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Overview

First part (Today) — Introduction
Motivation
In the beginning...
The Logic
Some examples

Second part (Thursday) — Harder stuff
Modularity
Concurrency
Decidability
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Motivation




Example program

X = cons(3,3);
y = cons(4,4);
[x+1] =y;
[y+1] = X;

y = Xx+1;
dispose X;

y =1yl

Motivation
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Example program

X = cons(3,3); X

y = cons(4,4); B

x+1] =y; Stack
[y+1] = X; Heap

y = X+1;

dispose Xx; Y

y = [yl; ‘ 3 | 3 \

Motivation
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Example program

X = cons(3,3); X Y%

y = cons(4,4); I B

x+1]=y; Stack
[y+1] = X; Heap

y = X+1,;

dispose x: Y Y

y =Dyl ‘3|3\ ‘4|4\

Motivation
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Example program

X = cons(3,3); X Y%
= cons(4,4); I B
oy, Stk W
[y+1] = X; Heap
y = X+1;
dispose x: 4 Y
y = [yl 3 4 | 4

Motivation
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Example program

X = cons(3,3); X Y%

y = cons(4,4); SR o

x+1] = y; Stack
[y+1] = X; Heap

y = X+1;

dispose x: 4 Y

y =1yl 3 4

Motivation
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Example program

X = cons(3,3); X Y%

y = cons(4,4); -

x+1] =y: Slack - Sem——y N ]— .............
[y+1] = X; Heap

y = x+1;

dispose Xx; 4 (

y =1yl; 3 4

Motivation
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Example program

X = cons(3,3); X Y%

y = cons(4,4); B

x+1] = y; olack - Nem—m N ]— .............
[y+1] = X; Heap

y = X+1;

dispose Xx; \J

- Iyl: (

Motivation
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Example program

X = cons(3,3); X

y = cons(4,4);
[x+1] = y: Stack

[y+1] = X; Heap
y =x+1;

dispose Xx; \J
y = [yl; 4

Motivation

. —p.422



Why Separation Logic?

Consider the following piece of code
[Note: read [x] as indirect through x to the heap.]

ly] = 4;
[z] = 5;
Guarantee([y] != [z])

Need to know things locations are different.

Motivation
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Why Separation Logic?

Consider the following piece of code
[Note: read [x] as indirect through x to the heap.]

Assume(y != z)

[yl = 4,

[z] = 5;
Guarantee([y] !'= [z])

Need to know things locations are different.
Add assertions?

Motivation
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Why Separation Logic?

Consider the following piece of code
[Note: read [x] as indirect through x to the heap.]

Assume([x] = 3)
Assume(y = 2)

vl = 4;

[z] = 5;
Guarantee([y] !'= [z])

Guarantee([x] = 3)

Need to know things locations are different.
Add assertions?
We need to know when things stay the same but how?

Motivation
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Why Separation Logic?

Consider the following piece of code
[Note: read [x] as indirect through x to the heap.]

Assume([x] =3 A xl=y Ax!I=2)
Assume(y = 2)

] = 4;

[z] = 5;

Guarantee([y] !'= [z])

Guarantee([x] = 3)

Need to know things locations are different.
Add assertions?
We need to know when things stay the same but how?

Add assertions?

Motivation

.—p.5/22



Framing

We want a general concept of things not being affected.

1PrC{Q;}
{z] =3APC{Q N |z] = 3}

Motivation
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Framing

We want a general concept of things not being affected.

{P}C{Q]
{RNP}C{Q N R}

What are the conditions on C' and R?

Very hard to define if reasoning about a heap and aliasing

Motivation
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Framing

We want a general concept of things not being affected.

{P}C{Q]
{RNP}C{Q N R}

What are the conditions on C' and R?

Very hard to define if reasoning about a heap and aliasing

This is where separation logic comes In

{P}C{Q}
(R+PYC{Q+R)

Introduces new connective x used to separate state.

Motivation
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In the beginning...




