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Abstract

We generalise Joyal’s notion of species of structures and develop their combinatorial calculus.
In particular, we provide operations for their composition, addition, multiplication, pairing and
projection, abstraction and evaluation, and differentiation; developing both the cartesian closed
and linear structures of species.
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1 Categorical background

1.1 Monoidal categories

Monoidal categories. A monoidal category is a tuple (C,⊗, I, a, l, r) where C is a category, ⊗
is a bifunctor C×C // C, I is an object of C, and a, l, r are natural isomorphisms with components
aA,B,C : (A ⊗ B) ⊗ C // A ⊗ (B ⊗ C), lA : I ⊗ A // A, rA : A ⊗ I // A subject to coherence
axioms [Kel82]. We have a strict monoidal category when these isomorphisms are identities. A
monoidal functor F : (C,⊗, I, a, l, r) // (C ′,⊗ ′, I ′, a ′, l ′, r ′) is a functor F : C // C ′ equipped with
a morphism I // F(I) and a natural transformation with components F(A) ⊗ ′ F(B) // F(A ⊗ B)

subject to coherence axioms [EK66, Law73]. We have a strict monoidal functor if these morphisms
are identities.

A symmetric (strict) monoidal category is a (strict) monoidal category equipped with a natural
isomorphism c, called the symmetry, with components cA,B : A ⊗ B // B ⊗ A satisfying fur-
ther coherence axioms [Kel82]. A symmetric (strict) monoidal functor between symmetric (strict)
monoidal categories is a (strict) monoidal functor that satisfies a further coherence axiom associated
to the symmetries [EK66, Law73].

Free symmetric strict monoidal completion. We write Cat for the category of small cate-
gories and functors, and SMCat for the category of small symmetric strict monoidal categories and
strict monoidal functors. The forgetful functor SMCat // Cat : (C,⊗, I)

� // C has a left adjoint
!( ) : Cat // SMCat that maps a small category into its symmetric strict monoidal completion.

An explicit description of !C is given by the category with objects consisting of finite se-
quences 〈[ci]〉i=1,n

(n ∈ N) of objects of C with !C
[
〈[ci]〉i=1,k

, 〈[dj]〉j=1,̀

]
= ∅ iff k 6= ` and mor-

phisms 〈[ci]〉i=1,n
// 〈[c ′

i]〉i=1,n
given by pairs

(
σ, 〈[fi]〉i=1,n

)
consisting of a permutation σ ∈ Sn and

a sequence of maps 〈[fi : ci
// c ′

σi]〉i=1,n
in C. (Composition is essentially given pointwise modulo

permutation (
σ ′, 〈[f ′i]〉i=1,n

)
◦

(
σ, 〈[fi]〉i=1,n

)
=

(
σ ′ ◦ σ, 〈[f ′σi ◦ fi]〉i=1,n

)

and identities are given pointwise.) The symmetric strict monoidal structure of !C is given by
concatenation with unit the empty sequence and the obvious symmetry.

We will use the following notational conventions. For C ∈ !C, we write c ∈ C to indicate that
c is an index ranging through the length of C and we let C@c ∈ C be the element of C at index c.
Thus, we have that C =

⊗
c∈C 〈[C@c]〉. Further, for γ : C // C ′ in !C and c ∈ C, we write γc ∈ C ′

for the index associated to c by the permutation underlying γ and let γ@c : C@c
// C ′

@γc be the
corresponding map in C.

It is important to note that the symmetric strict monoidal completion comes equipped with
canonical natural coherent equivalences as follows

1
∼=

// !0

()
� // 〈[ ]〉

!C1 × !C2
⊕

'
// !(C1 + C2)

(C1, C2)
� // !q1(C1) ⊗ !q2(C2)

(1)
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For the purpose of the development below, we fix a quasi inverse to ⊕ according to the following
notation

!(C1 + C2) // !C1 × !C2 : C
� // (C.1, C.2)

For instance, one could take ( ).i : !(C1 + C2) // !Ci to be the free strict monoidal extension of
the functor C1 + C2

// !Ci mapping qi(c) to the singleton sequence 〈[c]〉 and qj(c) with j 6= i to
the empty sequence 〈[ ]〉.

1.2 Bicategories

Bicategories. A bicategory X consists of the following data.

• A set X0 of 0-cells.

• A family of categories X [X, Y] for X, Y ∈ X0, with objects and arrows respectively called 1-cells
and 2-cells.

• A composition law given by a family of functors mX,Y,Z : X [Y,Z] × X [X, Y] // X [X,Z] for
X, Y, Z ∈ X0. (The action of m on a pair of 1-cells (g, f) is written g ◦ f.)

• Units, given by 1-cells 1X ∈ X [X,X] for X ∈ X0.

• An associativity law given by a natural isomorphism with components ah,g,f : (h ◦ g) ◦ f +3

h ◦ (g ◦ f) for f ∈ X [X, Y], g ∈ X [Y,Z], and h ∈ X [Z,W].

• Left and right unit laws respectively given by natural isomorphisms with components lf :

1Y ◦ f +3 f and rf : f ◦ 1X
+3 f for f ∈ X [X, Y].

The associativity, and right and left unit laws are subject to coherence axioms [Bén67]. A 2-category
is a bicategory in which the associativity, left and right unit laws are identities.

We recall the notion of morphism of bicategories. A pseudo-functor F : X // A between
bicategories consists of the following data.

• A function F : X0
// A0.

• A family of functors FX,Y : X [X, Y] // A[FX, FY] for X, Y ∈ X0.

• For all X, Y, Z ∈ X0, natural isomorphisms with components φg,f : F(g) ◦ F(f) +3 F(g ◦ f) in
A[FX, FZ] for f ∈ X [X, Y] and g ∈ X [Y,Z].

• For all X ∈ X0, an isomorphism φX : 1FX
+3 F(1X) in A[FX, FX].

These data are subject to coherence axioms [Bén67]. A pseudo-functor between 2-categories is said
to be a 2-functor if its natural isomorphisms are identities.

Pseudo-adjoints. A right pseudo-adjoint to a pseudo-functor F : X // A is given by the follow-
ing data.

• A function G : A0
// X0.
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• A family of 1-cells εA ∈ A[FGA,A], for A ∈ A0, such that for all X ∈ X0 and A ∈ X0 the
functor

X [X,GA]
EX,A

// A[FX,A]

f
� // εA ◦ F(f)

(2)

is an equivalence of categories.

Hence, to give a right pseudo-adjoint to F we need provide functors DX,A : A[FX,A] // X [X,GA]

together with natural isomorphisms

IdX[X,GA]
+3 DX,AEX,A , EX,ADX,A

+3 IdA[FX,A]

These data canonically yield a pseudo-functor G : A // X . A right 2-adjoint to a 2-functor is
determined by a right pseudo-adjoint for which the functors in (2) are isomorphisms.

1.3 Profunctors

Coends.
∫

is the coend operation, whose definition and basic properties can be found in [Mac71,
Chapter X].

Presheaves. For a small category C, we write Ĉ for the functor category [C◦,Set ] of presheaves
on C and natural transformations, and let yC denote the Yoneda embedding C

�

�

// Ĉ : c
� // C [ , c].

Profunctors. For (C,⊗, I) a (symmetric) monoidal category, the presheaf category Ĉ acquires
a (symmetric) monoidal structure via Day’s tensor product construction [Day70, IK86] given, for
X1, X2 ∈ Ĉ, as

X1⊗̂X2 =
∫c1,c2∈C

X1(c1) × X2(c2) × yC(c1 ⊗ c2)

The unit for Day’s tensor product ⊗̂ is yC(I).

