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Abstract

We generalise the traditional approach of Smyth and Plotkin to the solution of recursive domain equa-
tions from order-enriched structures to bicategorical ones and thereby develop a bicategorical theory for
recursively defined domains in accordance with Axiomatic Domain Theory.
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Introduction

One of the many areas of theoretical computer science to which Gordon Plotkin has
made fundamental contributions is domain theory, and within it the theory of recur-
sively defined domains—the theme of this paper. As it is well-known, the subject
started with Dana Scott’s Do, construction [21,22], which he developed to provide
a mathematical model of the untyped lambda calculus in the category of continu-
ous lattices. The D, model arises from an w-chain of embedding/projection pairs

1 The core of the results of this paper were first announced, without proof, in [7, Sections 2 and 3].
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(D, («j Dy11), with Dyy1 = [D,, — D], both as the limit of the w°P-chain
of projections (D, «— Dyy1) and as the colimit of the w-chain of embeddings
( Dy,“— D1 ). This is the all important limit/colimit coincidence of domain the-
ory. Indeed, already in [22, page 129], Dana Scott mentions a suggestion of Bill
Lawvere to the extent that his proof of the remarkable fact that Do, = [Doo — Doo]
could be explained by a fixpoint argument hinging on the limit/colimit coincidence.
He further remarks in the references that no doubt the overall idea of the construc-
tion could be put into a more general abstract context, leaving open the possibility
for such a development.

A category-theoretic framework for the limit/colimit coincidence was provided
by Mike Smyth and Gordon Plotkin in [23]. There, building on previous work of
Mitch Wand [28], they showed that the limit/colimit coincidence depended solely
on the underlying order-theoretic structure of the category of discourse, and further
gave a systematic treatment of the solution of recursive domain equations appli-
cable to the whole range of categories of domains. A fundamental contribution of
their analysis was to make explicit an aspect of the theory that mediates between
the limit and colimit views of recursive domains and sets the theory in motion.
This is what we call the local characterisation of limits of w°P-chains of projections
and colimits of w-chains of embeddings. By the former we mean the equivalence
between the global condition that a cocone (v, : Do — D) for an w°P-chain of
projections ( D,, — Dy,11) is a limit and the local condition that the cocone consists
of projections such that \/ ¢,v, = 1p_, where ¢, : D, Dy, is the embedding
associated to the projection 7, : Do —» D, . Dually, and equivalently, the local
characterisation of colimits of w-chains of embeddings amounts to the fact that
the global condition that a cone (¢, : D, — Ds) for an w-chain of embeddings
( D;,“— D41 ) is a colimit is equivalent to the local condition that the cone consists
of embeddings such that \/ ¢,v, = 1p., where 7, : Doo —» D,, is the projection
associated to the embedding ¢, : D,,“— D, .

The local-characterisation theorem of Mike Smyth and Gordon Plotkin [23, The-
orem 2| is the starting point of our work. Specifically, we present in Section 1 a
generalisation of it in two directions as follows. Firstly, following the folklore, we
generalise from the consideration of embedding/projection pairs (referred to as core-
flections in the categorical jargon) to that of adjoint pairs. Secondly, in the spirit
of higher-dimensional category theory, we move up a level from the order-enriched
setting to a bicategorical one—hence the title of the paper.

The paper [23] remained the state of the art in solving recursive domain equa-
tions until further impulse to the subject was injected by Peter Freyd with his
analysis of inductive and recursive types, leading to the concepts and theory of al-
gebraic completeness and algebraic compactness [11,12,13]. In studying this work,
and being already familiar with [23] from the LFCS Theory Postgraduate Course
on Domain Theory by Gordon Plotkin, Marcelo Fiore, then his Ph.D. student,
recognised the relevance of the old ideas to the new ones and, in collaboration, a
theory of recursive domains was developed; see [9], and also [8,10,20]. This theory
of order-enriched algebraic completeness and compactness, which was to provide an



axiomatic treatment for domain-theoretic models, is the background for the second
part of the present work, where, in Section 2, a generalisation to the bicategorical
setting is presented.

Thus we provide a bicategorical theory for recursively defined domains in accor-
dance with Axiomatic Domain Theory. Our motivations for pursuing these investi-
gations in the context of models of computation, and at this level of generality, have
been expounded in [7,6]. A further natural setting for the application of our work
is that of generalisations of categories of domains from order-theoretic structures to
category-theoretic ones; see, e.g., [17,18,1,25,2,7,6,26,27,14]. However, we also hope
that our results will become relevant to the body of work on higher-dimensional
category theory.

1 Local-characterisation theorem

This section presents a central result of the paper, Theorem 1.5, that generalises the
local characterisation of colimits of w-chains of embeddings in wCpo-categories [23,
Theorem 2] yielding the limit/colimit coincidence [22].