Classical Logic

T'-AA TFBA
TFAAB,A

I''AFA T,BFA

[LAVBFA

I'HAA T'"BEA
I''A= BFA

Tk A A
T ~AFA

AF A BS

AT

Vi

= [

I A BFA
T.ANBFA M

-ABA
TFAVB.A

T AF B,A

TFA=BA

TAF A
TF-A A

r

' A
F,Al—Aweakl

' A
FI—A,AweakT

T A AFA

contrl

T AFA

THAAA
TFAA

contrr

In the beginning...
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Classical Logic

T'AA TFBA
THAAB,A

T'AFA T,BFA

T AVBFA

I'-AA I''BFA
I''A= BFA

T A A
T ~AFA

AF A BS

AT

Vi

= [

I ABFA
T.ANBFA M

r-ABA
TFAVB.A

T''AF B,A

TFA=SBA

TAF A
TF-AA

T

I'EA
F,Al—Aweakl

' A
FI—A,Aweakr

T A AFA

contrl

T AFA

T'A A A
THA A

contrr

In the beginning...
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Substructural Logic

Substructural logics consider the removal of structural rules:
Weakening

Contraction
Commutativity
Associativity

Examples

Philosophy (Relevant Logics)
Linguistics (Lambek Calculus)

Computer Science (Linear Logic, Bunched Implications, ...)

In the beginning...
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Bunched Implications
A admits weakening and contraction, but x does not.

A(T) 9 AL AT) Fa
ALAT)F A(T) 9

However we don’t have

A(T) F AT «T) I 9
A % T) F 1 A(T) F ¢

Key concept Bl mixes substructural logic with classical/intuitionistic logic.

If this doesn’t make sense, |

In the beginning...
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Separation Logic




Syntax

PQ := false Logical false

P AN (@  Classical conjunction

Pv () Classical disjunction

P = () Classical implication

P x ()  Separating conjunction

P - (@ Separating implication

FEF =F Expression value equality
F+— E points to

empty  empty heap

dx.P existential quantifier

We use E to range over integer expressions (E does not contain
Indirection through the heap), x over variables and C over commands.

Separation Logic
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Semantics 1/2

Assertions are given with respect to a heap, H, and stack, S.

S H
S, H
S, H
S, H
S, H
S, H

H: Loc — Int where Loc C Int

never satisfied

=P A SSHEQ
=P Vv S HEQ

=P = S HEQ

iff [E]s = [E]s

S:Var — Int
— false
= PAQ iff S, H
= PVQ iff S, H
= P=0Q iffS H
- F=F
— empty iff H =1{}

We use [E]s to mean evaluation with respect to the stack, S.

Separation Logic
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Semantics 1/2

Assertions are given with respect to a heap, H, and stack, S.

S, H
S H
S, H
S, H
S, H
S, H

H: Loc — Int where Loc C Int

never satisfied

=P A SSHEQ
=P v S HEQ

=P = S HEQ

iff [E]s = [E']s

S:Var — Int
— false
= P A Q Iff S, H
= PV (@ Iff S, H
—P=0Q IffS H
— L =F'
= empty iff H=1{}

We use [E]s to mean evaluation with respect to the stack, S.

Separation Logic
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Semantics 1/2

Assertions are given with respect to a heap, H, and stack, S.

S, H
S, H
S H
S, H
S, H
S, H

H: Loc — Int where Loc C Int

never satisfied

=P A SSHEQ
=P Vv S HEQ

=P = S HEQ

iff [E]s = [E]s

S:Var — Int
— false
= P A Q) Iff S, H
= PV Q Iff S, H
= P=0Q IffS H
— L =F'
= empty iff H=1{}

We use [E]s to mean evaluation with respect to the stack, S.

Separation Logic
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Semantics 1/2

Assertions are given with respect to a heap, H, and stack, S.

S, H
S, H
S, H
S H
S, H
S, H

H: Loc — Int where Loc C Int

never satisfied

=P A SSHEQ
=P Vv S HEQ

=P = S HEQ

iff [E]s = [E']s

S:Var — Int
— false
= P A Q) Iff S, H
= PV @ Iff S, H
—P=0Q IffS H
— L =F'
= empty iff H=1{}

We use [E]s to mean evaluation with respect to the stack, S.

Separation Logic
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Semantics 1/2

Assertions are given with respect to a heap, H, and stack, S.