For small categories A and B, an (A, B)-profunctor , indicated as A
� // B, is a functor A // B̂.

Small categories, profunctors, and natural transformations between them form a bicategory [Bén00].
The profunctor composition V ◦ U : A

� // C of U : A
� // B and V : B

� // C is given by

(V ◦ U)(a)(c) =
∫b∈B

V(b)(c) × U(a)(b) (3)

with identities yC : C
� // C.

We will use the following construction on profunctors. The dual of an (A, B)-profunctor P is
the (B◦, A◦)-profunctor P⊥ given by

P⊥(b)(a) = P(a)(b)

For more on the structure of the bicategory of profunctors see [Bén00, Law73, CW03].
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2 The calculus of generalised species

For small categories A and B, an (A, B)-species of structures is a profunctor !A
� // B. In particular,

(A,1)-species are referred to as A-species. The notation P : A ! // B is used to indicate that P is an
(A, B)-species.

Structures in P(A)(b), for a species P : A ! // B, A ∈ !A, and b ∈ B, are pictorially represented
as follows

P

A

b

Concrete examples of combinatorial species abound in the literature.

• Joyal’s species [Joy81] are 1-species, and k-sorted (or k-coloured) species [Joy81, MN93,
BLL98] are

(
∑k

i=11
)
-species.

• Permutationals [Joy81, Ber87] are CP-species for CP the groupoid of finite cyclic permuta-
tions.

• Partitionals [NR85] are B∗-species for B∗ the groupoid of non-empty finite sets.

Further examples that fit into generalised species are I-permutationals [MN93], and species on
graphs and digraphs [Mén96].

Basic general examples of species follow.

• Presheaves on C are essentially species 0 ! // C, whilst presheaves on !C also correspond to
species C ! // 1.

• The Yoneda embedding y!C is a C ! // !C species.

• The species εC : !C ! // C is defined as εC(C) = !!C
[
〈[ 〈[ ]〉 ]〉, C

]
.

• The species SC : C ! // C is defined as

SC(C) =
∑

c∈C

yC(C@c) (4)

• The species EA,B : A ! // B is defined by EA,B(A) = 1.

2.1 The bicategory of species

We introduce the bicategory ES (Espèces de Structures) of generalised species of structures.
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Composition. For species P : A ! // B and Q : B ! // C, the composition Q◦P : A ! // C is defined
as

(Q ◦ P)(A)(c) =
∫B∈!B

Q(B)(c) × P#(A)(B) (A ∈ !A, c ∈ C◦) (5)

where

P#(A)(B) =
∫Ab∈!A (b∈B) (

∏

b∈B P(Ab)(B@b)
)
× !A

[⊗
b∈BAb, A

]
(A ∈ !A, B ∈ !B◦)

One can visualise the structures in (Q ◦ P)(A)(c) as follows

P

. . .. . .
Ab

· · · · · ·

Q

Q ◦ P

c

A

b

Lemma 2.1 For P : A ! // B, we have that

P#(A)〈[b]〉 ∼= P(A)(b)

naturally in A ∈ !A and b ∈ B◦, and

P#(A)(B1 ⊗ B2) ∼=
∫A1,A2∈!A

P#(A1)(B1) × P#(A2)(B2) × !A [A1 ⊗ A2, A]

naturally in A ∈ !A and B1, B2 ∈ !B◦.

Proof:
P#(A)〈[b]〉 =

∫A′∈!A
P(A ′)(b) × !A [A ′, A] ∼= P(A)(b)

P#(A)(B1 ⊗ B2)

∼=
∫Ab∈!A (b∈B1⊗B2) (

∏

b∈B1⊗B2
P(Ab)((B1 ⊗ B2)@b)

)
× !A

[⊗
b∈B1⊗B2

Ab, A
]

∼=
∫Ab1

∈!A (b1∈B1) ∫Ab2
∈!A (b2∈B2) (

∏

b1∈B1
P(Ab1

)((B1)@b1
)
)
×

(
∏

b2∈B2
P(Ab2

)((B2)@b2
)
)

× !A
[( ⊗

b1∈B1
Ab1

)
⊗

( ⊗
b2∈B2

Ab2

)
, A

]

∼=
∫A1,A2∈!A ∫Ab1

∈!A (b1∈B1) ∫Ab2
∈!A (b2∈B2)

(
∏

b1∈B1
P(Ab1

)((B1)@b1
)
)
×

(
∏

b2∈B2
P(Ab2

)((B2)@b2
)
)

× !A
[
A1 ⊗ A2, A

]
× !A

[⊗
b1∈B1

Ab1
, A1

]
× !A

[⊗
b2∈B2

Ab2
, A2

]

∼=
∫A1,A2∈!A ∫Ab1

∈!A (b1∈B1) (
∏

b1∈B1
P(Ab1

)((B1)@b1
)
)
× !A

[⊗
b1∈B1

Ab1
, A1

]

×
∫Ab2

∈!A (b2∈B2) (
∏

b2∈B2
P(Ab2

)((B2)@b2
)
)
× !A

[⊗
b2∈B2

Ab2
, A2

]

× !A
[
A1 ⊗ A2, A

]

=
∫A1,A2∈!A

P#(A1)(B1) × P#(A2)(B2) × !A [A1 ⊗ A2, A]

�
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Abstractly, we have that Q ◦ P is the composite of profunctors

!A
P#
� // !B

Q� // C

where (P#)⊥ : !B◦ // !̂A◦ is the free monoidal extension of P⊥ : B◦ // !̂A◦ induced by Day’s tensor

product on !̂A◦.

Note also that a succint description of the coend defining composition can be given as follows

(Q ◦ P)(A)(c) ∼=
∫F∈!(!A◦×B)

Q(!π2F)(c) × !̂A◦×B
[
SF, P

]
× !A [

⊗
(!π1F), A] (6)

where S is as in (4), P(A,b) = P(A)(b), and
⊗

is the multiplication of !.

Example 2.2 We give explicit descriptions of sample pre- and post-compositions with a species
P : A ! // B.

1. For b ∈ B, the composite species A
P

! // B
y!B〈[b]〉
! // 1 is isomorphic to the species Pb : A ! // 1

defined as
Pb(A)() = P(A)(b) (7)

Indeed,

(y〈[b]〉 ◦ P)(A)() =
∫B∈!B

!B(B, 〈[b]〉) × P#(A)(B)

∼=
∫b′∈B

B(b ′, b) × P#(A)〈[b ′]〉

∼= P#(A)〈[b]〉

=
∫A′∈!A

P(A ′)(b) × !A [A ′, A]

∼= P(A)(b)

2. For X ∈ Â, the composite 0
X

! // A
P

! // B, is as follows

(P ◦ X)〈[ ]〉(b) ∼=
∫A∈!A

P(A)(b) × Â
[
SAA,X〈[ ]〉

]
(8)

where SA : !A // Â is as in (4). Indeed,

(P ◦ X)〈[ ]〉(b) =
∫A∈!A

P(A)(b) ×
∫Za∈!0 (

∏

a∈AX(Za)(A@a)
)
× !0

[⊗
a∈A Za, 〈[ ]〉

]

∼=
∫A∈!A

P(A)(b) ×
∏

a∈A X〈[ ]〉(A@a)

∼=
∫A∈!A

P(A)(b) ×
∏

a∈A Â
[
yA(A@a), X〈[ ]〉

]

∼=
∫A∈!A

P(A)(b) × Â
[
SA(A), X〈[ ]〉

]

Identities. The identity species IC : C ! // C is defined as

IC(C) = !C
[
〈[ ]〉, C

]
(9)
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〈[•]〉

c

C

I

Proposition 2.3 For P : A ! // B, Q : B ! // C, and R : C ! // D, we have canonical natural coherent
isomorphisms as follow

IB ◦ P ∼= P ∼= P ◦ IA

(R ◦ Q) ◦ P ∼= R ◦ (Q ◦ P)
(10)

establishing the unit laws of identities and the associativity of composition.