We start however with some basic bicategorical definitions and facts (Sec-
tions 1.1-1.3) needed in the main development (Sections 1.4-1.6). Throughout,
familiarity with (unbiased) bicategories, for which the reader is referred to [3,5] (and
to [19]), is assumed.

1.1 Pseudo cells

An invertible 2-cell in a bicategory is henceforth referred to as a pseudo cell, and
we write K~ for the sub-bicategory of a bicategory K with the same objects and
arrows, but only the pseudo cells.

1.2 Adjunctions and mates

An adjunction (n,e: f 4¢g: B — A) in a bicategory consists of objects A and B,
arrows f: A— Band g: B — A, and 2-cellsn: 14 = gf and € : fg = 15 such
that the triangle laws

(f=flatlfof) = (fo)f=Lo1pf=f) = 14

(9= 1a9=(9f)g = 9(f9)="=91p=g) = 1,
hold.
For adjunctions (n,e : f Hg: B — A) and (n/,¢' : f/ 4 ¢ : B — A), the
mates (see [15]) oM 1 g/ == gand 7™ : f' = fof 2-cells o : f = fand 7 : g = ¢
are respectively given by the composites

g 2 1ag == (9f)g' 2 gfd L gf'g = g(f'g)L=glp =g



and

Pl gt ) = pof L pyp e (prg 2l 1pf = f

Lemma 1.1 For adjunctions (n,e: f 4g: B — A) and (0',e' : f' 44 : B — A),
and 2-cells o : f = f' and 7 : g = ¢', the following are equivalent.

(i) The 2-cell o is invertible and T is the mate of its inverse.
(ii) The 2-cell T is invertible and o is the mate of its inverse.

(i) The identities ' = (to)-n and e =" - (o) hold.

Definition 1.2 For a bicategory K, we define the bicategory of adjunctions K4 as
follows. The objects of K24 are those of K, the arrows A — B of K24 are given by
adjunctions (n,e : f 4g: B — A) in K, the 2-cells (n,e: f 1g) = (n',e': f'47)
of K24 are given by pairs 0 : f = f and 7 : g = ¢ of 2-cells in K such that
n' = (7o) -nand € = & - (o07). The identities and composition of arrows, and the
horizontal and vertical identities and composition of 2-cells are as expected; as are

the coherence isomorphisms.

By Lemma 1.1 every 2-cell in K2Y is invertible. In fact, K*¥ is biequivalent to
the sub-bicategory of K~ determined by the left adjoints in K.

1.8 Bicategorical colimits

We give an explicit elementary definition of bicategorical colimits (elsewhere bicol-
imits [24]) of w-chains.

Definition 1.3 An w-chain in a bicategory is given by an w-indexed family of
arrows (fn, : Ay, — Apt1). A pseudo cone for such a chain is given by an object A,
an w-indexed family of arrows (p, : A, — A), and an w-indexed family of pseudo
cells (®,, : pni1fn = @n). Further, such a pseudo cone is a bicategorical colimit if
it satisfies the following universal property.

(i) For every pseudo cone (¥, : ¥y 1fn = ¥y, : Ap — X)) there exists an arrow
u: A — X and an w-indexed family of pseudo cells {y, : ug, = 1) such
that the square

u(¢n+1fn) = (u30n+1)fn % \Dn-l—lfn

o I

UPn Tin Un

commutes for all n € w.

(ii) For every pair of arrows u,v : A — X and every w-indexed family of 2-cells



(& : uwpy, = vey) such that the square

u(Pni1fn) = (USOn—&-l)fn%(vspn—i—l)fn = v(pn+1fn)

u@n\H/ ﬂ/vfbn

UPn € VPn

commutes for all n € w, there exists a unique 2-cell £ : v = v such that
&n = Epp, for all n € w.

1.4 The canonical local cones of a pseudo cone of adjunctions

We need to consider the structure of pseudo cones of w-chains in bicategories of
adjunctions in detail. To this end, we start by spelling out in terms of data from K
what pseudo cones of w-chains in K24 amount to.

Let IC be a bicategory. A pseudo cone of adjunctions

((I)naFn) : (Ln+17]n+l D Ppg1 '7n+1)(77n75n ¢ fn gn) = (Lna]n D op ’Yn)

for an w-chain (n,,&, : fr 4 gn : Ang1 — Ap) in K2Y consists of an object A, an
w-indexed family (tn, Jn : ©n 3 9m : A — A,) of adjunctions in K, and an w-indexed
family (®,,,T,) of pseudo cells @, : ©ni1fn = ¢n and Ty : gnYni1 = Jn such
that the squares

Tin

~

la, Infn gnlAn+1 In

LH\H/ In ﬂgnbn+1fn (1)

