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Abstract

Tarski asked whether the arithmetic identities taught in
high school are complete for showing all arithmetic equa-
tions valid for the natural numbers. The answer to this
question for the language of arithmetic expressions using a
constant for the number one and the operations of product
and exponentiation is affirmative, and the complete equa-
tional theory also characterises isomorphism in the typed
lambda calculus, where the constant for one and the opera-
tions of product and exponentiation respectively correspond
to the unit type and the product and arrow type construc-
tors. This paper studies isomorphisms in typed lambda cal-
culi with empty and sum types from this viewpoint. We close
an open problem by establishing that the theory of type iso-
morphisms in the presence of product, arrow, and sum types
(with or without the unit type) is not finitely axiomatisable.
Further, we observe that for type theories with arrow, empty
and sum types the correspondence between isomorphism
and arithmetic equality generally breaks down, but that it
still holds in some particular cases including that of type
isomorphism with the empty type and equality with zero.

1 Introduction

We study isomorphisms in typed lambda calculi with
empty and sum types from the viewpoint of programming
language theory, category theory, and logic.

Type isomorphism and programming languages. Two
data types are isomorphic if it is possible to convert data be-
tween them without loss of information. The equivalence
relation on types induced by the notion of isomorphism al-
lows to abstract from inessential details in the representa-�
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tion of data in programming languages, and it has found
applications to various aspects of code reuse that become
more and more relevant in the heterogeneous environment
of what is emerging as global computing.

In Functional Programming, type isomorphisms provide
a means to search functions by type (see [25, 26, 24, 27,
12, 11, 13]) and to match modules by specifications [1]. In
proof assistants they are used to find proofs in libraries up
to irrelevant syntactical details [10, 3].

A characterisation of type isomorphisms has been ob-
tained for monomorphic type systems with various com-
binations of the unit, product, and arrow type construc-
tors [29, 5, 4], as well as for ML-style [11] and second-order
polymorphism [14], and for linear lambda calculus [30] and
multiplicative linear logic [2].

Type isomorphism and category theory. Type isomor-
phism in foundational theories of functional programming
languages, like typed lambda calculi, can be studied by their
associated categorical models. From this perspective, our
investigations fall in the context of Lawvere and Schanuel’s
Objective Number Theory, which is the study of addition,
multiplication, and exponentiation of objects in suitable cat-
egories [28]. Indeed, we will be considering the equational
theory of arithmetic expressions in the objective number
theory of free bicartesian closed categories and relating it
to that of the category of finite sets (in which numerical
equalities acquire a combinatorial meaning given by iso-
morphisms that provide what are known in combinatorics
as bijective proofs).

Type isomorphism and Tarski’s high school algebra
problem. There is a connection between the characteri-
sation of type isomorphisms in typed lambda calculi and
some logical results related to Tarski’s high school alge-
bra problem [15]: for types built out of type constructors
chosen amongst the unit, product, and arrow, two types are
isomorphic if and only if their associated arithmetic expres-



sions (obtained by interpreting the unit by the number one,
product by multiplication, and arrow by exponentiation) are
equal in the standard model of natural numbers. In these
cases, type isomorphism (and numerical equality) is finitely
axiomatisable and decidable; hence so is the equational the-
ory of isomorphisms in cartesian closed categories. In the
same vein, Soloviev [30], gave a complete axiomatisation
of isomorphisms in symmetric monoidal closed categories,
and Dosen and Petric [16] provided the arithmetic structure
that exactly corresponds to these isomorphisms.

The question has been open as to whether such cor-
respondence was limited to the case of the well-behaved
unit, product, and arrow type constructors and, in particu-
lar, if it could be extended to more problematic types in-
volving the empty type and the sum type constructor. From
a practical perspective, one is interested in knowing whether
type isomorphisms in the presence of sums are finitely ax-
iomatisable, a definitive advantage when implementing de-
cision procedures in library search tools like those described
in [25, 13]. To investigate these problems we devised a
method for establishing normal forms in typed lambda cal-
culus with empty and sum types [17] and used it to study
type isomorphism in this setting (in particular, this was cru-
cial for establishing (b) below).

Summary of results and organisation of the paper.

(a) We show that the extension functors between the var-
ious type theories are full and faithful. Consequently,
the theory of type isomorphisms of the various exten-
sions are conservative.

(b) We establish that the equational theory of type isomor-
phisms in the presence of the product, arrow, and sum
type constructors is not finitely axiomatisable.

(c) We observe that in the presence of arrow, empty and
sum types, type isomorphism and arithmetic equal-
ity no longer coincide. However, the coincidence still
holds for certain classes of arithmetic equations.

Section 2 recalls the basic definitions. Sections 3 and 4,
respectively establish the relative full completeness re-
sult (a), and the non finite axiomatisability and separation
results (b) and (c). Section 5 concludes with remarks and
directions for further work.

2 Typed lambda calculus with empty and
sum types

Syntax. We recall the definition of the typed lambda cal-
culus with sums (including the empty one), as it can be
found, for example, in [21]. The set of types contains two
distinguished type constants � and � , a countable set of

atomic or base types, and is closed under the product, ar-
row, and sum type constructors. That is, types are defined
by the grammar

� ���
	 �� � ������������������������� � �����������
where � ranges over base types.