Proof:

(IB ◦ P)(A)(b)

=
∫B∈!B

!B
[
〈[b]〉, B

]
×

∫Ab ′∈!A (b′∈B) (
∏

b′∈BP(Ab′)(B@b′)
)
× !A

[⊗
b′∈BAb′ , A

]

∼=
∫b′∈B

B [b, b ′] ×
∫A′∈!A

P(A ′)(b ′) × A [A ′, A]

∼=
∫b′∈B

B [b, b ′] × P(A)(b ′)

∼= P(A)(b)

(11)

(P ◦ IA)(A)(b)

=
∫A′∈!A

P(A ′)(b) ×
∫Xa∈!A (a∈A′)

!A
[
〈[A ′

@a]〉, Xa

]
× !A

[⊗
a∈A′ Xa, A

]

∼=
∫A′∈!A

P(A ′)(b) × !A
[⊗

a∈A′ 〈[A ′
@a]〉, A

]

∼= P(A)(b)

(12)

((R ◦ Q) ◦ P)(A)(d)

=
∫B∈!B

(R ◦ Q)(B)(d) ×
∫Ab∈!A (b∈B) (

∏

b∈B P(Ab)(B@b)
)
× !A

[⊗
b∈BAb, A

]

=
∫B∈!B

(
∫C∈!C

R(C)(d) ×
∫Bc∈!B (c∈C) (

∏

c∈C Q(Bc)(C@c)
)
× !B

[⊗
c∈C Bc, B

] )

×
∫Ab∈!A (b∈B) (

∏

b∈BP(Ab)(B@b)
)
× !A

[⊗
b∈B Ab, A

]
(13)

∼=
∫C∈!C

R(C)(d) ×
∫Bc∈!B (c∈C) (

∏

c∈CQ(Bc)(C@c)
)

×
∫Ab∈!A (b∈

N
c∈C Bc)

(
∏

b∈(
N

c∈C Bc) P(Ab)
(
(
⊗

c∈C Bc)@b

))
× !A

[⊗
b∈(

N
c∈C Bc) Ab, A

]

∼=
∫C∈!C

R(C)(d) ×
∫Bc∈!B (c∈C) (

∏

c∈CQ(Bc)(C@c)
)

×
∫Ab,c∈!A (c∈C,b∈Bc)

(
∏

c∈C,b∈Bc
P(Ab,c)

(
(Bc)@b

))
× !A

[⊗
c∈C

⊗
b∈Bc

Ab,c, A
]
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(R ◦ (Q ◦ P))(A)(d)

=
∫C∈!B

R(C)(d) ×
∫Ac∈!A (c∈C) (

∏

c∈C(Q ◦ P)(Ac)(C@c)
)
× !A

[⊗
c∈C Ac, A

]

=
∫C∈!B

R(C)(d)

×
∫Ac∈!A (c∈C)

(
∏

c∈C

∫B∈!B
Q(B)(C@c)

×
∫Xb∈!A (b∈B) (

∏

b∈B P(Xb)(B@b)
)

× !A
[⊗

b∈BXb, Ac

] )

× !A
[⊗

c∈CAc, A
]

∼=
∫C∈!B

R(C)(d)

×
∫Ac∈!A (c∈C)

(
∫Bc∈!B (c∈C) (

∏

c∈C Q(Bc)(C@c)
)

×
(

∏

c∈C

∫Xb∈!A (b∈Bc) (
∏

b∈Bc
P(Xb)((Bc)@b)

)

× !A
[⊗

b∈Bc
Xb, Ac

] ))

× !A
[⊗

c∈CAc, A
]

∼=
∫C∈!B

R(C)(d)

×
∫Ac∈!A (c∈C)

(
∫Bc∈!B (c∈C) (

∏

c∈C Q(Bc)(C@c)
)

×
(

∫Xb,c∈!A (c∈C,b∈Bc) (
∏

c∈C

∏

b∈Bc
P(Xb,c)((Bc)@b)

)

×
∏

c∈C !A
[⊗

b∈Bc
Xb,c, Ac

] ))

× !A
[⊗

c∈CAc, A
]

(14)

∼=
∫C∈!B

R(C)(d)

×
∫Bc∈!B (c∈C) (

∏

c∈C Q(Bc)(C@c)
)

×
∫Xb,c∈!A (c∈C,b∈Bc) (

∏

c∈C

∏

b∈Bc
P(Xb,c)((Bc)@b)

)

× !A
[⊗

c∈C

⊗
b∈Bc

Xb,c, A
]

�

Theorem 2.4 Small categories, species, and natural transformations form a bicategory.

Proof: The composition and identities, the left and right unit laws, and the associativity law are
as in (5), (9), and (10) respectively. See Appendix A for details. �

2.2 Addition and multiplication

Each hom-category ES [A, B] acquires a commutative rig structure given by the addition and mul-
tiplication of species.
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Addition. For P,Q : A ! // B, the addition P + Q : A ! // B is defined by

(P + Q)(A)(b) = P(A)(b) + Q(A)(b) (A ∈ !A, b ∈ B◦)

That is,

P + Q =
(
!A

∆!A
// !A × !A

P×Q
// B̂ × B̂

+
// B̂

)

b b

P Q

P + Q P + Q

AA

More generally, for Xi ∈ B̂ and Pi : A ! // B (i ∈ I), the linear combination
∑

i∈I XiPi : A ! // B

is defined by (
∑

i∈I XiPi

)
(A)(b) =

∑

i∈I Xi(b) × Pi(A)(b)

Addition together with the species 0 : A ! // B defined as

0(A)(b) = ∅ (A ∈ !A, b ∈ B◦)

satisfy commutative monoid laws.

Proposition 2.5 For P,Q, R : A ! // B, we have

(P + Q) + R ∼= P + (Q + R)

P + 0 ∼= P P + Q ∼= Q + P

Further, for P,Q : A ! // B and R : C ! // A, we have

(P + Q) ◦ R ∼= (P ◦ R) + (Q ◦ R)

Proof: We only show that (P + Q) ◦ R ∼= (P ◦ R) + (Q ◦ R).

(
(P + Q) ◦ R

)
(C)(b) ∼=

∫A∈!A (
P(A)(b) + Q(A)(b)

)
× R#(C)(A)

∼=
∫A∈!A (

P(A)(b) × R#(C)(A)
)

+
(
Q(A)(b) × R#(C)(A)

)

∼=
( ∫A∈!A

P(A)(b) × R#(C)(A)
)

+
( ∫A∈!A

Q(A)(b) × R#(C)(A)
)

=
(
(P ◦ R) + (Q ◦ R)

)
(C)(b)

�
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Multiplication. For P,Q : A ! // B, the multiplication P · Q : A ! // B is defined by

(P · Q)(A)(b) =
∫A1,A2∈!A

P(A1)(b) × Q(A2)(b) × !A(A1 ⊗ A2, A) (15)

That is, using (7),
(P · Q)b = Pb⊗̂Qb

for all b ∈ B◦.
Abstractly, (P · Q)⊥ is the composite of functors

B◦
〈P⊥,Q⊥〉

// !̂A◦ × !̂A◦
b⊗

//
!̂A◦

where ⊗̂ is Day’s tensor product.