TnPn ﬁ (gn’yn+1) ((ﬂn—i—l fn) <N:gn(7n+1§0n+1)fn

o, 1T, ! ~
Pnin ———— (90n+1fn) (gn’}/n-i-l) = Pn+1 (fngn)’Yn-i-l
]nﬂ TIn ﬂ@n+l€n7n+l (2)

14 — Prt1Vn+1 === Pn+114, 1 Tn+1

commute for all n € w.
It is important to observe that a pseudo cone of adjunctions induces local
w-chains, together with cones, in K(A,, A,) and (A, A) as follows.
* For every n € w, we have the w-chain (g¢ n fn ¢)r>n in K(Ap, Ay), where gp pfrnn =
1An and, for n </, gé,nfn,Z = gn(gf,n—i—lfn—&—l,ﬁ)fnv given as follows

lAn ﬁgnfn = gnlAn+1fn mgn(gn—&-lfn—&-l)fn = gn(gn+11An+2fn+1)fn:>‘ o



with cone

la, == =——=0gnla, ., [n In(gn+1la, p foi1) fn——="""

H In \H/ gnIn+1 fn H/

Tn¥Pn <= <N:gn('7n+190n+1)fn<: <~:gn(gn+1 (7n+290n+2)fn+1)fn<:' v

e In (A, A), we have the w-chain (¢,,y,) given as follows

P1E071

[ ~ [ i N €
@070 0 0 > > s > 801’)/1 1 1 P28E172

= P22 =>"""

with cone

POV => = => == P11V = = =—> = P2V2 = - -

Henceforth, we shall refer to the above local cones (g¢nfni)e == Yngn and
(pnn) == 14 as the canonical local cones of the pseudo cone of adjunctions.

1.5 Local-characterisation theorem
We consider wCat-bicategories, a bicategorical generalisation of wCpo-categories.

Definition 1.4 An wCat-bicategory is a bicategory whose hom-categories have
colimits of w-chains and whose composition functors preserve them.

The announced generalisation of [23, Theorem 2] follows.

Theorem 1.5 Let K be an wCat-bicategory.

For an w-chain of adjunctions (Nn,en : fn 3 gn @ Ant1 — Ap) and a pseudo
cone (B, 1 Oni1fn = ©n : Ay — A) for the w-chain (f, : Ap — Ani1) in K, the
following are equivalent.

(i) The pseudo cone (®,, : Yni1fn = @n : An — A) is a bicategorical colimit of
the w-chain (f, : A, — Apt1) in K.

(ii) The pseudo cone (P, : pni1fn = pn : An — A) is a bicategorical colimit of
the w-chain (fn : Ap — Apt1) in K.

(i) There is a pseudo cone of adjunctions

(@0, ) (@ng1 T ms1) (fn A 9n) = (o0 3 7)

such that its canonical local cones (pnyn) == 14 and (go.nfne)e == Ynpn are
colimiting.

In the case of an w-chain of coreflections, all the 2-cells in the canonical local
cones (Gen fne)e = Ynin are invertible and we have the following simplified version
of the theorem.



Corollary 1.6 Let K be an wCat-bicategory.

For an w-chain of coreflections (fn, = gn @ Ant1 — Apn) and a pseudo cone
(@, Ppiifn = ©n @ Ay — A) for the w-chain (f, : Ay — Apy1) in K, the
following are equivalent.

(i) The pseudo cone (®y, : Yni1fn = @n : Ay — A) is a bicategorical colimit of
the w-chain (fy, : Ap — Apt1) in K.

(ii) The pseudo cone (®, : ppi1fn = pn : Ay — A) is a bicategorical colimit of
the w-chain (fy : Ap — Apt1) in K.

(iii) There is a pseudo cone of coreflections

(@0, Tn) : (1 1) (o gn) = (00 4 0)
such that its canonical local cone (@nyn) == 14 is colimiting.

Clearly, the condition about the canonical local cone (p,7v,) == 14 being
colimiting generalises the analogous condition of [23, Theorem 2] asserting that

\/ PnYn = 1A~

1.6 Limit/colimit coincidence

Theorem 1.5 and its dual with respect to the bicategorical limit of the w°P-chain
of right adjoints provide the following corollary about the coincidence of limits and
colimits.

Corollary 1.7 For a pseudo cone of adjunctions

((I)nal_‘n) : (@n-‘,—l o ’Vn—&-l)(fn = gn) :N> (Son = ’Yn)

in an wCat-bicategory, where (fn, = gn : Ant1 — Ap) is an w-chain of adjunctions,
the following are equivalent.

(i) The pseudo cone (@, : Yni1fn = @n : Ay — A) is a bicategorical colimit of
the w-chain (fy, : Ap — Apt1).

(ii) The pseudo cocone (T'y : gnyni1 == Yn : A — A,) is a bicategorical limit of
the w°P-chain (g, : Apnt1 — Ap).

Such coincidences of limits and colimits in bicategorical settings are part of the
categorical folklore [24,29].