S, H
S, H
S, H
S, H
S H
S, H

H: Loc — Int where Loc C Int

never satisfied

=P A SSHEQ
=P Vv S HEQ

=P = S HEQ

ff [E]s = [E']s

S:Var — Int
— false
= P A Q) Iff S, H
= PV @ Iff S, H
—P=0Q IffS H
— L =F'
= empty Iff H=1{}

We use [E]s to mean evaluation with respect to the stack, S.

Separation Logic
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Semantics 1/2

Assertions are given with respect to a heap, H, and stack, S.

S, H
S, H
S, H
S, H
S, H
S H

H: Loc — Int where Loc C Int

never satisfied

=P A SSHEQ
=P Vv S HEQ

=P = S HEQ

iff [E]s = [E]s

S:Var — Int
— false
= P A Q) Iff S, H
= PV @ Iff S, H
—P=0Q IffS H
— L =F'
= empty iff H ={}

We use [E]s to mean evaluation with respect to the stack, S.

Separation Logic

.- p.13/22



Semantics 2/2

Now for more complicated semantics ;)

S H = E— E
iff dom(H) = {[E]s} AN H([E]s) = [E']s

S, HE=PxQ
iff 3H1Ho.(H1 LHo) A (Hy 0o Hy = H)A(S,Hy |= P) A (S, Hs = Q)

SSHE=P —=Q
iff VH'.(HLH)YA(S,H' =P) = S, HoH EQ

where H | H' means disjoint domains,
and H o H' means disjoint function composition.

Separation Logic
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Semantics 2/2

Now for more complicated semantics ;)

SSHEFEw— FE
iff dom(H) = {[F]s} N H([E]s) = [F]s

S, HE=PxQ
iff 301 Ho.(H1 LHo) A (Hy 0o Hy = H)AN(S,Hy |= P) A (S, Hy = Q)

S, HE=P —=Q
iff VH'.(HLH)YAN(S,H' =P) = S HoH EQ

where H | H' means disjoint domains,
and H o H' means disjoint function composition.

Separation Logic
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Semantics 2/2

Now for more complicated semantics ;)

SSHEFEw— FE
iff dom(H) = {[F]s} N H([E]s) = [F]s

S, HE=PxQ
iff 3H1Ho.(H1 LHo) A (Hy 0o Hy = H)A(S,Hy |= P) A (S, Hs = Q)

S, HE=P —=Q
iff VH'.(HLH'YA(S,H = P) = S HoH EQ

where H | H' means disjoint domains,
and H o H' means disjoint function composition.

Separation Logic
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Example heaps

A | B
x— 4,4 X
Stack :IJ‘—>4,4
Heap T 4.4 % y— 4.4 X
r— 44 N y—4,4 | X
x— 4.4 N y—4,4

where E— Ey....E, Y E—FE, « E41—E, * ...E+nw— E,

and £ — B B B % true

Separation Logic

.—p.15/22



Data types

Consider the following recursive formula

list||]i = empty N i=mnil
list (a:7)e = 3Fj. (i— «,j)* (list T j)

This formula defines a non-cyclic list.

Separation Logic
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Data types

Consider the following recursive formula

list||]i = empty N i=mnil
list (a:7)e = 3Fj. (i— «,j)* (list T j)

This formula defines a non-cyclic list.

We can give the definition of a binary tree as

empty AN 1= nil

tree € 1

5, k. (i~ j,a,k) x (treetj) * (treet k)

tree (1,a,7') i

Separation Logic
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Small Axioms
(E—~_} [B]=E {E—FE
(X=2AE—Y} z=[E] {E[X/1] > Y AY =z}
{E— _} dispose(E) {empty}

{empty} x = cons(Fy,...,E,) {x— E1,...,E,)}

We use FE — _ as a shorthand for dx.FE +— x.