Raw terms are defined by the grammar� ���
	  !�#"%$&�#" � ��' � ��$���()�+* �-, ��(.�/* �-, �
0  1�2�43 � � � � * � � , �
5�6 * �-, �27 698;: 6=<� * �-, �>7 6?8@: 6=<� * �-, �
A * � '- � �>� � 3 � � '9 � �+� � 3 � � ,

where  ranges over (a countable set of) variables, 7
6?8@: 6=<�

and 7
698@: 6=<� are the left and right injections into the sum type� � �B� � , and

A * � '9 � �C� � 3 � � '- � �C� � 3 � � , denotes the usual
binary case analysis.

We write DFE � �G� for the judgement “the term
�

has
type � in context D ”. As usual, typing contexts, are lists � �.� � 'H3�3�3�'- .I��J�HI ( KMLON ) of type declarations for vari-
ables with the constraint that any variable can be declared
only once. A term

�
is well typed in a context D if the judge-

ment DPE � �Q� is derivable from the common rules given
in Figure 1. The associated equational theory is given in
Figure 2.

Semantics. A bicartesian category is a category with fi-
nite products ( R , � ) and finite coproducts ( N , � ). Bicarte-
sian categories for which the canonical map

*TSU�WV , �X*YSU�1Z , �[SO�\*TVP�]Z ,
is an isomorphism for all objects S�'?V'@Z are called dis-
tributive categories [8, 7]. A cartesian closed cate-
gory (CCC) is a category with finite products and exponen-
tials ( ^ ). Bicartesian closed categories are referred to as
BiCCCs; they are, of course, distributive.

With respect to an interpretation _ of base types in a
BiCCC ` , we write _&a a �cb b for the interpretation of a type� induced by the bicartesian closed structure. That is,

_da a ��b b)	 _ *Y� , ( � a base type)

_&a a�� b b)	 R ' _da a � � ��� � b be	 _da a � � b bf� _&a a � � b b
_&a a ���d������b b)	 _&a a ���;b b ^g_&a a �H�hb b

_&a a � b b)	 N ' _da a � � ��� � b be	 _da a � � b b#� _&a a � � b b
3 Relating the type theories

In this section we relate the various type theories that
interest us in the paper. We do this by relating their as-
sociated categorical free constructions using a generalisa-
tion of a glueing method due to Lafont [20, Annexe C], see
also [9, 31].



i�jGk1l>m4j�iQn.opk1l+m i!orqTstleu
i!opv=wxl2m�wzy|{~}O�2j@�2�
i!orqYv9��j-v=��s�l+m�����m��

i!ovtl+m � ��m �
i!op�.w?y|v-�tl2m�w yY{x}O�2j?�>�

i�jGk1l+m � opvtl+m
i!o��Ck�l+m ��� vtl+m ��� m

i!opvtl+m �&� m i!ov � l>m �
i!opvhy|v � ��l+m

i!o�vtl/�i!oW���4yYv-��l+m
i!opvtl+m�w

i!oW� �9�@� �=�w y|v-��l+m�����m�� y|{G}��2j@�2�
i!ov�l>m��G�]m�� i�jGk.wGl2m�wfopv=wGl+m y|{x}U�>j?�2�

i!o��#yYv;j-ke��l+m�� � v9��j9k.��l+mH� � v=���tl+m

Figure 1. Typing rules.

We write �W� �f� , ���>� �f� , �& �� �f� , ��� �  �� �Q� respectively for
the free CCC, free CCC with initial object, free CCC with
binary coproducts, and free BiCCC over a small category� .

Theorem 3.1 (Relative full completeness) The canonical
structure preserving functors

��� �f� //

��

� � � �f�¡�
���& �� �Q� // � � �   � �f�

(1)

extending the universal inclusions � � ��� �f� , � � � � � �Q� ,� � �   � �~� , and � � � � �   � �f� are full and faithful.

The same proof method works for all functors and other
variations; indicating that there is an underlying general the-
ory underpinning the theorem. For instance, we also have
the following result.

Theorem 3.2 (Relative full completeness) The canonical
structure preserving functor from the free distributive cat-
egory over a small category into the free BiCCC over the
same small category is full and faithful.

A consequence of these theorems is the conservativity of
the various type theories. Thus, not only isomorphisms of
types that hold in a type theory still hold in its extensions
but also non-isomorphic types in the original type theory
remain non-isomorphic in the extended one.

Below, we will just spell out the proof of relative full
completeness for the functor �   � �f� � � � �   � �Q� . First some

general theory on orthogonality and glueing needs to be de-
veloped.

3.1 Orthogonality and glueing

A parametric family of coproducts ¢ in a small cartesian
category � is a small family ¢ of coproduct cones satisfy-
ing the following closure property: for all cones

q|£Cw%s-w|¤2¥\lqT¦§w¨s=wY¤2¥ �ª©
in ¢ and for all objects «¬¯®���® , the coneq°£#w+� « s-w|¤2¥�l.qT¦§w+� « s-w|¤2¥ �±© � « is in ¢ . For such data,

the orthogonality category ²´³-µ y � j ¢ � is defined as the full
subcategory of ¶¸·/¹Hº�»%¼ of those presheaves ½ l �x¾?¿ � ¶¸·/¹
such that for every cone

q|£ w s wY¤2¥ l�q%¦§s w|¤2¥À� ©
in ¢

the canonical function
q ½ y°£ w �-s w|¤2¥ l ½ y © � �ÂÁ wY¤2¥ ½ y%¦ w �

is an isomorphism.