2 Algebraic completeness and compactness

Algebraic completeness and compactness are universal properties due to
Freyd [12,13] that respectively provide canonical interpretations of inductive and re-
cursive types. We consider them in the context of wCat-bicategories in Sections 2.2
and 2.3, where we generalise part of the definitions and results of [8, Chapter 7].



2.1 Initial algebras

We are interested in fixed points of pseudo functors up to equivalence and, more
specifically, in initial such. Hence the following definition (cf. [4]).

Definition 2.1 A pseudo initial algebra for a pseudo endofunctor 7" on a bicategory
is an algebra a : TA — A satisfying the following universal property.

(i) For every algebra z : TX — X there exists (it(x),¢;) as in the following

diagram
TA——A
T(it(ac))l g lit(a:)
TX —X
(ii) For every
TA——A TA——A
TN,
TX X TX —X
there exists a (necessarily invertible) unique 2-cell € : u = v such that (§a)-p =

v (xT¢).

The following result generalises Lambek’s lemma [16], viz. that initial algebras
of endofunctors are isomorphisms, to the bicategorical setting.

Lemma 2.2 Pseudo initial algebras of pseudo endofunctors are equivalences.

Recall that an equivalence in a bicategory is an arrow with a pseudo inverse,
where a pseudo inverse for an arrow f : A — B is an arrow g : B — A such that

gf =1 and fg=1p.

The ‘basic lemma’ below, generalising [23, Lemma 2|, provides a tool for con-
structing pseudo initial algebras.

Definition 2.3 A pseudo initial object in a bicategory is an object 0 satisfying the
following universal property.
(i) For every object X, there exists an arrow 0 — X.

(ii) For every pair of arrows u,v : 0 — X, there exists a (necessarily invertible)
unique 2-cell u = v.

Lemma 2.4 Let K be a bicategory with pseudo initial object O and let T be a pseudo
endofunctor on K. For 1 : 0 — TO consider the w-chain (T™ L : T™0 — T"10) and
let (P, 1 ppi1fn = pn: T"0 — A) be a bicategorical colimit for it.

If

(on

= T((I)n) : Tfn#?n+1 : T(‘PnJrl)T(fn) :N> T(‘PnJrlfn) :N> T‘Pn : Tn-HO - TA>

is a bicategorical colimit for the w-chain (T™ L : T"*10 — T"*20) anda : TA — A



mediates between the pseudo cones (®)) and (®,11), then a is a pseudo initial
algebra.

2.2 Algebraic completeness
We consider algebraic completeness with respect to pseudo wCat-functors.

Definition 2.5 A pseudo wCat-functor T : K — L between wCat-bicategories
is a pseudo functor such that, for every pair of objects A, B of K, the functor
Tap:K(A,B) — L(TA,TB) preserves colimits of w-chains.

Definition 2.6 An wCat-bicategory is pseudo wCat-algebraically complete if every
pseudo wCat-endofunctor on it has a pseudo initial algebra.

The concept of pseudo wCat-algebraic completeness is robust with respect to
parameterisation, which is crucial for the interpretation of mutually-inductive types.

Theorem 2.7 Let K and L be wCat-bicategories with L pseudo wCat-algebraically
complete, and let T : K x L — L be a pseudo wCat-functor. For every object A in
IC, let uT(A) be the object underlying a chosen pseudo initial algebra for the pseudo
functor T(A,—) : L — L defined by setting the first component of T' to always be
the object A, or the arrow 14, or the 2-cell 11,. Then, the mapping A — pT'(A)
canonically extends to a pseudo wCat-functor pT' : K — L.

We have the following result analogous to Beki¢’s lemma.

Proposition 2.8 Let FF: KX L — K and G : K x L — L be pseudo wCat-functors
with IC and L pseudo wCat-algebraically complete.

For every pseudo initial F(—, uG(—))-algebra a : F(A, uG(A)) — A and every
pseudo initial G(A, —)-algebra b : G(A, uG(A)) — pG(A), the pair (a,b) is a pseudo
initial (F, G)-algebra.

Corollary 2.9 If K and L are pseudo wCat-algebraically complete, then so is
K x L.

The basic lemma (Lemma 2.4) motivates the following definition.

Definition 2.10 An wCat-bicategory is pseudo wCat-algebraically w-complete if
it has a pseudo initial object, say 0, and for every pseudo wCat-endofunctor T on
it the w-chain (T™L : T"0 — T™*10), where L : 0 — T0, has a bicategorical colimit
and T preserves it.

Clearly then, w-completeness implies completeness. Further, as an application of
the local-characterisation theorem (Theorem 1.5) and the basic lemma (Lemma 2.4)
we have the following result.

Corollary 2.11 For an wCat-bicategory K with a pseudo initial object O such that
every arrow from it is a coreflection, the following are equivalent.

(i) K is pseudo wCat-algebraically complete.



