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Abstract. Fiore and Hur [10] recently introduced a conservative exten-
sion of universal algebra and equational logic from first to second order.
Second-order universal algebra and second-order equational logic respec-
tively provide a model theory and a formal deductive system for lan-
guages with variable binding and parameterised metavariables. This work
completes the foundations of the subject from the viewpoint of categori-
cal algebra. Specifically, the paper introduces the notion of second-order
algebraic theory and develops its basic theory. Two categorical equiva-
lences are established: at the syntactic level, that of second-order equa-
tional presentations and second-order algebraic theories; at the semantic
level, that of second-order algebras and second-order functorial models.
Our development includes a mathematical definition of syntactic trans-
lation between second-order equational presentations. This gives the first
formalisation of notions such as encodings and transforms in the context
of languages with variable binding.

1 Introduction

Algebra started with the study of a few sample algebraic structures: groups,
rings, lattices, etc. Based on these, Birkhoff [3] laid out the foundations of a
general unifying theory, now known as universal algebra.

Birkhoff’s formalisation of the notion of algebra starts with the introduction
of equational presentations. These constitute the syntactic foundations of the
subject. Algebras are then the semantics or model theory, and play a crucial role
in establishing the logical foundations. Indeed, Birkhoff introduced equational
logic as a sound and complete formal deductive system for reasoning about
algebraic structure.

The investigation of algebraic structure was further enriched by the advent of
category theory, with the fundamental work of Lawvere on algebraic theories [18]
and of Linton on finitary monads [17]. These approaches give a presentation-
independent treatment of the subject. Algebraic theories correspond to the syn-
tactic line of development; monads to the semantic one (see e.g. [15]).

We contend that it is only by looking at algebraic structure from all of the
above perspectives, and the ways in which they interact, that the subject is
properly understood. In the context of computer science, for instance, consider
that: (i) initial-algebra semantics provides canonical compositional interpreta-
tions [14]; (ii) free constructions amount to abstract syntax [19], that is amenable
to proofs by structural induction and definitions by structural recursion [4];



(iii) equational presentations can be regarded as (bidirectional) rewriting theo-
ries, and studied from a computational point of view [16]; (iv) algebraic theories
come with an associated notion of algebraic translation [18], whose syntactic
counterpart provides the right notion of syntactic translation between equa-
tional presentations [12, 13]; (v) strong monads have an associated metalogic
from which equational logics can be synthesised [9, 10].

The realm of universal algebra is restricted to first-order languages. In par-
ticular, this leaves out languages with variable binding. Variable-binding con-
structs are at the core of fundamental calculi and theories in computer science
and logic [5, 6], and incorporating them into algebra has been a main founda-
tional research problem. The present work develops such a programme from the
viewpoint of algebraic theories.

Our presentation is in two parts. The first part (Sections 2 and 3) sets up
the necessary background; the second part (Sections 4 to 6) constitutes the
contribution of the paper.

The background material gives an introduction to the work of Fiore and
Hur [10] on a conservative extension of universal algebra and its equational logic
from first to second order, i.e. to languages with variable binding and parame-
terised metavariables. Our summary recalls: (i) the notion of second-order equa-
tional presentation, that allows the specification of equational theories by means
of schematic identities over signatures of variable-binding operators; (ii) the
model theory of second-order equational presentations by means of second-order
algebras; and (iii) the deductive system underlying formal reasoning about
second-order algebraic structure.

The crux of our work is the notion of second-order algebraic theory (Defini-
tion 4.1). At the syntactic level, the correctness of our definition is established by
showing a categorical equivalence between second-order equational presentations
and second-order algebraic theories (Theorem 5.2). This involves distilling a no-
tion of syntactic translation between second-order equational presentations that
corresponds to the canonical notion of morphism between second-order algebraic
theories. These syntactic translations provide a mathematical formalisation of
notions such as encodings and transforms. On top of the syntactic correspon-
dence, we furthermore establish a semantic one, by which second-order functorial
semantics is shown to correspond to the model theory of second-order universal
algebra (Theorem 6.1 and Corollary 6.1).