Theorem 3.3 Let ¢ be a parametric family of coprod-
ucts in a small cartesian category � . The Yoneda em-
bedding � � � // ¶¸·/¹�º�»¨¼ cuts down to an embedding� � � // ²´³-µ y � j ¢ � that preserves limits, exponentials,
and the coproducts in ¢ . Further, the orthogonality cat-
egory ²´³-µ y � j ¢ � is a full reflective exponential ideal of the
presheaf category ¶Q·>¹�ºh»Ã¼ and hence, in particular, it is bi-
complete and has exponentials.

Let ¢ be a parametric family of coproducts in a small
cartesian category � . Every functor Ä l � �ÆÅ

that pre-
serves the coproducts in ¢ induces the following situation

�
Ä Ç

� � È
//

Ä
##GG

GGG
GG

GGG
²´³-µ y � j ¢ �

Å É ÄcÊ
::tttttttttt

(2)



Ë!ÌÍtÎ+ÏË!ÌÍ�ÐMÍtÎ2Ï Ë!ÌpÍ�ÐMÍ=Ñ¸Î2ÏË!ÌpÍ=Ñ.ÐÒÍ�Î2Ï
Ë!ÌpÍ9Ó�ÐÒÍ=Ô�Î+Ï Ë!ÌpÍ=ÔdÐÒÍ=Õ�Î+Ï

Ë!ÌpÍ Ó ÐMÍ Õ Î>Ï
Ë!Ì�ÍtÎJÖË!ÌpÍ�ÐU×TØ�Î.Ö

Ë!ÌpÍ9Ó�Î+Ï�Ó Ë!ÌpÍ=Ô�Î+Ï�Ô
Ë!ÌÙ.Ú?×|Í Ó+Û Í Ô Ø�ÐÜÍ=Ú�Î+Ï�Ú Ý|Þ ÐUß Û?à>á

Ë�ÌpÍtÎ+Ï�Ó�â�Ï�Ô
Ë!ÌpÍ�ÐO×YÙ Ó Ý Í á;Û Ù Ô Ý Í á Ø�Î+Ï Ó â�Ï Ô

Ë Û-ã Î+Ï Ó ÌpÍ�Î+Ï Ë!ÌÍ Ó Î>Ï Ó
Ë!Ì Ý%ä ã Î2Ï Ó�å Í á Ý Í Ó�á ÐÒÍhæ Í9Ó�ç ãCè Î+Ï

Ë!ÌpÍtÎ+Ï�Ó&é[Ï
Ë!ÌpÍGÐ ä ã Î+Ï Ó�å Í Ý ãJá Î>Ï Ó é�Ï Ý ãëêì1í~î Ý Í á-á

Ë!ÌpÍtÎ+Ï Ó é�Ï Ë!Ì�Í Ó ÐMÍ=ÑÓ Î+Ï Ó
Ë!ÌpÍ Ý Í9Ó á ÐÒÍ Ý Í=Ñ Ó á Î+Ï

Ë Û-ã Î+Ï�Ó�ÌpÍGÐÒÍ=Ñ)Î+Ï
Ë!Ì ä ã Î2Ï�Ó å ÍGÐ ä ã Î+Ï�Ó å Í=Ñ¸Î+Ï�Ó&é�Ï

Ë!ÌpÍtÎ>ï Ë!ÌÍ=Ñ¸Î+ÏË!ÌWð�ñ Ý Í á ÐMÍ=Ñ¸Î2Ï
Ë!ÌÍtÎ+Ï@ò Ë Û-ã Ú Î+Ï Ú ÌÍ Ú Î+Ï Ý|Þ ÐUß Û@à2áË!Ì�ó Ý%ô
ñ9õ?ö ñ-÷ò Ý Í áhÛ-ãeÓ Î+Ï Ó+å Í Ó�Û-ã.Ô Î+Ï Ô>å Í Ô�á ÐÜÍ ò æ Í ç ã4òhè Î+Ï Ý�ø

ÐUß Û@à2á

Ë!Ì�ÍtÎ2Ï Ó�ù Ï Ô Ë Û-ã Î2Ï Ó�ù Ï Ô ÌÍ=Ñ¸Î+Ï
Ë!Ì�ó Ý Í Û9ã Ó�Î2Ï�Ó å Í=Ñ%æ ô

ñ õ ö ñ ÷Ó Ý ã Ó á ç ãCè%Û9ã Ô�Î>Ï�Ô å Í=ÑTæ ô
ñ õ ö ñ ÷Ô Ý ã Ô á ç ãCè°á ÐÒÍ=ÑTæ Í ç ãCè Î2Ï

Figure 2. Equational theory of the typed lambda calculus with empty and sum types.

where
×-ú/Ø ÝYû á Ðýü Ý ú Ý á;Û û á and where Ý ú þ á þfÿ Ð ú þfÿ ö þ Î� Ý�� Ñ Û � á é ü Ý ú Ý�� Ñ á;Û ú Ý�� á9á .

