On the structure OF
SUBSTITUTION

Abstract

The notion of substitution is ubiquitous in computer science and mathematics. However,
there is as yet no theory that treats this commonsense notion in full generality. This talk is a
step in this direction. Specifically, through an analysis of the concept and role of substitution
in a series of examples from formal languages, algebra, type theory, combinatorics, etc. I will
synthesise a general unifying framework for defining and studying substitution. Along the way,
I will use the theory to extract correct substitution algorithms, provide initial-algebra semantics
that respect substitution, establish the admissibility of the cut rule in type theories, etc. More
speculatively, I will initiate the reduction of type theory to algebra.
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What is substibution ?

Substitution

From Wikipedia, the free encyclopedia

Wiktionary Look up substitution in Wiktionary,

Substlltutmn is the replacement of one thing with another. Specific fwjanri . the free dictionary.
types include: e

n mathematics:

W@ Substitution rule, in calculus
® The substitution method of solving simultaneous equations
B Substitution property of equality, in mathematics
B Substitution cipher, in cryptography
B Variable substitution method in lambda calgulﬂf and mathematicalw

In science and technology:

B Substitution (chemistry), in organic chemistry

® Substitution method, in the testing of optical fiber

B Substitution mutation is synonymous with point mutation in genetics
B Virtual Reality as a substitute for Reality

In economics:

B Import substitution in trade
B Substitute good, in consumer theory

In medicine:

B Substitution therapy for opiates

In Analytic psychology:

B ]t is a defence mechanism where a person replaces one feeling or emotion for another.

Other uses:

Chord substitution, in music

Substitution (law), a legal right to change a judge that may be biased.
Substitution (theatre), an acting methodology

Substitutes, in sport

Substitutionary Covenantal Representation in Biblical Theology

Retrieved from "http://en.wikipedia.org/wiki/Substitution”

Categories: Disambiguation

® This page was last modified 21:38, 20 May 2006.

= All text is available under the terms of the GNU Free Documentation License (see Copyrights for
details).
Wikipedia® is a registered trademark of the Wikimedia Foundation, Inc.
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ALGEBRAIC LANGUAGES WITH VARIABLE
BINDiING&
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OPERATIONS = TJUDGEMENTS
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A  DECOMPOSITION OF SuBSTITUTION
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DIRECT  IMPLEMENTATrON

(x**x Contexts **x)
= — —— ]

type Ctxt = int ;

val EmptyCtxt = 0 ; [d{ B{‘ufd‘n‘]
fun Cext C = C+1 ; ngs f"dl.“s
fun new C = ... C"'i i‘

fun up x = ... l z"‘-
fun old x = ... y 2 2"1.

(*x*% Terms ***)
———_

datatype
Lam = var of Ctxt | app of Lam * Lam | abs of Tam ;



(k%% Renamings **x*)
—_——

type
Renaming = Ctxt * (int -> int) * Ctxt ;

fun Rext (C,r,D)
= ( Cext C ,
fn x
=> if x = new C then new D else up( r( old x ) ) ,

Cext D ) ;
(k% Renamlng actions **x*)
infix act ;
fun ( var i ) act (_,r,_) = var(r 1)

| ( app(t1,t2) ) act R = app( t1l act R, t2 act R )
| (abs t ) act R = abs( t act (Rext R) ) ;



(#xx Single-variable substitution *x)
fun subst C ( var x , u )
= if x = new C then u else var(old x)
| subst C ( app(tl,t2) , u )
= app( subst C (tl,u) , subst C (t2,u) )
| subst C ( abs(t) , u )
= let
fun Up C t
=t act (C, up , Cext C ) ;
fun Swap C t
= t act
( Cext(Cext C) ,
fn x
=> if x = new( Cext C ) then up( new C )
else if x = up( new C ) then new( Cext C )
else x ,
Cext (Cext C)

S
- e

in
abs( subst (Cext C) ( Swap Ct , UpCu) )
end ;
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THE TYPE 0OF SuBSTITUTION
subste o
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SPEGFCATION OF SUBSTITUTiON
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THEOREM

The free monord
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IMPLEMEN TATi oA
[Stou ﬁkl‘on_']

(x**x Simultaneous substitution *x%x)
*

type
Substitution = Ctxt * (int -> Lam) * Ctxt ;

fun Sext (C,s,D)
= ( Cext C ,
fn x
=> if x = new C then var(new D)
else ( s(old x) ) act (D, up , Cext D )
Cext D ) ; -

fun subst ( var x ) (_,s,_)
=8 X
| subst ( app(ti1,t2) ) S
= app( subst t1 S , subst t2 S )
| subst ( abs(t) ) S
= abs( subst t (Sext S) ) ;

21
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MATHEMATICAL MoDELS
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DEPENDENTLY- SORTED ALGEBRA
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