2 Second-Order Equational Logic

We briefly present Second-Order Equational Logic as introduced by Fiore and
Hur [10] together with the syntactic machinery that surrounds it. For succinct-
ness, our exposition is restricted to the unityped setting. The general multi-typed
framework can be found in [10].
Signatures. A (unityped second-order) signature Σ = (O, |−|) is specified by a
set of operators O and an arity function |−| : O // N∗, see [1, 2]. For o ∈ O, we
write o : (n1, . . . , nk) whenever |o | = (n1, . . . , nk). The intended meaning is that
the operator o takes k arguments with the ith argument binding ni variables.



Example 2.1. The signature of the λ-calculus has operators abs : (1) and
app : (0, 0).

Terms. We consider terms in contexts with two zones, respectively declar-
ing metavariables and variables. Metavariables come with an associated natural
number arity. A metavariable m of arity m, denoted m : [m], is to be parame-
terised bym terms. We represent contexts as m1 : [m1], . . . ,mk : [mk] B x1, . . . , xn
where the metavariables mi and the variables xj are assumed distinct.

Signatures give rise to terms in context. Terms are built up by means of opera-
tors from both variables and metavariables, and hence referred to as second-order.
The judgement for terms in context (Θ B Γ ` −) is defined by the following
rules.

(Variables) For x ∈ Γ ,

Θ B Γ ` x
(Metavariables) For (m : [m]) ∈ Θ,

Θ B Γ ` ti (1 ≤ i ≤ m)

Θ B Γ ` m[t1, . . . , tm]

(Operators) For o : (n1, . . . , nk),

Θ B Γ, ~xi ` ti (1 ≤ i ≤ k)

Θ B Γ ` o
(
( ~x1) t1, . . . , ( ~xk) tk

)
where ~xi stands for xi,1, . . . , xi,ni .

Second-order terms are considered up the α-equivalence relation induced by
stipulating that, for every operator o, in the term o

(
. . . , (~xi)ti, . . .

)
the ~xi are

bound in ti.

Example 2.2. Two terms for the λ-calculus signature (Example 2.1) follow:

m : [1],n : [0] B · ` app
(
abs
(
(x)m[x]

)
,n[ ]

)
, m : [1],n : [0] B · ` m[n[ ]] .

Substitution calculus. The second-order nature of the syntax requires a two-
level substitution calculus [1, 8]. Each level respectively accounts for the sub-
stitution of variables and metavariables, with the latter operation depending on
the former.

The operation of capture-avoiding simultaneous substitution of terms for vari-
ables maps

Θ B x1, . . . , xn ` t and Θ B Γ ` ti (1 ≤ i ≤ n)
to

Θ B Γ ` t[ti/xi]1≤i≤n

according to the following inductive definition:

– xj [ti/xi]1≤i≤n = tj



–
(
m[. . . , s, . . .]

)
[ti/xi]1≤i≤n = m

[
. . . , s[ti/xi]1≤i≤n, . . .

]
–
(
o(. . . , (y1, . . . , yk)s, . . .)

)
[ti/xi]1≤i≤n

= o
(
. . . , (z1, . . . , zk)s[ti/xi, zj/yj ]1≤i≤n,1≤j≤k, . . .

)
with zj 6∈ dom(Γ ) for all 1 ≤ j ≤ k

The operation of metasubstitution of abstracted terms for metavariables maps

m1 : [m1], . . . ,mk : [mk] B Γ ` t and Θ B Γ, ~xi ` ti (1 ≤ i ≤ k)
to

Θ B Γ ` t{mi := (~xi)ti}1≤i≤k
according to the following inductive definition:

– x{mi := (~xi)ti}1≤i≤k = x

–
(
m`[s1, . . . , sm]

)
{mi := (~xi)ti}1≤i≤k = t`[s

′
j/xi,j ]1≤j≤m

where, for 1 ≤ j ≤ m, s′j = sj{mi := (~xi)ti}1≤i≤k
–
(
o(. . . , (~x)s, . . .)

)
{mi := (~xi)ti}1≤i≤k = o

(
. . . , (~x)s{mi := (~xi)ti}1≤i≤k, . . .

)
Presentations. An equational presentation is specified by a signature together
with a set of axioms over it, each of which is a pair of terms in context.

Example 2.3. The equational presentation of the λ-calculus extends the signa-
ture of Example 2.1 with the following equations.