P Q

b

A1 A2

P · Q

A

Multiplication together with the species 1 : A ! // B defined by

1(A)(b) = !A
[
〈[ ]〉, A

]

satisfy commutative monoid and distributive laws.

Proposition 2.6 For P,Q, R : A ! // B, we have

(P · Q) · R ∼= P · (Q · R)

P · 1 ∼= P P · Q ∼= Q · P

P · 0 ∼= 0 P · (Q + R) ∼= (P · Q) + (P · R)

Further, for P,Q : A ! // B and R : C ! // A, we have

(P · Q) ◦ R ∼= (P ◦ R) · (Q ◦ R)

Proof:

• Note that(
(P · Q) · R

)
(A)(b)

=
∫A1,A2∈!A

(P · Q)(A1)(b) × R(A2)(b) × !A [A1 ⊗ A2, A]

=
∫A1,A2∈!A

(
∫A3,A4∈!A

P(A3)(b) × Q(A4)(b) × !A [A3 ⊗ A4, A1]
)

× R(A2)(b) × !A [A1 ⊗ A2, A]

∼=
∫A2,A3,A4∈!A

P(A3)(b) × Q(A4)(b) × R(A2)(b) × !A [A3 ⊗ A4 ⊗ A2, A]

11



and that
(
P · (Q · R)

)
(A)(b)

=
∫A1,A2∈!A

P(A1)(b) × (Q · R)(A2)(b) × !A [A1 ⊗ A2, A]

=
∫A1,A2∈!A

P(A1)(b) ×
(

∫A3,A4∈!A
Q(A3)(b) × R(A4)(b) × !A [A3 ⊗ A4, A2]

)

× !A [A1 ⊗ A2, A]

∼=
∫A1,A3,A4∈!A

P(A1)(b) × Q(A3)(b) × R(A4)(b) × !A [A1 ⊗ A3 ⊗ A4, A]

•
(P · 1)(A)(b) =

∫A1,A2∈!A
P(A1)(b) × !A

[
〈[ ]〉, A2

]
× !A [A1 ⊗ A2, A]

∼=
∫A1∈!A

P(A1)(b) × !A
[
A1 ⊗ 〈[ ]〉, A

]

∼= P(A)(b)

•
(P · 0)(A)(b) =

∫A1,A2∈!A
P(A1)(b) × 0(A2)(b) × !A [A1 ⊗ A2, A] = ∅

•

(
P · (Q + R)

)
(A)(b) =

∫A1,A2∈!A
P(A1)(b) × (Q + R)(A2)(b) × !A [A1 ⊗ A2, A]

∼=
∫A1,A2∈!A (

P(A1)(b) × Q(A2)(b) × !A [A1 ⊗ A2, A]
)

+
(
P(A1)(b) × R(A2)(b) × !A [A1 ⊗ A2, A]

)

∼=
( ∫A1,A2∈!A

P(A1)(b) × Q(A2)(b) × !A [A1 ⊗ A2, A]
)

+
( ∫A1,A2∈!A

P(A1)(b) × R(A2)(b) × !A [A1 ⊗ A2, A]
)

=
(
(P · Q) + (P · R)

)
(A)(b)

• (
(P · Q) ◦ R

)
(C)(b)

=
∫A∈!A

(P · Q)(A)(b) × R#(C)(A)

=
∫A∈!A ( ∫A1,A2∈!A

P(A1)(b) × Q(A2)(b) × !A [A1 ⊗ A2, A]
)
× R#(C)(A)

∼=
∫A1,A2∈!A

P(A1)(b) × Q(A2)(b) × R#(C)(A1 ⊗ A2)

∼=
∫A1,A2∈!A

P(A1)(b) × Q(A2)(b)

×
∫C1,C2∈!C

R#(C1)(A1) × R#(C2)(A2) × !C [C1 ⊗ C2, C]

, by Lemma 2.1

∼=
∫C1,C2∈!C ( ∫A1∈!A

P(A1)(b) × R#(C1)(A1)
)

×
( ∫A2∈!A

Q(A2)(b) × R#(C2)(A2)
)

× !C [C1 ⊗ C2, C]

=
(
(P ◦ R) · (Q ◦ R)

)
(C)(b)

�
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For P : A ! // B, we have P# : A ! // !B and Lemma 2.1 gives

P#
〈[b]〉

∼= Pb and P#
B1⊗B2

∼= P#
B1

· P#
B2

for all b ∈ B◦ and B1, B2 ∈ !B◦. Thus

P#

〈[b1,...,bn]〉
∼= Pb1

· . . . · Pbn

for all 〈[b1, . . . , bn]〉 ∈ !B◦.

2.3 Linear structure

We refer to a C ! // A◦ × B species as an A×B-matrix . The transpose of an A × B-matrix
U : C ! // A◦ × B is the B◦ × A◦-matrix Ut : C ! // (B◦)◦ × A◦ defined as

Ut(C)(b, a) = U(C)(a, b)

More generally, for a species P : C ! //
∏n

i=1 Ai we define the transposition Pσ : C ! //
∏n

i=1 Aσi

according to the permutation σ ∈ Sn by

Pσ(C)(a1, . . . , an) = P(C)(aσ1, . . . , aσn)

Matrix multiplication. The matrix multiplication (or linear composition) of the matrices U :

K ! // A◦ × B and V : K ! // B◦ × C is the matrix V •
B

U : K ! // A◦ × C defined by

(
V •

B
U

)
(K)(a, c) =

∫b∈B,K1,K2∈K
V(K1)(b, c) × U(K2)(a, b) × !K [K1 ⊗ K2, K]

(Compare with the composition of profunctors (5) and the multiplication of species (15).) Using (7),
we obtain the familiar formula for matrix multiplication

(
V •

B
U

)
(a,c)

=
∫b∈B

V(b,c) · U(a,b)

for a ∈ A and c ∈ C.
The associativity of matrix multiplication and the unit laws with respect to the identity matrix

∆A : C ! // A◦ × A defined as

∆A(C)(a ′, a) = !C
[
〈[ ]〉, C

]
× A [a, a ′]

hold

W •
B

(V •
A

U) ∼= (W •
B

V) •
A

U

U •
A

∆A
∼= U ∼= ∆B •

B
U

where U : K ! // A◦×B, V : K ! // B◦×C, and W : K ! // C◦×D. Further, for Ui : K ! // A◦×B (i ∈ I),
and Vj : K ! // B◦ × C (j ∈ J), we have

(
∑

j∈J Vj

)
•
B

(
∑

i∈I Ui

)
∼=

∑

(j,i)∈J×I Vj •B Ui

13



2.4 Differential structure

We introduce differentiation in the context of generalised species and establish its basic properties.
Higher-order differential operators are further considered in Subsection 2.6.

Differentiation. For P : A ! // B and a ∈ A, the partial derivative ∂
∂a

P : A ! // B is defined as

(
∂
∂a

P
)
(A)(b) = P(A ⊗ 〈[a]〉)(b)

A

a

∂
∂a

P

P

b

For all P,Q : A ! // B and X ∈ B̂, we have the following basic properties

∂
∂a

(
∂

∂a′P
)

∼= ∂
∂a′

(
∂
∂a

P
)

∂
∂a

(P + Q) ∼= ( ∂
∂a

P) + ( ∂
∂a

Q)

∂
∂a

(XP) = X
(

∂
∂a

P
)

∂
∂a

(E) = E

and the Leibniz’s rule
∂
∂a

(P · Q) ∼=
(

∂
∂a

P
)
· Q + P ·

(
∂
∂a

Q
)

Proof: Use that

!A
[⊗

i∈I Ai, A ⊗ 〈[a]〉
]

∼=
∑

i∈I

∫A′∈!A
!A

[
Ai, A

′ ⊗ 〈[a]〉
]
× !A

[( ⊗
j∈I\{i} Aj

)
⊗ A ′, A

]

�

Further, for P : A ! // B and Q : B ! // C, we have the chain rule

(
∂
∂a

(Q ◦ P)
)

c

∼=
∫b∈B

(
∂
∂b

(Q) ◦ P
)

c
·
(

∂
∂a

P
)

b

where a ∈ A and c ∈ C.