The comma category ���	� Ý � Û�
\á� ×=ú)Ø
is called the glue-

ing of ����� Ý � Û�
rá and
ü

along the functor
×=ú/ØýÎ ü é

���	� Ý � Û�
rá . Explicitly, the glueing category has objects
given by triples Ý�� Û��QÛ û á with � ì�� ����� Ý � Û�
rá � , û ì� ü � , and

� Î � é ×=ú#Ø ÝTû á in ����� Ý � Û�
rá , and mor-
phisms Ý�� Û��QÛ û á é Ý�� Ñ Û�� Ñ Û û Ñ á given by pairs Ý�� Î � é
� Ñ in ����� Ý � Û�
rá+Û�� Î û é û Ñ in ü á such that the square

��
��

�
// � Ñ � ÿ

��×=úcØ ÝYû á�� ú���� �"! // ×-ú/Ø ÝYû Ñ á
in ���	� Ý � Û�
\á

commutes.
The situation (2) induces the embedding

� � � #
// ���	� Ý � Û�
\á� ×-úeØ

� � // Ý%$�Ý�� átÛ $�Ý�� á ú &
// ×=ú/Ø Ý ú � á�Û ú Ý�� áxá

extending both the Yoneda embedding $ Î � � � //���	� Ý � Û�
\á and the functor
ú�Î � é ü

�
h
H#

uukkkkkkkkkkkkk � _#
��

ú
''OOOOOOOOOOOO

����� Ý � Û�
rá ����� Ý � Û�
rá� ×=ú)Ø
oo // ü

� Ý�� Û��fÛ û á�
'

oo � ( // û
Proposition 3.4 Let



be a parametric family of coprod-

ucts in a small cartesian category
�

. The following hold for
every functor

ú Î � é ü
that preserves the coproducts in


.

1. If
ü

is a BiCCC then so is ����� Ý � Û�
rá)� ×=ú/Ø
, and the

forgetful functor
ÙÒÎ ���	� Ý � Û�
rá*� ×-ú/Ø�é ü

preserves
the bicartesian closed structure.

2. The extended Yoneda embedding $ Î � � � //����� Ý � Û�
rá+� ×=úcØ
preserves the coproducts in



, and

the limits and exponentials that
úÎ � é ü

preserves.



3.2 Proof of relative full completeness

Let , -/.103254763.98 2;: and , -=<"> .1092?4769<@> .A8 2B:
be universal inclusions respectively exhibiting 6�.98 2;: and69<@> .A8 2B: as the free CCC with binary coproducts and the
free BiCCC over a small category 2 . We show that a func-
tor CD0E63.98 2B:94F69<@> .98 2;: preserving finite products, expo-
nentials, and binary sums such that

2 GH
I J�K

//

I JML	N K
''OOOOOOOOOOOOO 63.98 2;:

C
��6 <"> . 8 2;:

is an embedding.

First notice that, for O . the parametric family of all fi-
nite coproduct diagrams in 6 . 8 2;: , we have the following
situation

GH 69<@> .98 2;:
P

��2 I J�K
//

I JML	N K 22eeeeeeeeeeeeeeeeeeeeeeeeeeeeeeeeeee

I JML	N K
,,YYYYYYYYYYYYYYYYYYYYYYYYYYYYYYYYYYY

GH
63.98 2;: � � Q

//

C
**TTTTTTTTTTTTTTTTTT R�S�T ,�63.98 2;:�U�OV.3-XWZY�C\[

]
��6 <@> . 8 2;:

for some BiCCC functor ^ given by the universal property
of 69<"> .98 2;: , using that the glueing category is a BiCCC (see
Proposition 3.4 (1)). From this we have the following two
consequences.

,M_/- The composite `a^ is a BiCCC functor (see Proposi-
tion 3.4 (1)) and hence, by the universal property of69<@> .A8 2;: , it is naturally isomorphic to the identity func-
tor.

,M_�_/- The composites ^�C;, - . and bV, - . are naturally
isomorphic and since both ^�C and b preserve finite
products, exponentials, and binary sums (see Propo-
sition 3.4 (2)), by the universal property of 6�.98 2;: , the
composites ^�C and b are also naturally isomorphic.

It follows from ,M_/- that ^ is faithful and from ,M_�_/- that ^cC is
full and faithful; hence, the functor Cd0e6f.98 2;:c4g69<@> .A8 2B:
is full and faithful.

4 Tarski’s high school algebra problem and
type isomorphisms

Tarski’s high school algebra problem. Tarski [15] asked
if the equational theory h of the usual arithmetic identities

,�h%i\-kjAl@monpm ,MhEqr-smVl\tunptvl\m
,�hEw"-x,�mVl\ty-zl@{Dn|mVl},�tDl@{~-
,�h~�r-sm i n�m ,MhE�"-�jr�Dn�j,�hE�"-sm��� ��n�,�m���- � ,MhE�"-k,�m�l\ty-/�cn�m��3l@tE�
,�hE�"- mv��tvn�t���m
,�hE�"- ,Mmv��ty-���{vnpmv��,Mt���{~-,�h i <-smVl�,�ta��{�-�n|mVl\t���mVlr{
,�h i�i -sm I � . � J n|m���l@m��

that are taught in high school are complete for the standard
model of positive natural numbers; i.e., if they are enough
to prove all the arithmetic equations. He conjectured that
they were, but was not able to prove the result. Martin [22]
showed that the identity ,�hy�r- is complete for the standard
model Y���U���[ of positive natural numbers with exponenti-
ation, and that the identities ,�hyqr- , ,�h w - , ,MhE�r- , and ,MhE�r- are
complete for the standard model Y���U@l�U	�~[ of positive natural
numbers with multiplication and exponentiation. Further,
he exhibited the identity

,Mm P ��m P -/�cl�,�tE�A��tE�- P n�,Mm��A��m���- P l},�t P ��t P -/�
that in the language without the constant j is not provable
in h .