(β) m : [1],n : [0] B · ` app
(
abs( (x)m[x] ),n[ ]

)
≡ m

[
n[ ]
]

(η) f : [0] B · ` abs
(

(x)app(f[ ], x)
)
≡ f[ ]

Logic. The rules of Second-Order Equational Logic are given in Figure 1. Be-
sides the rules for axioms and equivalence, it consists of just one additional rule
stating that the operation of metasubstitution in extended variable contexts is
a congruence.

We note the following basic result from [10]: Second-Order Equational Logic
is a conservative extension of (First-Order) Equational Logic.

3 Second-Order Universal Algebra

The model theory of Fiore and Hur [10] for second-order equational presentations
is recalled. This is presented here in concrete elementary terms, but could have
also been given in abstract monadic terms. The reader is referred to [10] for the
latter perspective.

Semantic universe. We write F for the free cocartesian category on an ob-
ject. Explicitly, it has set of objects N and morphisms m // n given by func-
tions ‖m‖ // ‖n‖, where, for ` ∈ N, ‖`‖ = {1, . . . , `}.

We will work within and over the semantic universe SetF of sets in variable
contexts [11]. We write y for the Yoneda embedding Fop � � // SetF.



(Axiom)

(Θ B Γ ` s ≡ t) ∈ E
Θ B Γ ` s ≡ t

(Equivalence)

Θ B Γ ` t
Θ B Γ ` t ≡ t

Θ B Γ ` s ≡ t
Θ B Γ ` t ≡ s

Θ B Γ ` s ≡ t Θ B Γ ` t ≡ u
Θ B Γ ` s ≡ u

(Extended metasubstitution)

m1 : [m1], . . . ,mk : [mk] B Γ ` s ≡ t Θ B ∆, ~xi ` si ≡ ti (1 ≤ i ≤ k)

Θ B Γ,∆ ` s{mi := (~xi)si}1≤i≤k ≡ t{mi := (~xi)ti}1≤i≤k

Fig. 1. Second-Order Equational Logic.

Substitution. We recall the substitution monoidal structure in semantic uni-
verses [11]. It has tensor unit and tensor product respectively given by y1 and
X • Y =

∫ k∈F
X(k)× Y k.

A monoid y1 ν // A ςoo A•A for the substitution monoidal structure equips
A with substitution structure. In particular, the map νk = (yk ∼= (y1)k νk // Ak)
induces the embedding(

Ayn ×An
)
(k) // A(k + n)×Ak(k)×An(k) //

(
A •A

)
(k)

which together with the multiplication yield a substitution operation

ςn : Ayn ×An // A .

These substitution operations provide the interpretation of metavariables.

Algebras. Every signature Σ induces a signature endofunctor on SetF given
by FΣX =

∐
o:(n1,...,nk) inΣ

∏
1≤i≤kX

yni . FΣ-algebras FΣX // X provide an
interpretation [[o]]X :

∏
1≤i≤kX

yni // X for every operator o : (n1, . . . , nk) in
Σ.

We note that there are canonical natural isomorphisms∐
i∈I(Xi • Y ) ∼=

(∐
i∈I Xi

)
• Y(∏

1≤i≤nXi

)
• Y ∼=

∏
1≤i≤n(Xi • Y )

and, for all points η : y1 // Y , natural extension maps

η#n : X yn • Y // (X • Y )yn .

These constructions equip every signature endofunctor with a pointed strength
$X,y1 //Y : FΣ(X) • Y // FΣ(X • Y ). See [8] for details.

Models. The models that we are interested in (referred to as Σ-monoids in [11,
8]) are algebras equipped with a compatible substitution structure. For a sig-
nature Σ, we let Σ-Mod be the category of Σ-models with objects A ∈ SetF



equipped with an FΣ-algebra structure α : FΣA // A and a monoid structure
y1 ν // A ςoo A •A that are compatible in the sense that the diagram

FΣ(A) •A

α •A
��

$A,ν
// FΣ(A •A)

FΣς // FΣ(A)

α
��

A •A ς
// A

commutes. Morphisms are maps that are both FΣ-algebra and monoid homo-
morphims.