The differential application (or Jacobian matrix) dP : A ! // A◦ × B of P : A ! // B is defined as

(dP)(A)(a, b) = ∂
∂a

P(A)(b)

14



The basic properties of partial derivatives translate in terms of differentials; in particular, the chain
rule amounts to the identity

d(Q ◦ P) ∼=
(
d(Q) ◦ P

)
•
B

dP

For a species P :
∑

i∈I Ai ! // B, one may introduce j-differentials djP :
∑

i∈I Ai ! // Aj
◦ × B (j ∈ I)

as follows
(djP)(A)(a, b) = ∂

∂qj(a)
P(A)(b)

However, as we show below, these are derivable.

2.5 Cartesian closed structure

We informally describe the cartesian closed structure of species.

Pairing and projections. There is exactly one species C ! // 0. More generally, for Pi : C ! //

Ci (i ∈ I), the pairing 〈Pi〉i∈I : C ! //
∑

i∈I Ci is defined as

〈Pi〉i∈I (C)(c) =
∑

i∈I

∫c′∈Ci Pi(C)(c ′) ×
(
∑

i∈I Ci

)
[c,qi(c

′)] (16)

∼= Pi(C)(c ′) where c = qi(c
′)

c2

q1(•)

C

c

P1

q2(•)
〈P1, P2〉

c1

P2

That is,

〈Pi〉i∈I =
([

Pi
⊥
]
i∈I

)⊥

For i ∈ I, the projection species πi :
∑

i∈I Ci ! // Ci is defined as

πi(C) = !
(

∑

i∈I

Ci

)[
〈[qi( )]〉, C

]
(17)

〈[qi(•)]〉

c

C

πi

15



The usual laws of pairing and projections are satisfied up to isomorphism:

πk ◦ 〈Pi〉i∈I
∼= Pk : C ! // Ck (k ∈ I)

〈πi ◦ P〉i∈I
∼= P : C ! //

∑

i∈I Ci

(18)

Note that in the presence of cartesian structure the differentials dkP :
∑

i∈I Ai ! // A◦
k×B (k ∈ I)

are derivable from the differential dP :
∑

i∈I Ai ! //
∑

i∈I A◦
i × B, as

dk(P) ∼= πk ◦ d(P) (k ∈ I)

for all P :
∑

i∈I Ai ! // B.

Abstraction and evaluation. For P : C+A ! // B, the abstraction λAP : C ! // !A◦ × B is defined
as

(λAP)(C)(A,b) = P(C ⊕ A)(b) (19)

b

P
λP

C

A

and the evaluation εA,B : (!A◦ × B) + A ! // B by

εA,B(M)(b) =
∫F∈!(!A◦×B),A∈!A

!(!A◦ × B)[ 〈[(A,b)]〉 , F ] × !
(
(!A◦ × B) + A

)
[F ⊕ A,M] (20)

∼= !(!A◦ × B)
[
〈[(M.2, b)]〉 ,M.1

]

〈[(•, •)]〉

A

M

• ⊕ •

b

F

ε

For P : C ! // !A◦×B, we write υA(P) for the composite ε ◦ 〈P ◦ π1, π2〉 : C + A ! // B. The usual
laws of abstraction and evaluation are satisfied up to isomorphism:

υ(λP) ∼= P : C + A ! // B

λ(υP) ∼= P : C ! // !A◦ × B
(21)
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We further note the following interesting commutation property between abstraction and linear
composition: for σ the permutation (12)(3),

(
(λAQ)σ •

C
P
)σ ∼= λA

(
Q •

C
(P ◦ π1)

)
(22)

for all P : K ! // B◦ × C and Q : K + A ! // C◦ × D.

2.6 Higher-order differential structure

We relate the linear and cartesian closed structures, and introduce an operator which is shown to
satisfy the basic properties of differentiation.

Linear and cartesian closed structure. For a matrix U : C ! // A◦ × B we define the species
Ũ : C + A ! // B as

Ũ(M)(b) =
∫a∈A,C∈!C,A∈!A

U(C)(a, b) × !A
[
〈[a]〉, A

]
× !(C + A) [C ⊕ A,M]

∼=
∫a∈A

U(M.1)(a, b) × !A
[
〈[a]〉,M.2

]

This construction internalises as an embedding of matrices into exponentials as follows

ıA,B = λA(ĨA◦×B) : A◦ × B ! // !A◦ × B

That is,
ıA,B(U)(A,b) =

∫a∈A
!(A◦ × B)

[
〈[(a, b)]〉, U

]
× !A

[
〈[a]〉, A

]

Indeed, for all P : C ! // A◦ × B, we have that

ıA,B ◦ P ∼= λA(P̃) : C ! // !A◦ × B

Further, the embedding commutes with identities and composition; since, for

`A,B,C = π2 •
B

π1 : (B◦ × C) + (A◦ × B) ! // A◦ × C

we have that
` ◦ 〈P,Q〉 ∼= P •

B
Q

for all P : K ! // A◦ × B and Q : K ! // B◦ × C, and

ıA,A ◦ ∆A
∼= λA(IA) : 0 ! // !A◦ × A

ıA,B ◦ `A,B,C
∼= 〈ıB,C ◦ π2, ıA,B ◦ π1〉 ◦ mA,B,C

for mA,B,C = λA

(
εB,C ◦ 〈π1, εA,B ◦ π2〉

)
the internal composition (!B◦ × C) + (!A◦ × B) ! // !A◦ × C.
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Differentiation operator. We introduce the differentiation operator

DA,B : !A◦ × B ! // !A◦ × A◦ × B

defined as
DA,B(F)(A,a, b) = !(!A◦ × B)

[
〈[(A ⊗ 〈[a]〉, b)]〉, F

]

Proposition 2.7 The differential operator is linear. Indeed,

D ∼= δ̃

for δ the (!A◦ × B) × (!A◦ × A◦ × B)-matrix given by

δ(U, (A,a, b)) = !A◦ × B
[
(A ⊗ 〈[a]〉, b), U

]

Further, this operator internalises differential application since

d2P ∼= υA(D ◦ λAP) : C + A ! // A◦ × B (23)

for all P : C + A ! // B and is constant on linear maps as

D ◦ ıA,B
∼= λA(π1) : A◦ × B ! // !A◦ × A◦ × B

It follows that

d(IA) ∼= ∆A : A ! // A◦ × A

and we have from (22) and (23) above that, for σ the permutation (12)(3),

((
D ◦ λAP

)σ
•
A

U
)σ

∼= λA

(
d2(P) •

A
(U ◦ π1)

)

for all P : C + A ! // B and U : C ! // D◦ × A. This identity corresponds to the β-rule of the
differential lambda calculus [ER03].