Separation Logic
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Frame Rule

The most important rule

1Py ¢ {Q;
{PxR} C {QxR}

where FV (R) N modifies(C) = ()

Separation Logic
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Frame Rule

The most important rule

1Py ¢ {Q;
{PxR} C {QxR}

where FV (R) N modifies(C) = ()

The semantics of a triple, = {P} C {Q},isVS, H if (S,H = P), then
(S,H,C) issafe and if (S,H,C) || (S',H')then S’ H' =Q

Separation Logic
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+Frame Rule i

The most important rule

1Py ¢ {Q;
{PxR} C {QxR}

where FV (R) N modifies(C) = ()

The semantics of a triple, ={P} C {Q},isVS, H if (S,H = P), then
(S,H,C)issafeandif (S,H,C) | (S',H") then S’ H = Q

Tight interpretation!

| Separation Logic-+



Tree dispose

{tree _p}
proc dispTree(p)

newvar i,

If p!=nil
1= [p];
J = [p+2];
dispTree(i);
dispTree());
dispose(p+2);
dispose(p+1);
dispose(p);

endif

endproc

{empty}

Separation Logic
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Tree dispose

{tree _p}
proc dispTree(p)

newvar i,j
If p!=nil
{tree _p Ap # nil}
I = [p];
= [p+2];
dispTree(i);
dispTree());
dispose(p+2);
dispose(p+1);
dispose(p);
{empty}
endif
endproc

{empty}

Separation Logic
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Tree dispose

{tree _p APp # nil}
1= [p];
J = [p+2];
dispTree(i);
dispTree());
dispose(p+2);
dispose(p+1);
dispose(p);
{empty}

Separation Logic
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Tree dispose

{tree _p Ap # nil}
1= [p];
J = [p+2];
dispTree(i);
dispTree());
dispose(p+2);
dispose(p+1);
dispose(p);
{empty}

Separation Logic

.- p.19/22



Tree dispose

{tree _p Ap # nil}
{Fi,j. pr—i,_,j xtree _i x tree _j}
I =[p];
J = [p+2];
dispTree(i);
dispTree());
dispose(p+2);
dispose(p+1);
dispose(p);
{empty}

Separation Logic

.- p.19/22



Tree dispose

{tree _p Ap # nil}
{3i,j. pr—i,_,j xtree _i * tree _j}
{3i. p—i x 3j. p+1—_,j xtree_i * tree_j}

I = [p];

= [p+2];
dispTree(i);
dispTree());

dispose(p+2);
dispose(p+1);

dispose(p);
{empty}

{X=2ANE~—Y} z=[E] {EX/z] =Y ANY ==z}

Separation Logic
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Tree dispose

{tree _p Ap # nil}
{3i,j. pr—i,_,j xtree _i * tree _j}
{Ji.p—i x 3j. p+1—_,j xtree_i * tree_j}

{Fi. p+— i}

| = [p];

(X =2 AE— Y} z=[E] {E[X/z] =Y AY =2z}

{p—1i}

J = [pt2];
dispTree(i);
dispTree());
dispose(p+2);
dispose(p+1);
dispose(p);
{empty}

Separation Logic
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Tree dispose

{tree _p Ap # nil}
{3i,j. pr—i,_,j xtree _i * tree _j}
{Ji. pr—i % Jj. p+1lr ,j xtree _i * tree_ j}
{Fi. p+— i}
I = [p];
{p—1}
{pr—i * 3Jj. p+1lr ,j xtree _i * tree_j}
] = [p+2];
dispTree(i);
dispTree());
dispose(p+2);
dispose(p+1);
dispose(p);
{empty}

Separation Logic

.- p.19/22



Tree dispose

{tree _p Ap # nil}
I = [p];
fp—i * 3j. p+1— _,j xtree_i * tree _7j}
) = [p+2];
dispTree(i);
dispTree());
dispose(p+2);
dispose(p+1);
dispose(p);
{empty}

Separation Logic
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Tree dispose

{tree _p Ap # nil}

| = [p];

fp—i * 3j. p+1— _,j xtree_i * tree _7j}

) = [p+2];

{p—1,_,] % tree _i x tree_j}

dispTree(i);
dispTree());

dispose(p+2);
dispose(p+1);

dispose(p);
{empty}

{tree _p} dispTree(p) {empty}

Separation Logic
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Tree dispose

{tree _p Ap # nil}

| = [p];

fp—i * 3j. p+1— _,j xtree_i * tree _7j}

) = [p+2];

{p—1,_,] % tree _1 x tree_j}

{tree _1}
dispTree(i);