Semantics. For Θ = (m1 : [m1] . . . ,mk : [mk]) and Γ = (x1, . . . , xn), the inter-
pretation of a term Θ B Γ ` t in a model A is a morphism

[[Θ B Γ ` t]]A : [[Θ B Γ ]]A // A ,

where [[Θ B Γ ]]A =
∏

1≤i≤k A
ymi ×yn, given by structural induction as follows:

– [[Θ B Γ ` xj ]]A is the composite [[Θ B Γ ]]A
π2 // yn

νn // An
πj

// A.

– [[Θ B Γ ` mi[t1, . . . , tmi ]]]A is the composite

[[Θ B Γ ]]A
〈πi π1,f〉

// Aymi ×Ami
ςmi // A

where f =
〈
[[Θ B Γ ` tj ]]

〉
1≤j≤mi

.

– For o : (n1, . . . , n`),

[[Θ B Γ ` o
(
(~y1)t1, . . . , (~y`)t`

)
]]

is the composite [[Θ B Γ ]]A
〈fj〉1≤j≤`

//
∏

1≤j≤`A
ynj

[[o]]A // A where fj is the
exponential transpose of∏
1≤i≤k A

ymi × yn× ynj ∼=
∏

1≤i≤k A
ymi × y(n+ nj)

[[ΘBΓ, ~yj`tj ]]A // A .

Equational models. We say that a model A satisfies Θ B Γ ` s ≡ t, for which
we use the notation A |= (Θ B Γ ` s ≡ t), iff [[Θ B Γ ` s]]A = [[Θ B Γ ` t]]A.

For an equational presentation (Σ,E), we write (Σ,E)-Mod for the full sub-
category of Σ-Mod consisting of the Σ-models that satisfy the axioms E.

Soundness and completeness [10].
For an equational presentation (Σ,E), the judgement Θ B Γ ` s ≡ t is
derivable from E iff A |= (Θ B Γ ` s ≡ t) for all (Σ,E)-models A.

4 Second-Order Algebraic Theories

We introduce the notion of unityped second-order algebraic theory and establish
it as the categorical counterpart to that of second-order equational presentation.
The generalisation to the multi-typed case should be evident.

Remark. Having omitted the monadic view of second-order universal algebra,
the important role played by the monadic perspective in our development will
not be considered here.



Theory of equality. The theory of equality plays a pivotal role in the defi-
nition of algebraic theory. Thus, we proceed first to identify the second-order
algebraic theory of equality. This we do both in syntactic and semantic terms.
The (first-order) algebraic theory of equality is then considered from this new
perspective.

The syntactic viewpoint leads us to define the category M with set of objects
N∗ and morphisms (m1, . . . ,mk) // (n1, . . . , n`) given by tuples

〈m1 : [m1], . . . ,mk : [mk] B x1, . . . , xni ` ti 〉i∈‖`‖
of terms under the empty signature. The identity on (m1, . . . ,mk) is given by

〈m1 : [m1], . . . ,mk : [mk] B x1, . . . , xmi ` mi[x1, . . . , xmi ] 〉i∈‖k‖ ;

whilst the composition of

〈m1 : [`1], . . . ,mi : [`i] B x1, . . . , xmp ` sp 〉p∈‖j‖ : (`1, . . . , `i) // (m1, . . . ,mj)

and

〈m1 : [m1], . . . ,mj : [mj ] B x1, . . . , xnq ` tq 〉q∈‖k‖ : (m1, . . . ,mj) // (n1, . . . , nk)

is given by metasubstitution as follows:

〈m1 : [`1], . . . ,mi : [`i] B x1, . . . , xnq ` tq{mp := (x1, . . . , xmp)sp}p∈‖j‖ 〉q∈‖k‖ .

The category M is strict cartesian, with terminal object given by the empty
sequence and binary products given by concatenation. Furthermore, the object
(0) ∈M is exponentiable. Indeed, the exponential object (0) +3 (m1, . . . ,mk) is
(m1 + 1, . . . ,mk + 1) with evaluation map

(m1 + 1, . . . ,mk + 1, 0) // (m1, . . . ,mk)
given by〈

m1 : [m1 + 1], . . . ,mk : [mk + 1],mk+1 : [0] B x1, . . . , xmi

` mi
[
x1, . . . , xmi ,mk+1[ ]

] 〉
i∈‖k‖

In fact, this structure provides a semantic characterisation of M.