(i) For every pseudo wCat-endofunctor T on K, the w-chain (T™ 1 : T"0 — T™10),
where L : 0 — T0, has a bicategorical colimit.

(iii) K is pseudo wCat-algebraically w-complete.

2.8 Algebraic compactness

Algebraic compactness arises from the coincidence of initial algebras and final coal-
gebras.

A mediating map between an algebra a : TA — A and a coalgebra b: B — TB
is an arrow f: A — B such that

If a: TA — A is pseudo initial and b : B — T'B is pseudo final, then a mediating
map between them always exists, and any two such are isomorphic.

Definition 2.12 An wCat-bicategory is pseudo wCat-algebraically compact if ev-
ery pseudo wCat-endofunctor on it has a pseudo initial algebra and a pseudo final
coalgebra, and the mediating maps between them are equivalences.

Proposition 2.13 If K and L are pseudo wCat-algebraically compact, then so are
K and K x L.

It follows that, for K pseudo wCat-algebraically compact, every pseudo
wCat-bifunctor T : K°? x £ — K has a pseudo free dialgebra T(A, A) ~ A char-
acterised by the following universal property: for every 2/ : X’ — T(X, X’) and
z:T(X', X)— X, we have

X' T(X, X' T(AA)——A
coit(z’,x) = lT(it(z/,x),coit(x’,x)) T(coit(az’,x),it(x’,x))l o~ it(z',z)
A——=—T(AA) T(X', X)—— X

given uniquely up to canonical coherent isomorphism (as defined for pseudo initial
algebras).

For the following class of wCat-bicategories, the notions of pseudo wCat-
algebraic completeness and compactness coincide.

Definition 2.14 An wCat,-bicategory is an wCat-bicategory whose hom-
categories have initial object and whose composition functors are initial-object pre-
serving in each argument separately.

Proposition 2.15 In an wCat,-bicategory, any pair of arrows f:0_"A:g
with 0 pseudo initial, forms a coreflection f 4 g, and hence 0 is also pseudo terminal.



Theorem 2.16 Fvery pseudo wCat-algebraically complete wCate-bicategory is
pseudo wCat-algebraically compact.

Finally, we identify a class of wCat,s-bicategories for which pseudo wCat-
algebraic compactness is guaranteed. These may be seen as enriched bicategorical
analogues of w-complete pointed partial orders.

Definition 2.17 A Kbicat is an wCat,-bicategory with pseudo initial object and
bicategorical colimits of w-chains of coreflections.

There are plenty of Kbicats. For example, the category of sets and partial func-
tions, with hom-sets ordered by graph inclusion; the category of sets and relations,
with hom-sets ordered by inclusion; the category of w-cpos and partial w-continuous
functions, with hom-sets ordered pointwise; the bicategory of profunctors. More-
over, Kbicats are closed under duals and products.

Corollary 2.18 Kbicats are pseudo wCat-algebraically compact.
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A Proof of the local-characterisation theorem

This technical section proves the main result of the paper. In view of the fact that
every wCat-bicategory is pseudo equivalent to an wCat-category, Theorem 1.5 and
Corollary 1.6 need only be established for wCat-categories.

Theorem A.1 Let K be an wCat-category.

For an w-chain of adjunctions (N, epn ¢ fn = gn : Ant1 — Apn) and a pseudo cone
(@, 2 Qna1fn = on 2 Ap — A) for the w-chain (f, : A, — Ani1), the following
are equivalent.

(i) The pseudo cone (P, : Yni1fn = @n : An — A) is a bicategorical colimit of
the w-chain (f, : A, — Apt1) in K.

(i) The pseudo cone (P, : pni1fn = pn : An — A) is a bicategorical colimit of
the w-chain (f : Ap — Apt1) in K.

(iii) There is a pseudo cone of adjunctions

((I)ml_‘n) : (Ln+1a]n+1 P Pn+l = ’Yn-i-l)(nnagn : fn - gn) = (Lna]n P Pn - ’Yn)

such that its canonical local cones (o) == 14 and (gonfne)e = Ynpn are
colimiting.



Proof. We prove the following chain of implications: (i) = (i7) = (iii) = (¢). The
first implication holds trivially because bicategorical colimits in I are bicategorical
colimits in K. As for the other two implications one argues as follows.

(i) = (ui1): It is convenient to introduce the following definitions: for
m>n¢cw,let fr Ay — Ay, be the arrow inductively defined by f,, , = 14, and
frm+1 = fmfnm; analogously, let g, n : Ay, — Ay, be the arrow inductively defined
by Inn = 14, and Im+1n = Immn9m-

We start by presenting the necessary constructions leading to the definitions of

ntA— A, and vy, 1 14, = Yuep for each n € w.