Wilkie [32] was the first to establish Tarski’s conjecture
in the negative. Indeed, by a proof-theoretic analysis, he
showed that the identity

,�  � ��¡ � - � l�,�¢ � ��£ � - � n�,�  � �¤¡ � - � l},�¢ � ��£ � - �
where

  n j)��m¥U ¡ n j)��mv��m q
¢ n j)��m w U¦£ n j)��m q ��m �

is not provable in h .
Gurevič later gave an argument by an ad hoc counter-

model [18] and, more importantly, showed that there is no
finite axiomatisation for the valid equations in the standard
model Y���U"j�U"l§U��%U��a[ of positive natural numbers with one,
multiplication, exponentiation, and addition [19]. He did
this by producing an infinite family of equations such that
for every sound finite set of axioms one of the equations can
be shown not to follow. Gurevič’s identities are the follow-
ing

,� f�f��¡�¨ � - q�© lc,�¢)¨ q�© ��£v¨ q�© -	�
nª,�  q�© ��¡ ¨ q�© - � la,�¢ ¨ � ��£ ¨ � - q�© ( «¬¯® odd) (3)



where° ± ²)³�´
µ�¶ ± ²)³�´v³ ·@·"· ³�´ ¶~¸�¹ ±»º ¶~¸�¹¼�½¿¾ ´ ¼À ¶ ± ²)³�´ ¶
Á ¶ ± ²)³�´�Â)³ ·"·@· ³�´�Â@Ã ¶~¸�¹/Ä ± º ¶~¸¿¹¼§½¿¾ ´�Â ¼

Type isomorphisms. The equations in Å together with the
following onesÆÈÇ ¹\É ´ ·"Ê ± Ê ÆÈÇ Â É ´d³ Ê ±|´
have a clear combinatorial interpretation which is made ev-
ident when interpreting them as isomorphisms in the cat-
egory of finite sets Ë , or indeed in any BiCCC, under the
obvious translation given below.´Ì±|´

(

´
a variable) Í

²�±�Î
Ï ¹ · Ï Â ± Ï ¹�Ð Ï Â Í Ï ¹\Ñ=Ò ± Ï ¹9Ó Ï Â

Ê ±�Ô
Í Ï ¹ ³ Ï Â ± Ï ¹ ³ Ï Â

The isomorphisms realising the translations of the equations
in Å are well-known. (Note that the equation´ ·rÊ�Õ ± Ê
corresponding to the type isomorphismÖ Ð Æ Ö Ó Ô É�×± Ô
has no obvious combinatorial meaning; though it cor-
responds logically to the intuitionistic tautology

ÆÙØÛÚ
Ü Ø ÉzÝ¤Þ

.)
Thus, for arithmetic expressions Ï ¹

and Ï Â
in the lan-

guage with the constant

²
, the operations · , ß ,

³
, and un-

knowns in a set à , we have the chain of implications

Åâá Ï ¹ ± Ï Â ±�ã Ï ¹9×± Ï Â
in ä3å9æ à�ç±�ã

Ë�è
± Ï ¹ ± Ï Â±�ã é
è
± Ï ¹ ± Ï Â (4)

where, for types ê ¹
and ê Â

and a category ë , we writeë|è
±

ê ¹ ±
ê Â

whenever the identity ê ¹ ±
ê Â

holds as an
isomorphism in ë ; that is, if for all interpretations ì of base
types in ë , it holds that ì3æ æ ê ¹ ç ç ×± ìfæ æ ê Â ç ç in ë . (Note that the
statements ê ¹¥×±

ê Â
in ä ¾@í å æîà�ç and ä ¾"í å æ àcçdè

±
ê ¹ ±

ê Â
amount to type isomorphism in the equational theory of the
typed lambda calculus with empty and sum types.) The last
implication in (4) is easily established by observing that fi-
nite sets are isomorphic iff they have the same cardinality,
and that the type constructors on finite sets coincide with
cardinal arithmetic.

The implications as in (4) for the cartesian closed case
have been shown to be equivalences [29, 4]. The rest of the
paper is devoted to study the extent to which these implica-
tions can be reversed in type theories with empty and sum
types.

4.1 Product and sum types

We consider the case of distributive categories; the cate-
gorical counterpart of the type theory with unit and empty
types, and product and sum type constructors.

For
Ç

the equational theory consisting of the identitiesÆ Å ¹ É
,

Æ Å Â É
,

Æ ÅEï É
,

Æ ÅEð É
,

Æ ÅEñ É
,

Æ Å ¹ ¾ É
and

ÆÈÇ ¹ É
,

ÆÈÇ Â É
, we have

the following result.

Proposition 4.1 For arithmetic expressions Ï ¹
and Ï Â

in the
language given by

²
, Ê , · , and

³
and with unknowns in a setà , the following statements are equivalent

1.
Ç á Ï ¹ ± Ï Â

2. Ï ¹ ×± Ï Â
in

Ç æ àcç
3. Ëòè

± Ï ¹ ± Ï Â
4.

é ¾ è
± Ï ¹ ± Ï Â

where
Ç æîà�ç denotes the free distributive category over the

set à , and where the last statement denotes validity in the
standard model of natural numbers.

The chain of implications
Æ ² É ã Æ�ó É ã Æ�ô É ã ÆMõ É

are
straightforward, whilst the implication

Æ�õ É ã Æ ² É
amounts

to the completeness of
Ç

for the standard model of natural
numbers. This result is folklore (see, for instance, [6]) and
we include it below.

Lemma 4.2 The equational theory
Ç

is complete for the
standard model ö

é ¾ Í
²
Í Ê Í · Í

³a÷
of natural numbers.

PROOF: Any expression in the language of variables,

²
, Ê ,· , and

³
can be rewritten, using the equations in

Ç
, into

a canonical polynomial form, which can in fact be made
unique.