2.7 Operators on generalised Fock space

Annihilation and creation. Let A and B be small categories. For a ∈ A define the annihilation
and creation operators as the (!A◦ × B) × (!A◦ × B)-matrices αa and γa given by

αa(U, (A,b)) = δ(U, (A,a, b))

γa(U, (A,b)) =
∫A′∈!A

!A◦ × B [ (A ′, b), U ] × !A
[
A ′ ⊗ 〈[a]〉, A

]

Further, let α and γ be the (!A◦ × B) × (!A◦ × B)-matrices

α(U,V) =
∫a∈A

αa(U,V) and γ(U,V) =
∫a∈A

γa(U,V)
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Proposition 2.8 Let A and B be small categories. For u, v ∈ A the following hold:

αu • γv
∼= γv • αu + A[v, u] ∆!A◦×B

αu • αv
∼= αv • αu γu • γv

∼= γv • γu

Further, for non-empty A, we also have that

α • γ ∼= γ • α + ∆!A◦×B

Proof: We only show that αu • γv
∼= γv • αu + A[v, u] ∆!A◦×B.

On the one hand we have that

(γv • αu)(U, (A,b)) =
∫V∈!A◦×B

γv(V, (A,b)) × αu(U,V)

=
∫V∈!A◦×B

(∫A′∈!A
[(A ′, b), V ] ×

[
A ′ ⊗ 〈[v]〉, A

] )
× αu(U,V)

∼=
∫A′∈!A [

A ′ ⊗ 〈[v]〉, A
]
× αu(U, (A ′, b))

=
∫A′∈!A [

A ′ ⊗ 〈[v]〉, A
]
×

[
〈[(A ′ ⊗ 〈[u]〉, b)]〉, U

]

and on the other that

(αu • γv)(U, (A,b)) =
∫V∈!A◦×B

[
(A ⊗ 〈[u]〉, b), V

]
× γv(U,V)

∼= γv(U, (A ⊗ 〈[u]〉, b))

=
∫A′∈!A

[(A ′, b), U] ×
[
A ′ ⊗ 〈[v]〉, A ⊗ 〈[u]〉

]

Further, since

[
A ′ ⊗ 〈[v]〉, A ⊗ 〈[u]〉

]
∼=

( ∫X∈!A [
A ′, X ⊗ 〈[u]〉

]
×

[
X ⊗ 〈[v]〉, A

] )
+

(
[v, u] × [A ′, A]

)

we finally have that

(αu • γv)(U, (A,b)) ∼=
∫A′∈!A (

[(A ′, b), U] ×
∫X∈!A [

A ′, X ⊗ 〈[u]〉
]
×

[
X ⊗ 〈[v]〉, A

] )

+
(
[(A ′, b), U] × [v, u] × [A ′, A]

)

∼=
∫A′∈!A,X∈!A

[(A ′, b), U] ×
[
A ′, X ⊗ 〈[u]〉

]
×

[
X ⊗ 〈[v]〉, A

]

+
∫A′∈!A

[(A ′, b), U] × [v, u] × [A ′, A]

∼=
(

∫X∈!A [
(X ⊗ 〈[u]〉, b), U

]
×

[
X ⊗ 〈[v]〉, A

] )
+

(
[v, u] × [(A,b), U]

)

∼= (γv • αu)(U, (A,b)) + [v, u] ∆(U, (A,b))

=
(
γv • αu + [v, u] ∆

)
(F)(A,b)

�

Let Aa = α̃a, Ca = γ̃a and A = α̃, C = γ̃.
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Proposition 2.9 For all Aa,Ca : !A◦ × B ! // !A◦ × B,

Aa(F)(A,b) ∼= ( ∂
∂a

F)(A)(b) and Ca(F)(A,b) ∼=
(
F · χa

)
(A)(b)

where F(A)(b) = εA,B(F ⊕ A)(b) and χa(A)(b) = IA(A)(a).

Corollary 2.10 Let A and B be small categories. For u, v ∈ A the following hold:

Au ◦ Cv
∼= Cv ◦ Au + A[v, u] I!A◦×B

Au ◦ Av
∼= Av ◦ Au Cu ◦ Cv

∼= Cv ◦ Cu

Further, for non-empty A, we also have that

A ◦ C ∼= C ◦ A + I!A◦×B

3 Remarks

The cartesian closed structure of species.

Conjecture 3.1 The bicategory of generalised species ES is pseudo-cartesian-closed.

The only verifications missing to obtain this result are the functoriality of the pairing operation (16)
and the abstraction operation (19), and the naturality of the isomorphisms (18) and (21).
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[Joy81] A. Joyal. Une théorie combinatoire des séries formelles. Advances in Mathematics, 42:1–82,
1981.

[Kel82] G. M. Kelly. Basic Concepts of Enriched Category Theory. Cambridge University Press,
1982.

[Law73] F. W. Lawvere. Metric spaces, generalized logic, and closed categories. Rend. del Sem.
Mat. e Fis. di Milano, 43:135–166, 1973. (Also in Reprints in Theory and Applications of
Categories, 1:1–37, 2002.).

[Mac71] S. MacLane. Categories for the working mathematician. Springer-Verlag, 1971. (Revised
edition 1998).

[Mén96] M.A. Méndez. Species on digraphs. Advances in Mathematics, 123:243–275, 1996.

[MN93] M. Méndez and O. Nava. Colored species, c-monoids and plethysm, I. Journal of Combi-
natorial Theory, Series A, 64:102–129, 1993.

[NR85] O. Nava and G.-C. Rota. Plethysm, categories, and combinatorics. Advances in Mathe-
matics, 58:61–88, 1985.

A The bicategory of species

In this technical section I exhibit the bicategorical structure of ES.

Composition. Define the composition functors

◦A,B,C : ES [B, C] × ES [A, B] // ES [A, C]

by taking the following explicit description of the coends (5) and (6)

(Q ◦ P)(A)(c) =
(

∑

B∈B
Q(B)(c) ×

∑

Ab∈!A (b∈B)

(
∏

b∈B P(Ab)(B@b)
)
× !A

[⊗
b∈BAb, A

] )
/≈

where ≈ is the equivalence relation generated by
(

B , q , 〈Ab〉b∈B , 〈 P(αb)(β@b)(pβb) 〉
b∈B

, α
)

≈ (
B ′ , Q(β)(c)(q) ,

〈
A ′

b′

〉
b′∈B′ , 〈pb′〉b′∈B′ , α ◦ (

⊗
b∈B αb) ◦ σ

)

for β : B // B ′ in !B, q ∈ Q(B)(c), 〈αb : A ′
βb

// Ab〉b∈B
in !A, 〈pb′ ∈ P(A ′

b′)(B ′
@b′)〉b′∈B′ , and

α :
⊗

b∈B Ab
// A in !A, where σ :

⊗
b′∈B′ A ′

b′
∼=

⊗
b∈B A ′

βb in !A.
Clearly, for ϕ : A // A ′ in !A and g : c ′ // c in C, we have that

(Q ◦ P)(ϕ)(g)
[
B, q, 〈Ab〉b∈B , 〈pb〉b∈B , α

]
=

[
B,Q(B)(g)(q), 〈Ab〉b∈B , 〈pb〉b∈B , ϕ ◦ α

]
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For ϕ : P1
+3 P2 : A ! // B and γ : Q1

+3 Q2 : B ! // C, we have γ◦ϕ : P2◦P1
+3 Q2◦Q1 : A ! // C

given by

(γ ◦ ϕ)A,c :
[
B, q, 〈Ab〉b∈B , 〈pb〉b∈B , α

]
� //

[
B, γB,c(q), 〈Ab〉b∈B , 〈ϕAb,B@b

(pb)〉
b∈B

, α
]

