
V—T(V)

|
Wekia
Vﬂ.p

A

Vp



Universal Algebra

Syntax Semantics

signatures:

algebras:
A — {Zn X AT — A}nEN

free constructions:

vV —T(V)
|
Vo Vﬂ!p#
A

terms, variables




Universal Algebra

Syntax Semantics
signatures:
L = {Zn c Set }nEN
algebras:

terms, variables,
and substitution:

T(V)xAY — A
t,p —  tlp]

A:{an Aﬂ%A}nEN

free constructions:

vV —T(V)
|
Vp Vﬂ!p#
A




Universal Algebra

Syntax Semantics
signatures:
L = {Zn c Set }nEN
algebras:

terms, variables,
and substitution:

T(V)xAY — A
t,p —  tlp]

equations:
VEt=1t'

A:{an Aﬂ%A}nEN

free constructions:

vV —T(V)
|
Vp Vﬂ!p#
A




Universal Algebra

Syntax Semantics

signatures:

algebras:
A — {Zn X AT — A}nEN

free constructions:

vV —T(V)
|
Vp ‘VE” p*
A
terms, variables,
and substitution:
T(V)xAY — A
t,p —  tlp]
equations:
VEt=1t'
validity:
AEt=t

iff Vo € AV.t[p] = t'[p]
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Birkhoff’s Deduction Problem

Devise a deduction system such that

t = t’ is derivable from a set of equations &

soundness Tcompleteness

foral A=, AEt=t

Birkhoff’s Equational Logic
of Universal Algebra

(t=t')e &

t=+t’

Sofa=1,...,m)
(f:n)
f(ty,...,ta) = f(t5,..., 1)

(p a substitution)



Analysis of Universal Algebra

Syntax Semantics
signatures:
algebras:

A:{an Aﬂ%A}nEN

free constructions:

vV—T(V)
|
vx g3 o7
A
terms, variables,
and substitution:
TV)xAY — A
t,p —  tlp]
equations:
VEt=1t'
validity:
AEt=t

iff Vo € AV.t[p] = t'[p]
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Monadic Algebra

Generalised Syntax

Semantics

generalised terms:
t:I1—> 1TV
(Kleisli maps)
variables:
Vo1V

substitution:
o: TV®I[VVAl = A

generalised equations:

t=t': 1> TV

T a strong monad
on a smc category

algebras:
A=(TA — A)

Interpretation:

[©[V,Al-= A
t®idy, o

V& [V A

validity:
A Et=tiff [t] = [t']



Deduction Problem

Devise a deduction system such that

t=1t':1— TV is derivable from a set of
generalised equations &

soundness

for a

AECE,

A

Tcompleteness
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Equational Meta-Logic
Rules

t1Et$ZU%TV
tzEtéZV%T\/\/
tilt] =4t5 U — TW

(Subst)

{ei: U; — Ui a cover
teizt’ei:UiHTV (IEI)

(LocChar)
t=t':U—=TV

t=t':U—>TV
(Ht=(DHt':IeU - T(Iw V)

(Ext)
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Soundness

ft=1t":1— TV is derivable from &
then A=t=1t/,forall A= €.

Internal
Soundness and Completeness

For
TV the free algebra satisfying &
and
q: TV — TV the associated guotient map,

the following are equivalent:

1. At=t':U—TV,forall A=E
2.TVEt=t :U—TV

3. qt:qt’:UHTV
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Reconstruction of
Birkhoff’s Equational Logic

S-Alg

K

Set

U

Ty

Tz(X) = X + HnGN Zn X (T2X)n
/7 \

/ \

/ \

syntactic structure \ concretion
= signature: £ ={ X, € Set },.cy \

interpretation

\
\

Equational Logic
VEt=1t'



Substitution Rule

Wkt =t (xeV)
(LocChar)

VEs=s' Wl_{tx}XEVE{tgc}XEV
(Subst)

Wt slt,/xlxev = s'[t]/X]xev
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Multi-Sorted Equational Logic

2-Alg

I

Ty

(TZX)S = XS + HO‘:(S1...Sn)€S* ZG,S X H?:1(TZX)51

/7 \

/ \
/ \

syntactic structure \ concretion
= signature: £ ={Z; € Set® Joes- |

interpretation

\
\

Equational Logic
X:oFt=1t':s

General method for the extension from the
mono-sorted to the multi-sorted case.
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Model

g universe of
Q discourse

abstract syntax <~~~ T

l
Theory

1

Deductive System

axioms\
A f=f:CoTA

2N -
co-arities

arities

sound for a canonical algebraic model theory
+

framework for completeness .

interpretation -7
/

/
syntactic structure

concretion \

\
N

Equational Logical Framework
A>TEHt=t
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algebraic
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binding
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» The paradigmatic simple type theory:
A-calculus

(B)  (Ax.M)N = M[N /x|
M) Ax.Mx=M (x & FV(M))

» Simply-typed A-calculus, computational
A-calculus, . ..