Now,

é ¾ è
± Ï ¹ ± Ï Â

iff, for the corresponding canoni-
cal polynomial forms

Ø ¹
and

Ø Â
of Ï ¹

and Ï Â
respectively,é ¾ è

± Ø ¹ ± Ø Â
, and this is equivalent to

Ø ¹
and

Ø Â
being

the same polynomial (i.e., syntactically equal) as the poly-
nomial

Ø ¹�ø Ø Â
with coefficients in the field of rational num-

bers has an infinite number of zeroes and hence it is null.
Thus, the lemma follows: if Ï ¹ ± Ï Â

holds in the
standard model then, using

Ç
, Ï ¹

can be transformed into
its canonical polynomial form which can in turn be trans-
formed into Ï Â

. ù
Notice that the argument in the above proof shows that

Ç
is decidable. As a further corollary, we have the following
multiplicative cancellation property.

Corollary 4.3 For every non-empty type ê (viz., ê¯ú×
± Ô

) inÇ æ û9ç , we have that

ê ¹ Ð ê ×± ê Â Ð ê in
Ç æ û9ç

±�ã
ê ¹f×±

ê Â
in

Ç æ û9ç
for every pair of types ê ¹

and ê Â
in

Ç æ û9ç .



It is interesting to note that in the further presence of
exponentials, the above multiplicative cancellation property
does not always hold. Indeed, for all types ü in ýfþ"ÿ � � ��� , we
have the isomorphism� ü��	��
� ü�������Ìü in ý þ@ÿ � � ��� ,
from which the cancellation of ü does not generally yield
an isomorphism (for instance, ����������� for all ��� � ).

4.2 Product, arrow, and sum types

Aiming at understanding type isomorphism in the pres-
ence of product, arrow, and sum types, it is natural to ask
whether Gurevič’s equations are also type isomorphisms.

We first consider two ways of establishing the identi-
ties (3) for the natural numbers respectively due to Wilkie
and Gurevič.

Wilkie’s method. Use that ��� � �"!$# � and %&� ��' � !(# �
for # � �*)�+-,/.�!0!1!2.3, �5476 ��8 �54769;: þ � +<) 
 9 , 9 .

Gurevič’s method. Multiply the left hand side of (3) by� % �>= 
@?BA and using the equation �C! % � �D' � ! � �
twice establish the right hand side of (3) multiplied by� %&� ?EA 
 = ; conclude (3) by multiplicative cancellation
of
� %&�>=F
@?BA � � %&� ?EA 
 = .

Since the above methods respectively use negative num-
bers (which do not have a type-theoretic counterpart) and
multiplicative cancellation (which is not known to be type
theoretically sound), we speculated that Gurevič’s identities
did not hold as isomorphisms. Hence, we set out to prove
that no term between the types corresponding to Gurevič’s
equations is an isomorphism by a careful study of normal
forms in the typed lambda calculus with empty and sum
types [17].

Generalised Wilkie-Gurevič identities. To simplify the
study of the normal forms between the types induced by the
expressions in (3), we introduced the following generalised
Wilkie-Gurevič identities with no constants� �HGI.3' � G 
KJ ! � �L� J . %/� J 
 G
� � � J .M' � J 
 G ! � � � G . % � G 
 J ( NPORQ odd) (5)

where

� � SI.3,
' � � S �>4T6 .3S �>4 ? ,&. !1!0!U.3, �5476� 8 �54769;: þ S �54WV 9 � 6@X , 9�L� � S � .3, �
% � � S ? VY�5476KX .3S ? VY�54 ? X , ? .�!0!0!2.Z, ? VY�>4T6@X

� 8 �54769;: þ S ? VY�>4WV 9 � 6@X[X , ? 9
(6)

Notice that replacing S by ) , \ by , , and ] by ^ = in
�$_ 
 one

obtains the equations (3). Hence the non finite axiomatis-
ability result does not depend on the presence of constants
in the language.

Proposition 4.4 The equational theory of `ba�c ! c@dec .If is not
finitely axiomatisable.

The generalised Wilkie-Gurevič identities are isomor-
phisms of types. Analysing the normal forms between
the types corresponding to the generalised Wilkie-Gurevič
identities (5) for the case N � Q we found an isomorphism.
Below we present the general construction, which is a type
theoretic method for establishing the identities that exhibits
their combinatorial content.

Lemma 4.5 For types g , h , i , j , and mutually inverse
closed terms k3lmgn��jo�piq��h and r�lsiq��ht�	gC��j
in the typed lambda calculus with empty and sum types, the
terms (where we write üvu for w��5ü )xzyW{ |v{ }~{ ��{ �T{ �T� ���K�5������ �&���7�W�(��� ��� �I�q�H������� ��� �����������q� ��� �������W�(�
andxzyW{ |v{ }~{ ��{ ��{ ��� ���K�5������ � ��� � � � � ��� � �q� � � � � ��� � �q� � � � � ��� � ��� � � �
given by the definition in Figure 3 are mutually inverse.

PROOF: See Appendix A. �
For the expressions (6) the identity ��! %�� � �� !~' �

can be proved from the standard axioms. Thus, there are
mutually inverse closed terms k�� l�g �-j��t�¡i>�-�Ph¢�
and r��£lIi>�t�Mh¢�o� gp�Mj�� , where we write g for� , h¢� for ' � , i>� for �� , and j�� for %&� . It follows
that, ¤K¥ ÿ ¦5§~ÿ ¨0§�ÿ ©�§�ÿ ªzÿ « � k��7cBr�� � is an isomorphism with in-
verse ¤K¥ ÿ ¦5§�ÿ ¨0§~ÿ ©�§�ÿ «¿ÿ ª � k���cBr�� � . Hence we have the follow-
ing result.