Unit laws. The natural family of left unit laws

{

lP : IB ◦ P
∼=

+3 P
}

P∈ES(A,B)

arising from (11) is explicitly given by

(lP)A,b : [ B , β , 〈Ab〉b∈B , 〈pb〉b∈B , α ]
� // [ B@1 , β@1 , A1 , p1 , α ]

� // [ B@1 , β@1 , P(α)(B@1)(p1) ]

� // P(α)(β@1)(p1)

whilst the natural family of right unit laws

{

rP : P ◦ IA

∼=
+3 P

}

P∈ES(A,B)

arising from (12) is explicitly given by

(rP)A,b : [ A ′ , p , 〈Xa〉a∈A′ , 〈αa〉a∈A′ , α ]
� // [ A ′ , p , α ◦

⊗
a∈A′ αa ]

� // P
(
α ◦

⊗
a∈A′ αa

)
(b)(p)

Associativity law. The natural family of associativity laws

{

aR,Q,P : (R ◦ Q) ◦ P
∼=

+3 R ◦ (Q ◦ P) : A ! // D
}

R∈ES(C,D),Q∈ES(B,C),P∈ES(A,B)
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arising from (13) and (14) is explicitly given by

(aR,Q,P)A,d :
[

B , [ C , r , 〈Bc〉c∈C , 〈qc〉c∈C , β ] , 〈Ab〉b∈B , 〈pb〉b∈B , α
]

� //
[

C , r ,

〈Bc〉c∈C , 〈qc〉c∈C ,

〈Aβb〉b∈(
N

c∈C Bc)
,

〈
P(Aβb)(β@b)(pβb)

〉
b∈(

N
c∈C Bc)

,
( ⊗

b∈(
N

c∈C Bc) Aβb

) σ

∼=
//
( ⊗

b∈B Ab

) α
// A

]

� //
[

C , r ,

〈Bc〉c∈C , 〈qc〉c∈C ,〈
Aβ(c.b)

〉
c∈C,b∈Bc

,
〈
P(Aβ(c.b))(β@(c.b))(pβ(c.b))

〉
c∈C,b∈Bc

,
( ⊗

c∈C

⊗
b∈Bc

Aβ(c.b)

)
=

( ⊗
b∈(

N
c∈C Bc) Aβb

) α◦σ
// A

]
� //

[
C , r ,〈⊗

b∈Bc
Aβ(c.b)

〉
c∈C

,[
〈Bc〉c∈C , 〈qc〉c∈C ,[ 〈

Aβ(c.b)

〉
c∈C,b∈Bc

,
〈
P(Aβ(c.b))(β@(c.b))(pβ(c.b))

〉
c∈C,b∈Bc

,〈
idN

b∈Bc
Aβ(c.b)

〉
c∈C

] ]
,

α ◦ σ
]

� //
[

C , r ,〈⊗
b∈Bc

Aβ(c.b)

〉
c∈C

,[
〈Bc〉c∈C , 〈qc〉c∈C ,〈 [ 〈

Aβ(c.b)

〉
b∈Bc

,
〈
P(Aβ(c.b))(β@(c.b))(pβ(c.b))

〉
b∈Bc

,

idN
b∈Bc

Aβ(c.b)

] 〉
c∈C

]
,

α ◦ σ
]

� //
[

C , r ,〈⊗
b∈Bc

Aβ(c.b)

〉
c∈C

,〈 [
Bc , qc ,〈
Aβ(c.b)

〉
b∈Bc

,
〈
P(Aβ(c.b))(β@(c.b))(pβ(c.b))

〉
b∈Bc

,

idN
b∈Bc

Aβ(c.b)

] 〉
c∈C

,

α ◦ σ
]

for B ∈ !B, C ∈ !C, r ∈ R(C)(d), 〈Bc ∈ !B〉c∈C, 〈qc ∈ Q(Bc)(C@c)〉c∈C, β :
⊗

c∈CBc
// B in

!B, 〈Ab ∈ !A〉b∈B, 〈pb ∈ P(Ab)(B@b)〉b∈B, and α :
⊗

b∈B Ab
// A in !A, where for Y ∈ !Y and

〈Xy ∈ !X〉y∈Y the index of x ∈ Xy for y ∈ Y within
( ⊗

y∈Y Xy

)
∈ !X is denoted y.x and where

σ(b.a) = (βb).a and σ@(b.a) = id(Aβb)@a
for all b ∈

⊗
c∈C Bc and a ∈ Aβb.

Coherence axioms. I will first check the commutativity of

((Q ◦ IB) ◦ P)(A)(c)
(aQ,IB,P)A,c

//

(rQ◦idIB
)A,c ))SSSSSSSSSSSSSS

(Q ◦ (IB ◦ P))(A)(c)

(idQ◦lP)A,cuukkkkkkkkkkkkkk

(Q ◦ P)(A)(c)
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for P : A ! // B, Q : B ! // C, A ∈ !A, and c ∈ C.

Note that for B,B ′ ∈ !B, q ∈ Q(B ′)(c), 〈Bb′ ∈ !B〉b′∈B′ ,
〈
βb′ : 〈[B ′

@b′ ]〉 // Bb′ in !B
〉
b′∈B′ ,

β :
⊗

b′∈B′ Bb′ // B in !B, 〈Ab ∈ !A〉b∈B, 〈pb ∈ P(Ab)(B@b)〉b∈B, and α :
⊗

b∈B Ab
// A in !A we

have that

[
B , [ B ′ , q , 〈Bb′〉b′∈B′ , 〈βb′〉b′∈B′ , β ] , 〈Ab〉b∈B , 〈pb〉b∈B , α

]

� (rQ◦idP)A,d
//

[
B , Q

(
β ◦ (

⊗
b′∈B′ βb′)

)
(c)(q) , 〈Ab〉b∈B , 〈pb〉b∈B , α

]
(24)

and that

[
B , [ B ′ , q , 〈Bb′〉b′∈B′ , 〈βb′〉b′∈B′ , β ] , 〈Ab〉b∈B , 〈pb〉b∈B , α

]

�
(aQ,IB,P)A,c

//

[
B ′ , q ,〈
Aβ(b′.1)

〉
b′∈B′

,〈 [
Bb′ , βb′ ,〈
Aβ(b′.1)

〉
b′∈B′

,
〈
P(Aβ(b′.1))(β@b′)(pβ(b′.1))

〉
b′∈B′

,

idAβ(b ′.1)

] 〉
b′∈B′ ,

(⊗
b′∈B′ Aβ(b′.1)

)
∼=

( ⊗
b∈BAb

) α
// A

]

� (idQ◦lP)A,c
//

[
B ′ , q ,〈
Aβ(b′.1)

〉
b′∈B′

,〈
P
(
idAβ(b ′.1)

)(
(βb′)@1

)(
P(Aβ(b′.1))(β@(b′.1))(pβ(b′.1))

)〉
b′∈B′(⊗

b′∈B′ Aβ(b′.1)

)
∼=

( ⊗
b∈BAb

) α
// A

]
(25)

Further, since

(25) =
[

B ′ , q ,〈
Aβ(b′.1)

〉
b′∈B′

,
〈
P
(
Aβ(b′.1)

)(
β@(b′.1) ◦ (βb′)@1

)(
pβ(b′.1)

)〉
b′∈B′

,
( ⊗

b′∈B′ Aβ(b′.1)

)
∼=

( ⊗
b∈B Ab

) α
// A

]

=
[

B ′ , q ,〈
Aβ(b′.1)

〉
b′∈B′

,〈
P
(
idAβ(b ′.1)

)(
(β ◦ (

⊗
b′∈B′ βb′))@b′

)(
p(β◦(

N
b ′∈B ′ βb ′))(b′)

)〉
b′∈B′

,
( ⊗

b′∈B′ Aβ(b′.1)

)
∼=

( ⊗
b∈B Ab

) α
// A

]

=
[

B , Q
(
β ◦ (

⊗
b′∈B′ βb′)

)(
c
)(

q
)

,

〈Ab〉b∈B ,

〈pb〉b∈B ,
( ⊗

b∈B Ab

)
∼=

( ⊗
b′∈B′ Aβ(b′.1)

)
∼=

( ⊗
b∈B Ab

) α
// A

]

= (24)
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we are done.