» The syntactic theory should account for:

¢+ variables and meta-variables
¢+ variable binding and «x-equivalence
¢+ capture-avoiding and meta substitution

¢+ mono and multi sorting
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Algebraic Model

finite sets (contexts)

and functions (renamings)
e

Set"”

@

>

2(X) = Hﬁ:(m ..y )EN* Lii X Hf:] XV

)
XT (T elF)

X € Set® is a functor 4
| F(I',A) — Set (XTI, XA)
\

|
E.g. the object of variables is VI' =T

interpretation
\

syntactic structure =

» arities: an operator of arity n = (ny...ny)
takes k arguments, respectively binding

n; variables.
» signature: ¥ ={ Xz € Set" Jren
+
» substitution




Algebras with Substitution
(2-monoids)

» algebra structure:

X —&s X

» Substitution structure:

monoid V —= X <& X eX

T —= XI' =— XA x (XI)4
~ subject to the laws of substitution

subject to the compatibility condition:

T(X)eX ——=T(XeX) = yX

= la

XeoX X




A Pre-Models
with Substitution

» Signature.
Y, = 000 (application)
| A(1) (abstraction)
» Algebras.
app:L?—L abs:LY =L

var:V —— L <— Le L :subst

subst?

[2eL—=>(LeL)?

appoLl lapp

Lel L

subst

substV

[VeL—(LeL)

abs-Ll labs

[Lel L

subst




Monadic Model
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My

Thm:
1. Ms(X) =V +XeMs(X)+ Z(MsX)



Monadic Model

>-Mon

St tlF

A

Ms

Thm:

2. For X induced by a binding signature,
My Is a strong monad .

/
| concretion

\
N

Syntactic theory for variables, meta-variables,
variable binding, «-equivalence,
capture-avoiding substitution, meta-substitution.
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Second-Order Syntactic Theory (I)

» Syntax:

For X an object of meta-variables,

t &€ Mz(X)r
n= | x| (x €T)
M e X({)
’ M[th"')tE] (tle(M2X)r>

. . Fe o e
| f((X1)t1>-~>(Xk)tk)) (tge ((mglxxlsl)rﬂ )

» Capture-avoiding substitution:
Mz (X) @ Mz(X) — Mz(X)
(= Ms(X)a x (Ms(X)r)"* — Ms(X)r)
» Meta-substitution:
Mz (X) % (Mz(Y))™ — Mg(Y)
(= M= (¥)r % TTeer X(0) = ((MY)Y) = M=(Y)r)



Second-Order Syntactic Theory (II)

» Canonical specification and derived
correct definition of

¢+ variable renaming,

¢ capture-avoiding simultaneous
substitution,

¢ meta-variable renaming,

¢+ meta-substitution.

» Canonical algebraic model theory.
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X1yeeoy Xn s M1[m1],...,Mk[mk] -t=1’
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Second-Order Equational Presentations

X1yeeoy Xn s M1[m1],...,Mk[mk] -t=1’

A-calculus
() M1, N[O] = A((x)M[[x]]) eN[] = M[NL]]
M) Ml A((x) M[]le|x]) = M[]

Second-Order Algebraic Models
Kl =0tT: VP x AV x...xAV"™* 5 A

A-models with substitution

[VxL—>LelL / \

absxidl (B) lsubst (V X L
I xL L (varxL)Vl m) Tabs

app
%
(L x L)Y - LV




Second-Order Equational Logic (I)

t1Et12U%TV
tzEtéZV%TW

tilta =4t U — TW

(Subst)



Second-Order Equational Logic (I)

=t :U—TV
tzEtQIV%TW

tilta =4t U — TW

(Subst)

Substitution Rule

72; M1[m1],...,Mk[mk] Ft=u

ygi)w . >y1(111)1> N][Tl]],. . ,Ng[‘ﬂ,g]

i=1,...,k)
I—tizui

X; N1[Tl1]>--->N£[mz]
- M=y y I )
= u{M;:=(yy,..., ymi)



Second-Order Equational Logic (II)

{e;: U; — U}ier acover
teizt’ei:UiHTV (161)
t=t':U—-TV

(LocChar)

Local Character Rule

l:{Xh"')Xk}H{yh"'>y€}

Y1,...,Yg; ...,Mi[mi],... =t = uf

x1,...,xk;...,Mi[mi],...l—tzu



Second-Order Equational Logic (III)

t=t':U—>TV
(Ht=DHt": IeU—->T(I® V)

(Ext)

Extension Rule

—

x;...,Mi[mi],... - ti =1

%,y1,...,ye; ...,Mi[mi—l—ﬁ],...l—h#ztz#

t* =t{ M, = (zgl),...,z%)i)Mi[zgl),...,z%)i,yh...,yg]}



Algebraic Simple Type Theory

Algebraic model theory
&
Second-order equational logic

for second-order equational presentations

+

Theory of translations