Lemma 4.1 (Universal property of M). The category M, together with the
object (0) ∈M, is initial amongst cartesian categories equipped with an exponen-
tiable object (with respect to cartesian functors that preserve the exponentiable
object).

Loosely speaking, then, M is the free (strict) cartesian category on an exponen-
tiable object.

Algebraic theories. We extend Lawvere’s fundamental notion of (first-order)
algebraic theory [18] to second order.

Definition 4.1 (Second-order algebraic theories). A second-order alge-
braic theory consists of a cartesian category T and a strict cartesian identity-
on-objects functor M // T that preserves the exponentiable object (0).



The most basic example is the second-order algebraic theory of equality given by
M (together with the identity functor).

Every second-order algebraic theory has an underlying (first-order) algebraic
theory. To formalise this, recall that the (first-order) algebraic theory of equal-
ity L = Fop is the free (strict) cartesian category on an object and consider the
unique cartesian functor L // M mapping the generating object to the expo-
nentiable object. Then, the (first-order) algebraic theory underlying M // T is
L // T0 for L // T0

� � // T the identity-on-objects/full-and-faithful factorisation
of L // M // T. In particular, L underlies M.

The theory of a presentation. For a second-order equational presentation E ,
the classifying category M(E) has set of objects N∗ and morphisms ~m // ~n, say
with ~m = (m1, . . . ,mk) and ~n = (n1, . . . , n`), given by tuples〈

[ m1 : [m1], . . . ,mk : [mk] B x1, . . . , xni ` ti ]E
〉
i∈‖`‖

of equivalence classes of terms under the equivalence relation that identifies
two terms iff they are provably equal from E in Second-Order Equational Logic.
(Identities and composition are defined on representatives as in M.)

Lemma 4.2. For a second-order equational presentation E, the category M(E)
together with the canonical functor M // M(E) is a second-order algebraic the-
ory.

We refer to M // M(E) as the second-order algebraic theory of E .

The presentation of a theory. The internal language E(T ) of a second-order
algebraic theory T : M // T is the second-order equational presentation defined
as follows:

(Operators) For every f : (m1, . . . ,mk) // (n) in T, we have an operator of of
arity (m1, . . . ,mk, 0, . . . , 0︸ ︷︷ ︸

n times

).

(Equations) Setting

tf = of
(
(x1, . . . , xm1)m1[x1, . . . , xm1 ], . . . , (x1, . . . , xmk)mk[x1, . . . , xmk ], x1, . . . , xn

)
for every f : (m1, . . . ,mk) // (n) in T, we have

– m1 : [m1], . . . ,mk : [mk] B x1, . . . , xn ` s ≡ tT 〈s〉

for every 〈s〉 : (m1, . . . ,mk) // (n) in M,

– m1 : [m1], . . . ,mk : [mk] B x1, . . . , xn ` th ≡ tg{mi := (x1, . . . , xni)tfi}1≤i≤`
for every h : (m1, . . . ,mk) // (n), g : (n1, . . . , n`) // (n), and fi :
(m1, . . . ,mk) // (ni), 1 ≤ i ≤ `, such that h = g ◦ 〈f1, . . . , f`〉 in T.

Algebraic translations. For second-order algebraic theories T : M // T and
T ′ : M // T′, a second-order algebraic translation T // T ′ is a functor F :
T // T′ such that T ′ = F T . We write SOAT for the category of second-order
algebraic theories and algebraic translations.



Theorem 4.1 (Theory/presentation correspondence). Every second-order
algebraic theory T : M // T is isomorphic to the second-order algebraic theory
of its associated equational presentation M // M(E(T )).

5 Second-Order Syntactic Translations

We introduce the notion of syntactic translation between second-order equa-
tional presentations. This we justify by establishing its equivalence with that of
algebraic translation between the associated second-order algebraic theories.

Signature translations. A syntactic translation τ : Σ // Σ′ between second-
order signatures is given by a mapping from the operators of Σ to the terms of
Σ′ as follows:

o : (m1, . . . ,mk) � // m1 : [m1], . . . ,mk : [mk] B · ` τo .

Note that the term associated to an operator has an empty variable context and
that the metavariable context is determined by the arity of the operator.

