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Abstract

This note presents a normalisation-by-evaluation program for typed lambda calculus
in the dependently-typed functional programming language Agda synthesised from my
Semantic Analysis of Normalisation by Fvaluation for Typed Lambda Calculus (PPDP’02:
Proceedings of the 4th ACM SIGPLAN International Conference on Principles and Prac-
tice of Declarative Programming, October 2002).

Syntax. We consider simple types over a countably infinite set of base types:

-- base types
T : Set
T = Nat
-- simple types
data T : Set where
0:T—T
1:T
s T —T—T
= T—-T-T

Typing contexts are inductively generated by context extension from an empty context:

-— typing contexts
data F| : Set — Set where
< AT : Set} — F|T
AT Sety - FIT - T = FLT

We then have a family of variable indices given as follows:

-- variable indices
data V: {T : Set} - T — F|T — Set where
o {7 :Set} {v: T} {T:FIT} >Vt :n1)
T:{T :Set} {to:T}{T:FIT} Vol —=Vo(l:nT

for which context renamings are considered:

-- context renamings
Fl: (T: Set) » F|T x F|[T — Set
FIT(A, T)={t: T} >VTtA—=V1Tl
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The abstract syntax of simply typed terms is implemented by the inductive family below:

-- simply typed terms
data £ : "I“—HFL’T%Set where
var: {t: T} {T: FIT} >Vl > LT
unit s {T: FIT} = £ 1T
pair - {to: T} {T: FIT} 5 LT Lol > L(tx0)T
fst: {to: T}{M:FIT} - L(t+0)T = LTl
snd: {to: T}{T:FIT} L (t+0)T - Lol
abs: {to: T} {T:FIT} s Lo(T=T)—=L(t=0)T
app: {to: T} {T:FIT} L (t=0)T =Lt = LoT

Analogously, the abstract syntax of neutral and normal terms is implemented by the following
mutually-inductive families:

-- neutral and normal terms
mutual

data M : T—>Fl’ﬂf—>5et where
varm - {T: T}{T: FIT} =Vl =Ml
fstm - {To: TH{T: FIT} - M (t+0) T Ml
sndy : {To: T}{T:FIT} =M (t*0)T =>MoT
appm : {10 TH{T: FIT} =M (t=0)T >Nt =MoTl

data N : ’T%Fl’f%Set where
var,  {i: TH{T:FIT} >V (@1 T >N(@®1i)T
foty : {i: T}{o: T} {T:FIT} =M ©0i*o) I N (©Oi)T
sndy : {i: TH{t: T}{T: FIT} =M (1% 01)T=NOL)T
app  {i: TH{T: T}{T: FIT} =M (t=0) T =Nt = N(@©Oi)T
unity - {T: FIT} > N 1T
pair, : {to: T} {T: FIT} = NaT - Nol = N(t+o)T
abs, - {to: T}{T:FIT} = No(T:1) = N(t=0)T

Their presheaf actions will be needed:

-- neutral and normal presheaf actions

mutual
IJm:{t: T}{AT : FIT} = MTA—-F|T(A, T)>MzT
varm X [P ]m = varm (p x)

fstm M [P ]m = fstm (M [P ]m)
sndp, M [P |m =sndm (M [P ]m)
appmmn[p]m:appm(m[p]m)(n[p]n)

e {t: T}{AT:FIT} 5 NTA S F|T(A, T)=>NTT
var, x [ p]n = var, (px)
fstam[pla="fsta (M[p]m)
sndym[p]o=snd, (Mm[p]n)
appnmn[p]n:appn(m[p]m)(n[p]n)
unity [ p ] = unit,
pair, Mg nZ[p]n:pairn(n1 [p]n)(nz[p]n)
abs, n[p]s=abs, (n[liftp],)
where



lift: {t: T} {AT:F|T} > F|T(A,T) = FIT(A=T,T:1)
lift _ e =
lift p (T x) = T(p x)

Semantics. We implement the presheaf semantics of types induced by the interpretation
of base types as neutral terms.

-— type semantics

[1:T — FLT — Set

[6i]T=M (01T

[1]-=T

[t*oc]T=[x]lTx[olTlT
[t=0]T={A:F|T} - FIT(T,A)=[t]lA=[c]A

{t:TY{AT FIT} 5 [t]A S FIT(A,T) > [t]T
4=

=(xi[p] x2[p])
(p"op)

The semantic interpretation of terms follows:

-- term semantics
I'[:IFLT—>(T—>]F¢T—>Set)—>FlT—>Set
m-__=T

rr(r:: T)PA:(WFPA)X(PTA)

J:{t: T} {T:FIT} LT - {A:FIT} ->TT[JA-=[T]A
[varx]e=¢(x
where

)t TH{TA:FIT} >TT[JA=VIT=[T]A

e(e)=m ¢

e(Tx)=me(x)
[unit] - =_
[pairtitole=([ti]e,[t2]e)
[fsttle=m ([tle)
[sndtle=m ([tle)
[abstlefx=[tl(e[f]n,x)

where

n: {EAT:FIT} > TZ[JASFT(A,T)STEL]T

A {3 = -

On s Jex)p S(efpinxlo])
IIappt1t2]]£:[[t1]]s(?\x x)( t]e)

Normalisation by evaluation. The unquote and quote functions are implemented:

-- unquote and quote

mutual
u:{t: T}{T: FIT} > MaT = [<]T
u{6 }m=m
u{1l} _=_
uf{_*_}m=(u(fst, m), u(snd,, m))



u{-= Jtmpx=u(appm (M[p]m) (ax))

{t: Ty {T:FIT} > [t]T - Nl

q:

q {6 _} (vary, x) = var, x

q {0 _} (fst,, m) = fst, m

q {0 _} (sndy m) = snd, m

q {6 _} (appm mn) = app, mn

q {1} - = unit,

q{-*-}(a ,XZ)—Pa'rn (ax1) (ax2)

g { = Jf=absy(a( £ (u(varm ))))

Finally, the normalisation function is:

-- nbe
nf:{t:T}{I:FIT} > Lt = NtT
nft=q([t] (TT (uovary)xs))
where
M: (f: {t:T}{A:FIT} 5VTA—=[ITtA){TA:FIT} -TITVASTIT[]A

m_{}_=_
Mf{_: F(xs,x)=(TTfxs,fx)

xs: {T:F|T} >TITVT

xs {} =_

xs {- f}:h(xs[T]v,-)
Il {EAT:FIT} 5TTZVA S F|T(A,T) = TZVT
L {1} =

Th{os d(xs.x)p=(xs[p)l.px)