To conclude, for P : A ! // B, Q : B ! // C, R : C ! // D, and S : D ! // E, I will check the
commutativity of

((S ◦ R) ◦ Q) ◦ P

aS◦R,Q,P

zzuuuuuuuuuuuuuuuuuuuu aS,R,Q◦idP

))TTTTTTTTTTTTT

(S ◦ (R ◦ Q)) ◦ P

aS,R◦Q,P

��

(S ◦ P) ◦ (Q ◦ P)

aS,R,Q◦P

$$IIIIIIIIIIIIIIIIIIII

S ◦ ((R ◦ Q) ◦ P)

idS◦aR,Q,Puujjjjjjjjjjjjj

S ◦ (R ◦ (Q ◦ P))

instantiated at every A ∈ !A and e ∈ E.
To this end, for B ∈ !B, C ∈ !C, D ∈ !D, s ∈ S(D)(e), 〈Cd ∈ !C〉d∈D, 〈rd ∈ R(Cd)(D@d)〉d∈D,

γ :
⊗

d∈D Cd
// C in !C, 〈Bc ∈ !B〉c∈C, 〈qc ∈ Q(Bc)(C@c)〉c∈C, β :

⊗
c∈C Bc

// B in !B, 〈Ab ∈ !A〉b∈B,
〈pb ∈ P(Ab)(B@b)〉b∈B, α :

⊗
b∈BAb

// A in !A, A ∈ !A, and e ∈ E, we proceed to evaluate the
above two composites at

[
B ,[
C ,

[
D , s , 〈Cd〉d∈D , 〈rd〉d∈D , γ

]
, 〈Bc〉c∈C , 〈qc〉c∈C , β

]
,

〈Ab〉b∈B , 〈pb〉b∈B , α
]

(26)

in (((S ◦ R) ◦ Q) ◦ P)(A)(e).
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The evaluation of the left-hand-side composite is as follows

(26) � aS◦R,Q,P
//

[
C , [ D , s , 〈Cd〉d∈D , 〈rd〉d∈D , γ ] , 〈uc〉c∈C , α ′

]

where

uc =
[

Bc , qc ,〈
Aβ(c.b)

〉
b∈Bc

,
〈
P(Aβ(c.b))(β@(c.b))(pβ(c.b))

〉
b∈Bc

,

id
]

α ′ =
(
(
⊗

c∈C

⊗

b∈Bc

Aβ(c.b)) = (
⊗

b∈(
N

c∈C Bc)

Aβb) ∼= (
⊗

b∈B

Ab)
α

// A
)

� aS,R,Q◦P
//

[
D , s ,〈⊗

c∈Cd

⊗
b∈Bγ(d.c)

Aβ(γ(d.c).b)

〉
d∈D

,
〈 [

Cd , rd ,〈⊗
b∈Bγ(d.c)

Aβ(γ(d.c).b)

〉
c∈Cd

, 〈vc〉c∈Cd
,

id
] 〉

d∈D
,

α ′′
]

where (27)

vc = (Q ◦ P)(
⊗

b∈Bγ(d.c)
Aβ(γ(d.c).b))(γ@(c.d))(uγ(d.c))

=
[

Bγ(d.c) , Q(id)(γ@(d.c))(qγ(d.c)) ,〈
Aβ(γ(d.c).b)

〉
b∈Bγ(d.c)

,
〈
P(id)(β@(γ(d.c).b))(pβ(γ(d.c).b))

〉
b∈Bγ(d.c)

,

id
]

and

α ′′ =
(

(
⊗

d∈D

⊗
c∈Cd

⊗
b∈Bγ(d.c)

Aβ(γ(d.c).b))

= (
⊗

c∈(
N

d∈D Cd)

⊗
b∈Bγc

Aβ(γ(c).b))

∼= (
⊗

c∈C

⊗
b∈Bc

Aβ(c.d))
α′

// A
)
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whilst the evaluation of the right-hand-side composite is as follows

(26) � aS,R,Q◦idP
//

[
B ,[

D , s ,
〈⊗

c∈Cd
Bγ(d.c)

〉
d∈D

, 〈xd〉d∈D , β ′
]

,

〈Ab〉b∈B , 〈pb〉b∈B , α
]

where

xd =
[

Cd , rd ,〈
Bγ(d.c)

〉
c∈Cd

,
〈
Q(Bγ(d.c))(γ@(d.c))(qγ(d.c))

〉
c∈Cd

,

id
]

and

β ′ =
(
(
⊗

d∈D

⊗

c∈Cd

Bγ(c.d)) = (
⊗

c∈(
N

d∈D Cd)

Bγc) ∼= (
⊗

c∈C

Bc)
β

// B
)

� aS,R◦Q,P
//

[
D , s ,〈⊗

b∈(
N

c∈Cd
Bγ(d.c))

Aβ′(d.b)

〉
d∈D

,

〈 [ ⊗
c∈Cd

Bγ(d.c) , xd ,〈
Aβ′(d.b)

〉
b∈(

N
c∈Cd

Bγ(d.c))
,

〈
P(id)(β ′

@(d.b)
)(pβ′(d.b))

〉
b∈(

N
c∈Cd

Bγ(d.c))
,

id
] 〉

d∈D
,

α ′
]

where

α ′ =
(

(
⊗

d∈D

⊗
c∈Cd

⊗
b∈Bγ(d.c)

Aβ(γ(d.c).b))

= (
⊗

b∈(
N

d∈D

N
c∈Cd

Bγ(d.c))
Aβ′b)

∼= (
⊗

b∈BAb)
α

// A
)

[
D , s ,

〈 ⊗

c∈Cd

⊗

b∈Bγ(d.c)

Aβ(γ(d.c).b)

〉
d∈D

, 〈yd〉d∈D , α ′
]

where

yd =
[ ⊗

c∈Cd
Bγ(d.c) , xd ,〈

Aβ(γ(d.c).b)

〉
(c.b)∈

( N
c∈Cd

Bγ(d.c)

) ,
〈
P(id)(β@(γ(d.c).b))(pβ(γ(d.c).b))

〉
(c.b)∈

(N
c∈Cd

Bγ(d.c)

) ,

id
]

� idS◦aR,Q,P
//

[
D , s ,

〈 ⊗

c∈Cd

⊗

b∈Bγ(d.c)

Aβ(γ(d.c).b)

〉
d∈D

, 〈zd〉d∈D , α ′
]

where (28)

zd =
[

Cd , rd ,〈⊗
b∈Bγ(d.c)

Aβ(γ(d.c).b)

〉
c∈Cd

,
〈 [

Bγ(d.c) , Q(id)(γ@(d.c))(qγ(d.c)) ,〈
Aβ(γ(d.c).b)

〉
b∈Bγ(d.c)

,
〈
P(id)(β@(γ(d.c).b))(pβ(γ(d.c).b))

〉
b∈Bγ(d.c)

,

id
] 〉

c∈Cd
,

⊗
c∈Cd

⊗
b∈Bγ(d.c)

idAβ(γ(d.c).b)

]
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and, since (27) and (28) are equal, we are done.
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