A translation τ : Σ // Σ′ extends to a mapping from the terms of Σ to the
terms of Σ′

Θ B Γ ` t � // Θ B Γ ` τ(t)

according to the following inductive definition:
– τ(x) = x

– τ
(
m[t1, . . . , tm]

)
= m

[
τ(t1), . . . , τ(tm)

]
– τ

(
o
(
( ~x1)t1, . . . , ( ~xk)tk

))
= τo{mi := (~xi)τ(ti)}1≤i≤k

Lemma 5.1 (Compositionality). The extension of a syntactic translation be-
tween second-order signatures commutes with substitution and metasubstitution.

Example 5.1 (Continutation Passing Style). A formalisation of the CPS trans-
form for the λ-calculus as a syntactic translation due to Plotkin [20] follows. We
provide it in informal notation for ease of readability.

app : (0, 0) � // m : [0],n : [0] B · ` λk.m[ ]
(
λm.m (λ`.n[ ] `) k

)
abs : (1) � // f : [1] B · ` λk. k

(
λx. (λ`. f[x] `)

)
Equational translations. A syntactic translation between second-order equa-
tional presentations τ : (Σ,E) // (Σ,′E′) is a translation τ : Σ // Σ′ such
that, for every axiom Θ B Γ ` s ≡ t in E, the judgement Θ B Γ ` τ(s) ≡ τ(t)
is derivable from E′.

Lemma 5.2. The extension of a syntactic translation between second-order equa-
tional presentations preserves second-order equational derivability.

We write SOEP for the category of second-order equational presentations
and syntactic translations. (The identity syntactic translation maps an operator
o : (m1, . . . ,mk) to the term o

(
. . . , (x1, . . . , xmi)mi[x1, . . . , xmi ], . . .

)
; whilst the

composition of τ followed by τ ′ maps o to τ ′(τo).)

Theorem 5.1 (Presentation/theory correspondence). Every second-order
equational presentation E is isomorphic to the second-order equational presenta-
tion of its associated algebraic theory E(M(E)).



Syntactic and algebraic translations. A syntactic translation τ : E // E ′ in-
duces the algebraic translation M(τ) : M(E) // M(E ′), mapping 〈 [t1]E , . . . , [t`]E 〉
to 〈 [τ(t1)]E′ , . . . , [τ(t`)]E′ 〉. This gives a functor SOEP // SOAT . Conversely,
an algebraic translation F : T // T ′ induces the syntactic translation E(F ) :
E(T ) // E(T ′), mapping an operator of , for f : (m1, . . . ,mk) // (n) in T, to
the term tFf

[
mk+1[ ]/x1, . . . ,mk+n[ ]/xn

]
. This gives a functor SOAT // SOEP .

Theorem 5.2. The categories SOAT and SOEP are equivalent.

6 Second-Order Functorial Semantics

We extend Lawvere’s functorial semantics for algebraic theories [18] from first
to second order.

Functorial models. The category Mod(T ) of (set-theoretic) functorial models
of a second-order algebraic theory T : M // T is the category of cartesian
functors T // Set and natural transformations between them.

Every E-model A, for a second-order equational presentation E , provides a
functorial model M(E) // Set as follows:

– on objects, (m1, . . . ,mk) is mapped to
∏

1≤i≤k A(mi);

– on morphisms, 〈 [m1 : [m1], . . . ,mk : [mk] B x1, . . . , xni ` tj ]E 〉j∈‖`‖ is mapped
to 〈 (fj)0〉1≤j≤` where fj :

∏
1≤i≤k A

ymi // Aynj is the exponential trans-
pose of [[m1 : [m1], . . . ,mk : [mk] B x1, . . . , xnj ` tj ]]A.

As we proceed to show, every functorial model essentially arises in this man-
ner (see Corollary 6.1).

Clones. We need recall and develop some aspects of the theory of clones from
universal algebra (see e.g. [7]).

Let C be an exponentiable object in a cartesian category C . Recall that the
family 〈C〉 = {Cn +3 C}n∈N has a canonical clone structure

ι
(n)
i : 1 // 〈C〉n (1 ≤ i ≤ n ∈ N) , ςm,n : 〈C〉m × 〈C〉nm // 〈C〉n (m,n ∈ N)

known as the clone of operations on C. Thus, as it is the case with every clone,
the family 〈C〉 canonically extends to a functor F // C : n � // 〈C〉n.