For m > n € w, let the following cone

9m,nTim ngrl nfm+1fm

gm7n : L‘"L,’IL
m, m-+1 n
lm Lml‘fQ

Im.n

be colimiting in the hom-category KC(A,,, A,,). Since by precomposing the cone
GOm+1,n With f,, one obtains a colimiting cone for

Im+1,nMm+1fm Im+2,nMm+2fm,m+2

9m+2,nfm,m+2

gm+1,nfm

it follows that there exists a universal pseudo-cell wfn,n S Omn = Im+1,nfm such
that

wf nolp™ = m“ - (A1)

for all k > m+ 1. Slmﬂarly, by post composmg GOm.n+1 with g, one derives the
existence of a universal pseudo-cell wj, n i Imn = 9InGmn+1, such that

1
T = gntp (A.2)
for all £ > m. Consequently, let @,n @ Gmn = InGm+1,n+1Jm be the universal

pseudo-cell such that

m,n m+1 n+1
Wm,n * g = YGnlg fm

for all kK > m + 1. It follows that

Wm,n = (wgn—l—l,nfm) ’ wrfz,n (A3)
= (T 1) T - (A.4)
In particular, since ¢, = ;") - 1), we have from (A.3), (A.1), and (A.2) that
T " = (Gt fn) - (A.5)
Consider now the pseudo cone ( (wfmn)_l S Omtinfm = Gmm = Am — An )m>n
for the w-chain (f, : Am — Am+ti)m>n. Since the pseudo cone (@,

Omt1fm = ©m Ay — A)m>n is a bicategorical colimit, there exists an arrow



and pseudo-cells @, : Vnom = Im.n, for all m > n, such that

@ (1®m) = (@)™ @y fm) (A7)
Moreover, define
bn = (wZ)il : LZ’” :14, = Mmpn - (Ag)

We now proceed to define pseudo cells Ty, : gnyns1 = Vo : A — A, for each
n € w. To this end, consider first the following commuting diagram with m > n+1

(@pirn) @l )
gn7n+190m+1fm gnngrl,nJrlfm Im+1 nfm:>7n90m+lfm

P f —1 wm,n) . f —1
InIn+1®Pm gn(wm,n+1) (@m,n) nPm
TnPm

1
gnwzj:‘_lfm

InVn+1¥Pm PR In9mn+1 e Im,n EAR

where the leftmost and rightmost squares commute by equation (A.7), whilst the
central ones commute by equations (A.3) and (A.4). Furthermore, for m > n + 1,
let

1o = (w%)—l : (wi(zrz,n)_ (gnwn+ )t GnYnt1Pm = Ynpm : Am — An
be the bottom pseudo cell in the above diagram, so that

Yo (G mt1®m) = (Wn®m) - (Vi1 fm) (A.9)

for all m > n + 1. Then, since the pseudo cone (®,, : cpm+1fm = Om)m>nt1 IS a
bicategorical colimit and the family (Y7 : gnVnt19m = Yn@Pm : Am — Apdm>nt1
satisfies equation (A.9), it follows that there exists a unique pseudo cell

| I | :N>’yn tA— A,

such that T}, = 'y, for all m > n + 1.
We now establish the commutativity of diagram (1); viz., that

tn = (Dn®n) - (gntnt1fn) -1
for all n € w. Aiming at this, observe first of all the following:

Lp®n = (1®n) - (Cnent1fn)
(by the interchange law)

= (’an)n) ) (TZJrlfn)
(by the universal property of I';,)

= (@) (@wi1) "' fa) - (@ Dyi1n) ) - (gnwnti f)
(by definition of Y7 ;)

= (1®n) - ((®a) ™) - (@) (@) T (@h1,0) " ) - (GnTotd fa)
(by equation (A.7))

= (w:{)_l : (wn,n) (gnwm-_%fn) (A.lO)
(by equation (A.3))



as required.

n,n

.Ln

) (wn,n) (
: (wn,n) (

: (gnLnJrlfn) N

gnt n+1

n

The fact that the canonical local cone

Tin

gani}fn) : (gnbn+1fn) *Mn

<gm,n fn,m>m2n == Tn¥n

(by definition (A.8

(by definition of ¢,,41

)
(by equation (A.5))
)
)

(by equation (A.10)

is colimiting is an immediate consequence of the fact that it is obtained from the
following pasting of diagrams:

1a Mn onf InTin+1fn
n nJn
+ i
(@n,n)~? 7, gp(@atint) M
gnn<$gngn+l,n+1fn nto.n

(@ )‘lﬂ

+1y\—
Z+1) 1fn

\Hf]n (w

2. 2
In+2, ”1’212 et

gn+2,nfn,n+2 X

fn,n+2

gn+2,ngn+27n+2fn,n+2 e i

H/gnJrZ,n (wn+2,n+2)_ 1 Srn+2

Tn¥n T.o, InYn+1Pn+1Jn 7 AT gn+27n%+2@n+2fn,n+2 —

where the upper one, because of equation (A.5), is the one that defines g, as
a colimit, whilst the lower one, which commutes by equation (A.10), consists of

pseudo cells.