Corollary 4.6 The equational theory of type isomorphism
in cartesian closed categories with binary coproducts is not
finitely axiomatisable.

4.3 Empty and sum types

In the presence of arrow and both empty and sum types
we observe that not all equations that hold as isos in the cat-
egory of finite sets hold in the type theory. Indeed, writing¬ ü for ü���� , we have that

�® � ¬�¬ ���¯� � � . ¬ �
but as the formula

� ¬�¬�° � ° 
¢� � ¬�°�±�° 
 is a classical tau-
tology which is not intuitionistically valid there is no term



²K³¢´ µ�´ ¶�´ ·´ ¸�´ ¹�º »¼B½�¾e¿1À(ÁÂÄÃ�Å�Æ�ÇbÈ ¸�É3Ê¢¸�Ë@¹PÌ Ç[Í ¹�ÉZÎ�¹�Ë(¸ÏmÐFÑ ³Ò´ µ�´ ¶�´ ·´ ¸�´ ¹�º »L¼E½�¼@Ó�Ô Å ¼@ÓeÕ Å ¾T¼ Ñ ¶�´ ·´ ³¢´ µ�´ ¹7´ ¸Òº ½�¼Ö»¼ÖÓeÕ Å ¼ÖÓ�Ô Å ¾�×
where Ñ ³¢´ µ�´ ¶�´ ·´ ¸�´ ¹�º »¼B½�¼BØ�¼@ÙF¾e¿0À(ÁÂDÃvÚqÆUÛ Ï1Ü Ç Ù Ç�Ú Ë ¼Ù�Ô Æ~Í ¹ ÏUÝ Ô Ç�Ã�Þ�Æmß Ï0Ü Ç Ø Ç[Þ Ë ¼ØmÔ ÆmÈ ¸ Ï ØmÔ Ç[Ú Ë ¼ØsÕ Æ Ê ¸ Ï ÓTÔ Ç ½ Ç Ù�Ô Ç[Þ Ë ¼BØ~Õ Ç[Ú Ë@ËÖË�ËàË ¼ÙmÕ Æ Î ¹ Ï2Ý Õ Ç�ÃvÞ�ÆFß Ï0Ü Ç Ø Ç[Þ Ë ¼Ø Ô ÆmÈ ¸ Ï Ó Õ Ç » Ç Ø Ô Ç�Ú Ë ¼KÙ Õ Ç�Þ ËÖË@Ë ¼Ø Õ Æ Ê ¸ Ï Ø Õ Ç[Ú Ë�Ë�Ë�Ë

Figure 3. Definition of
² ³¢´ µ�´ ¶�´ ·´ ¸�´ ¹ º »¼B½�¾ ÆeÇbÈ ¸ É3Ê ¸ Ë ¹ Ì Ç[Í ¹ ÉZÎ ¹ Ë ¸âá Ç�È ¹ ÉZÊ ¹ Ë ¸ Ì Ç�Í ¸ ÉZÎ ¸ Ë ¹ .

of type Çbã�ã�ä á ä Ë á Çbã�ä É ä Ë . Another such equation,
derived from the above by taking the base type to be negated
and using that åçæÂ ã�ã�ã�ä á ã�ä , isè�é Â å Âêã�ä É ã�ã�ä Ï

(7)

Thus, in general,
èëé Âíì Ô ÂCì Õ does not imply ì Ô æÂ ì Õ

in î�ï ´ ð�º ñ�¾ . However, we have the following result.

Proposition 4.7 For every pair of types ì Ô and ì Õ in the
typed lambda calculus with empty and sum types over a set
of base types

ñ
, the following statements are equivalent.

1. ã�ì Ô æÂ ã�ì Õ in î�ï ´ ð�º ñ�¾ .
2. The formula ã ì Ô�ò ã ì Õ is an intuitionistic tautology,

where ä�Â ä�Ç�ä�ó ñ Ë ¼ ô Â�õ ¼
ì Ô Ì ì Õ Â ì Ô�ö ì Õ ¼ ì Ô á ì Õ Â ì Ô á ì Õ ¼

÷ Â�ø ¼ ì Ô É ì Õ Â ì Ô�ù ì Õ Ï
3. For every interpretation ú of base types in the category

of finite sets
è

, ú º º ì Ôû¾ ¾ Â ÷ iff ú º º ì Õü¾ ¾ Â ÷ .
4.
èýé Â�ã�ì Ô Âêã�ì Õ .

5. þ ï é Â ÷Fÿ�� Â ÷Fÿ�� , where � Ô Â ì Ô and � Õ Â ì Õ .
PROOF: The equivalences Ç ô Ë � Ç�� Ë and Ç�� Ë � Ç
	 Ë � Ç�� Ë , and
the implication Ç ô Ë� Ç
	 Ë are straightforward.