For every m1, . . . ,mk ∈ N (for k ∈ N), n ∈ N, and f :
∏

1≤i≤k〈C〉mi // 〈C〉n
in C let f̃ = {f̃`}`∈N be given by setting

f̃` =
(∏

1≤i≤k〈C〉`+mi ∼= C` +3 ∏
1≤i≤k〈C〉mi

C` +3f
// C` +3 〈C〉n ∼= 〈C〉`+n

)
.

The family f̃ is a natural transformation
∏

1≤i≤k〈C〉(−)+mi
// 〈C〉(−)+n and

commutes with the clone structure. The latter in the sense that, for

w` =
(
〈C〉qp ∼= 〈C〉qp × 1

〈C〉p×〈ι(q+`)q+i 〉1≤i≤`
// 〈C〉q+`p × 〈C〉q+`` ∼= 〈C〉q+`p+`

)
where  denotes the inclusion ‖q‖ ↪ // ‖q + `‖, the diagram



∏
1≤i≤k〈C〉p+mi × 〈C〉q+mi

p+miQ
1≤i≤k ςp+mi,q+mi

**UUUUUUUUUUUUUU

∏
1≤i≤k〈C〉p+mi × 〈C〉q

p

efp×wn
��

〈id×wmi 〉1≤i≤k
33hhhhhhhhhhhhhhh ∏

1≤i≤k〈C〉q+mi
efq

��

〈C〉p+n × 〈C〉q+np+n ςp+n,q+n
// 〈C〉q+n

commutes for all p, q ∈ N.
Let Σ be a second-order signature, and consider a functorial model S :

M(Σ) // Set . Then, the image under the cartesian functor S of the clone of op-
erations induced by the exponentiable object (0) ∈M(Σ) together with the fam-
ily {f̃o}o:(m1,...,mk) inΣ , where fo = 〈 o(. . . , (x1, . . . , xmi)mi[x1, . . . , xmi ], . . .) 〉,
yields a Σ-model S ∈ SetF.

Furthermore, for all f = 〈m1 : [m1], . . . ,mk : [mk] B x1, . . . , xn ` t 〉 in M(Σ)
we have that the image of f̃ under S : M(Σ) // Set amounts to the interpre-
tation of t in S. Thus, for all second-order equational presentations E = (Σ,E),
the Σ-model induced by the restriction of a functorial model M(E) // Set to
M(Σ) is an E-model.

The above constructions between functorial and algebraic models provide an
equivalence.
Theorem 6.1. For every second-order equational presentation E, the category
of algebraic models E-Mod and the category of functorial models Mod(M(E))
are equivalent.

Corollary 6.1. For every second-order algebraic theory T , the category of func-
torial models Mod(T ) and the category of algebraic models E(T )-Mod are equiv-
alent.

Algebraic functors. As in the first-order case, every algebraic translation F :
T // T ′ between second-order algebraic theories contravariantly induces an alge-
braic functor Mod(T ′) // Mod(T ) : S � // S F between the corresponding cat-
egories of models. We also have the following fundamental result.

Theorem 6.2. The algebraic functor Mod(T ′) // Mod(T ) induced by a second-
order algebraic translation T // T ′ has a left adjoint.

7 Concluding Remarks

We have introduced second-order algebraic theories (Section 4): (i) showing them
to be the presentation-independent categorical syntax of second-order equational
presentations (Theorems 4.1, 5.1, and 5.2), and (ii) establishing that their func-
torial semantics amounts to second-order universal algebra (Theorem 6.1 and
Corollary 6.1). In the context of (i), our development included a notion of
second-order syntactic translation (Section 5), which, in the context of (ii), con-
travariantly gives rise to algebraic functors between categories of models (The-
orem 6.2).



With this theory in place, one is now in a position to: (a) consider con-
structions on second-order equational presentations in a categorical setting,
and indeed the developments for (first-order) algebraic theories on limits, col-
imits, and tensor product carry over to the second-order setting; (b) investi-
gate conservative-extension results for second-order equational presentations in
a mathematical framework; and (c) study Morita equivalence for second-order
algebraic theories.
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