We now consider the other canonical local cone.
corresponding chain in the hom-category K(A, A) as follows:

(®n) ' (Tn) !

< PnIn

Let

be a colimiting cone for this chain.

7:a == 14, so that setting

On+1fngnTnr1

Pn+1EnTYn+1

(an + on Y = a)

<]n =70nPpYn = 1A>n

Note that we can describe its

Pn+1Tn+1 >n

(A.11)

We will now proceed to find a pseudo cell

(A.12)

we obtain a colimiting canonical local cone that will make diagram (2) commute by

construction.

The hint for proving a = 14 comes from the following calculation with k € w:



(colim e, (Pn’Yn)(Pk =

1R 1R 111

12

colim ey PnYnPk

colim n>k PnYnPk

colim >k ©nYn®n fin

colim > ¢n (colim I>n gl,nfn,l)fk,n

colim > colim ;>p ©nGinfrifen (A.13)
colim p,>k @YnGn.nfonfin (A.14)
colim ,>% ©n fin

colim > ¥k

Pk

In fact we need to have a closer look at the matrix (A.13) and in particular at
its diagonal (A.14); see Figure A.1 for a sketch of the matrix completed with the
colimit arrows and their associated chain.

With the definitions of Figure A.1 one verifies that

x’szkil)—ln . yr(zkn = (®n) ' fim forn>k
o = gl for 1> kyn+ 1
(S0n+1’7n+1q)k,n+1) ﬂﬂgc?n = xé(ok,% . (cpn’ynq)k,n) for n >k
(Pr+1Vk4+1Pk) - a:f,’;)k = x;f)k

where the first identity follows from the triangular law (e, fp) - (fun) = 1y, for

n € w. We therefore have,

for every k € w, a colimiting cone as follows

Pk () Or41Sk @r1) S Oy fh o =——o "
Pllk Pt 1 (Ve+1Pw) - (thr1.fx))
%’Yk%%@kﬂ%ﬂ% %wﬂﬂﬂwk:y .. (A15)
aOrdR Qp4+1Pk A
apk

induced by Figure A.1 and definition (A.11). Since the top chain consists of pseudo
cells, it follows that the components of the cone consist of pseudo cells too. Hence,
in particular, the 2-cells (axpr) - (prtk) : Yr = ayy are invertible for all k € w.
Furthermore, this family is subject to the following property

(arpr) - (ortk) - P = (art198) - (Cr+1Vh4+1Px) - (Prg1th41Sr)

(see diagram (A.15))

= (a®y) - (aps19r+1 k) - (Ort1thr1fr)



(k)
X
Pt 1Ykt 1Pk =L o O VK 2Pk oo e s )

Pr+17k+1Pk Pr+2Vk+2Pk k42

PhVk Pk == Ph 1 Yk Ph+ 1S == Phr2 V2P r2 fr oo

(k) (k)
Too,k T oo k1
(k) (k) (k)
Yk+2,6 Yk+2,k+1 Yk+t2, k+2
(k) (k)
Tht2 k+1

TpLok o
OrkIk+2,k Sk k2 === P19k 1[k k12 =————=> P2 [k k12

(k) (k)
Yk+1,k Yk+1,k+1 )"
o5
OkIk i S=L Or+1fk
yék}i D)t
Pk
k _
xl(n) = ((CPnJrlEn) - (@) 19n)>gz,n+1fk,l for I > k,n+1
k) for | > k
Yy = PnGlnMfrl orl>k,n

w80 = (Porrenynr) - (@) C) ™)) (@) fin)  forn >k
28 = (Prp1Envns1) - (B0)H(T0)™Y)) ox

(I>k:,k: = 1¢

Cpnt1 = i (Pnfin) forn >k

Fig. A.1. Sketch of the matrix (A.13).

and, by the universal property of bicategorical colimits, there exists a unique pseudo
cell

Jra=>14 (A.16)
such that
7 ok = (ower) - (k) (A.17)
for all k € w.



We finally prove that with the definitions (A.6), (A.8), (A.12), and (A.16), we

obtain adjunctions
lnyJn * Pn T

Expanding the definition of 7, and using equation (A.17), one obtains the tri-
angular identity (7n¢n) - (¢ntn) = 1lg,. It follows from this that the compos-
ite (YnJn) - (tnyn) is an idempotent. Thus, to deduce the other triangular iden-
tity, viz. (Yngn) - (tnYn) = 1,,, we need only show that the composite (nn) - (tnYn)
is an isomorphism. To this end note that using a matrix analogous to that of
Figure A.1 and that the cone (A.12) is colimiting, the following cone

—1
Tn (I'n) InTn+1 %%w nYn4+2 ——>-

tnIn (Crn@nt1)-(gntnt1))Vnt1
TnPnYn ——— > TnPn+1Vn+l ——— = TnPn+2Tnt2 ——- - -

YnIn+1
YnJn nJn+2

Tn

is colimiting too. Thus, as the top chain above consists of pseudo cells, the compo-
nents of the cone are invertible.