To establish the implication Ç
� Ë�� Ç�� Ë we will use the
(Gödel-Gentzen) negative translation ì�� of types ì given by

ä��çÂêã�ã�ä&Ç[ä&ó ñ Ë
å �IÂ å ¼ Ç[ì Ô Ì ì Õ Ë �çÂ ì Ô � Ì ì Õ � ¼Ç�ì Ô á ì Õ Ë � Â ì Ô � á ì Õ � ¼

� �çÂ �/¼ Ç�ì Ô É ì Õ Ë �IÂ�ã�Çbã�ì Ô � Ì ã�ì Õ � Ë
and the following facts:

Ç�� Ë For every type ì and every interpretation ú of base
types in the category of finite sets, the following hold

ú º º ì � ¾ ¾ æÂ ÷ or ú º º ì � ¾ ¾ æÂ ô
and

ú º º ì � ¾ ¾ æÂ ô�� � ì � is a classical tautology� � ì � is an intuitionistic tautology
Ï

Ç
��� Ë For every type ì , the formula ì � ò ã�ã ì is an intuition-
istic tautology.

Indeed, assuming Ç
� Ë it follows using Ç
� Ë that Ç ì �Ô á ì �Õ Ë ÂÇ[ì Ô á ì Õ Ë � is an intuitionistic tautology. Thus, we have
from Ç���� Ë that ã�ã ì Ô á ã�ã ì Õ is an intuitionistic tautology,
from which we conclude that so is ã ì Õ á ã ì Ô . Analo-
gously, one sees that ã ì Ô á ã ì Õ is also an intuitionistic
tautology, and we are done. �
Corollary 4.8 For all types ì in î ï ´ ð º ñ�¾ and arithmetic ex-
pressions � such that � Â ì ,
ì æÂ �

in î�ï ´ ð�º ñ�¾�� � èýé Â�ì�Â ��� � þ�ï é Â � Â ÷ Ï
Corollary 4.9 The problem of whether two negated types
are isomorphic in the theory of BiCCCs is decidable.

5 Concluding remarks

The results of this paper are the first significant advance
in the study of type isomorphisms in the presence of empty
and sum types. Many questions still remain open, as for
instance whether there are arithmetic equations in the lan-
guage of

ô
, � , � ,

÷
or of

ô
, � , � ,

É
that do not correspond

to type isomorphisms. We conjecture that Gurevič’s re-
sult [19] for establishing the non-finite axiomatisability of



the equational theory of the model of positive natural num-
bers �����! "�!#$��%��'&)( can be generalised to the case of the
model of natural numbers ���+*"�! "�-,.�/#0�-%��'&1( , and hence, by
the results of this paper, that the equational theory of type
isomorphism in bicartesian closed categories is not finitely
axiomatisable. Decidability questions of the equational the-
ory of type isomorphisms in the extensions of the typed
lambda calculus with empty and/or sum types should be
addressed. Finally, the observations in Subsection 4.3 sug-
gest that the appropriate framework for characterising the
type isomorphisms that hold in the category of finite sets
for types with arrow, empty and sum constructors may be
calculi for classical or intermediate logics.
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A Proof sketch of Lemma 4.5

We show that in the equational theory of the typed
lambda calculus with empty and sum types the composite

5768 9:8 ;<8 =>8 ?@8 ACB D>EGF�HJIC576K8 9:8 ;<8 =>8 AL8 ?MB DCENF�H
OQP:RTS 5 6K8 9:8 ;<8 =>8 ?@8 A B DCENF�H�U
5 68 9:8 ;<8 =>8 AL8 ? B D>EGF�H�U R:V�V
OQP:RTS 5WB D>EGF�H�U�XZYLB D>ENF[E-\^] R E�\`_ R HaE�YbB F[EGD>E�\`_ R E�\^] R H�c V
OQP:RTS X)YLB D>EGFbE�YbB DCENFbE�\ ] R E�\ _ R HaE�YbB F[EGD>E�\ _ R E-\ ] R H$H^EYLB FbE-D>E�YbB F[EGD>E�\ _ R E�\ ] R HaE�YbB DCENFbE�\ ] R E-\ _ R H$H+c

equals the identity on the type
U
d AfehgA V ?�i Ukj ?+eml�? V A

by establishing that the first and second components of the
pair in the last term respectively equal the terms

\[]nU R`V and\`_�U R`V in the context Rpo U�d AmeqgKA V ?ri Ukj ?ferls? V A .

Indeed, by routine calculation, one sees that the second
component of the pair

YbB FbE-D>E
YLB FbE-D>E-\ _ R E-\ ] R H�E
YbB D>EGFbE�\ ] R E�\ _ R H0H

equals the term

P.tmovusSw U�\`_<U R:V U t^V Ex ] o j ? Svy ]�U P�z{o"|1Sw Us\^]}U R:V U zJV E~ ] o d A S x ]nU z�V~ _ o g A S \:_�U
D�UaFbU ~ _�U t@V E x ]nU zJV�V-VVV Ex _ o l ? Svy _ U P�zfo�|�Sw U+\ ] U R`V U zJV E~ ] o d A S \ _ UaFLU
D�U ~ ] U t^V E x _ U z�V-V�V-V E~ _ o gA S x _ U zJVVVV

and, as
D

and
F

are mutual inverses, that the above term

equals the following one

P.tho/usS w Us\ _ U R:V U t^V Ex ] o j ? S�y ] U P�z{o"|1S w Us\ ] U R:V U z�V E~ ] o d A S x ] U zJV~ _ o gA S x ] U zJVVV Ex _ o l�? Svy _"U P�z{o�|�S w Us\^]�U R:V U zJV E~ ] o d A S x _}U z�V E~ _ o gKA S x _�U z�VVVV
which, by extensionality, equals

\ _ U R:V .
The other identity

YLB D>EGFbE�YbB DCENFbE�\^] R E�\`_ R HaE�YbB F[EGD>E�\`_ R E-\^] R H$H O \^]�U R:V
is established similarly.