(iii) = (i): Recall that to prove that (®, : pni1fn = ¢n : Ay — A) is a
bicategorical colimit of the w-chain (f, : A, — A,11) we need to show that the
properties (i) and (ii) of Definition 1.3 hold.

Proof of property (i). To find a suitable u : A — X consider the chain

Fn n nYn

and let (T, : ¥y, = u), be a colimiting cone for it. We need to describe a family
(g : upr = Yg)r such that the following diagram commutes:

M1 f
U1 frr === g1 f

u%ﬂ ﬂxyk (A.18)

For a fixed ¥ € w observe, once again using a matrix analogous to that of
Figure A.1 and that the cone (Y},), is colimiting, that the following diagram

7 —1
Yk ! Vi1 Sk kil)ﬂ/%wfk 2 =
'éz)kékﬂ ﬂ¢k+1((’7k+1@k)-(%+1f,€)) H/
Tron Yhr10n o on

UPk



yields a colimiting cone for the chain (U,) ™ fen @ Ynfrn = Ynt1 fent1)n>k-
Since this chain consists of pseudo cells, then so does the cone. Thus, in particular,
(Yrow) - (Yreg) is invertible. Letting up : upr = 1, be its inverse, we have
that (A.18) holds because

(Trer) - (Vrtk) - Vi = (Trr19k) - (k1 Ve+1Pr) - (Vg1 k1 fr)
(see diagram (A.19))

= (u®) - (Ter19rv1fr) - (Yrr1trr1fi)

Proof of property (ii). Consider arrows u,v : A — X and an w-indexed family of
2-cells (T}, : up, = vep)n, as in condition (ii) of Definition 1.3. We seek a 2-cell
T : u = v, such that T,, = Y, for every n € w.

Since 14, = colim (p,Vn)n, we have that u = colim (uy,y,), and that v =
colim (v, Vn)n. From the properties of the family (Y,),, one can describe two
colimiting cones together with a map between them:

: . :
WP Yn i VPR Yn
1 1
UPn 1Vl Lottt VP11 Vnil
UJn Vin
Jn+1 VJn41
U . v

where T : u = v is the unique 2-cell such that
T- (u]n) = (v]n) : (Tn’)/n) (A.QO)

for all n € w. We claim that T satisfies the required property. Indeed, since ¢,, and
Jn are respectively the unit and counit of the adjunction ¢, - v,, we have that

= (Ton) - u((nn) - (ntn)) (by a triangular identity)
= (T (wn ) n* (Upnin)

= ((an (Thvm )cpn - (upntn) (by equation (A.QO))

= (vjncpn) (vontn) - Ty (by the interchange law)
=T, (by a triangular identity)

Moreover Y is uniquely determined by the property Yo, = T, for all n € w. Indeed,
this property implies



T (u]n) = (U]n) : (TQOn’Yn) = ('U]n) : (Tn’)/n) foralln cw

and, by the universality of colimits, there exists a unique such Y. a

For an w-chain of coreflections (f,, 4 g,), all the 2-cells in the canonical cones
(G1.nfn1)1i = nn are pseudo-cells. Hence, the condition about these cones being
colimiting is vacuous and we have the following simplified version of the theorem.

Corollary A.2 In an wCat-category IKC, for an w-chain of coreflections (fn = gn :
Apy1 — Ay) and a pseudo cone

<(I)TL : 90n+1fn = Pn - A, — A>

for the w-chain (fy, : Ap — Apt1), the following are equivalent.

(1) (P : Oni1fn = on : Ap — A) is a pseudo colimit for {f, : Ay — Api1) in
K.
(i) (Py : Oni1fn = ©n : Ay — A) is a pseudo colimit for (fn : Ap — Api1) in
K~.
=

(iii) There is a pseudo cone of coreflections

(Pn,Tn) (g1 7 ¥nt1) (fn A gn) = (on = )
such that the canonical cone (Qnyn) = 14 is colimiting.

Proof. We just need to check that every ¢, as defined in (A.8) is a pseudo cell.
Recall, then, that ¢, = (@)~ - un™ : 14, = Yo where @ is a pseudo cell, whilst

1" is the first component of the colimiting cone

In,nTn In+1,n"Mn+1 fn
gnyn :}gn+1’nfn :}gn+2’nfn’n+2 —

gn,n : non
n, Ln+1 H
tn

Lni|»2

Im,n

But, as each 7, is a pseudo cell, the above local w-chain consists of pseudo cells;
and consequently so does its colimiting cone. O
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