{empty}

dispTree());

dispose(p+2);
dispose(p+1);

dispose(p);
{empty}

{tree _p} dispTree(p) {empty}

Separation Logic

.- p.19/22



Tree dispose

{tree _p Ap # nil}
1= [p];
fp—i * 3j. p+1— _,j xtree_i * tree _7j}
] = [p+2];
{p—1,_,] % tree _1 x tree_j}
{tree _1}
dispTree(i); {tree _p} dispTree(p) {empty}

{empty}
{p—i, ] *x empty *x tree |}
dispTree());
dispose(p+2);
dispose(p+1);
dispose(p);

{empty}

Separation Logic
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Tree dispose

{tree _p Ap # nil}
I = [p];
{fp—1 x Jj. p+1— _,j xtree _i * tree _j}
= [p+2];
{fp—i, ] % tree _i x tree_|j}
{tree _1}
dispTree(i);
{empty}
{fp—1i, )] x empty *x tree |}
{fpr—i, ,j x tree_j}
dispTree());
dispose(p+2);
dispose(p+1);
dispose(p);
{empty}

Separation Logic
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Tree dispose

{tree _p Ap # nil}
| = [p];
fp—i * 3j. p+1— _,j xtree_i * tree _7j}
J = [p+2];
{p—1,_,] % tree _i x tree_j}
dispTree(i);
(pri,_j * tree_j}
dispTree());
dispose(p+2);
dispose(p+1);
dispose(p);
{empty}

Separation Logic
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Tree dispose

{tree _p Ap # nil}
1= [p];

{fpr—i *x Jj. p+1— _,j xtree i * tree_j}

) = [p+2];

{p—1,_,j % tree _

dispTree(i);

{p—i, ] *x tree_

dispTree());
{pr—i,_j}
dispose(p+2);
dispose(p+1);
dispose(p);
{empty}

| x tree |}

J }

{F — _} dispose(FE) {empty}

Separation Logic
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Tree dispose

{tree _p Ap # nil}
1= [p];

{fpr—i *x Jj. p+1— _,j xtree i * tree_j}

) = [p+2];

{p—1,_,j % tree _

dispTree(i);

{p—i, ] *x tree_

dispTree());

{p—i,_j}
dispose(p+2);

{p—i,_}
dispose(p+1);
dispose(p);

{empty}

| x tree |}

J }

{F — _} dispose(FE) {empty}

Separation Logic
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Tree dispose

{tree _p Ap # nil}
I = [p];

fp—i * 3j. p+1— _,j xtree_i * tree _7j}
) = [pt+2];

{p—1,_,] % tree _i x tree_j}
dispTree(i);

fp—i, ,j x tree_j}
dispTree());

{p—i,_J}
dispose(p+2);

p—=i,_;
dispose(p+1);

{pr—i}

dispose(p); {F — _} dispose(FE) {empty}
{empty}

Separation Logic
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Tree dispose

{tree _p Ap # nil}
I = [p];

fp—i * 3j. p+1— _,j xtree_i * tree _7j}
) = [pt+2];

{p—1,_,] % tree _i x tree_j}
dispTree(i);

fp—i, ,j x tree_j}
dispTree());

{p—i,_J}
dispose(p+2);

p—=i,_;
dispose(p+1);

{pr—i}

dispose(p);
{empty}

Separation Logic
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+Tree dispose |

{tree _p Ap # nil}
I = [p];
{p—i x dj.p+1— _,j xtree_i * tree _j}
) = [pt+2];
{p—1,_,] % tree _i x tree_j}
dispTree(i);
{fpr—i, ,j * tree_j}
dispTree());
{p—i,_j}
dispose(p+2);
p—i,_}
dispose(p+1);
{p—i}
dispose(p);
{empty}

Frame rule Is key to the proof! v/

| Separation Logic—+
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List append

{(list 7 x) % (list T2 y)}
proc append(Xx,y)
newvar h,c,n;
If Xx=nil then return y;
h= X;
C= X;
n=[c+1];
while(n!=nil)
c=n;
n=[c+1];
[c+1]=y;
return h;

end proc
{list (11Q7) ret}

Separation Logic
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List append

{(list 7 x) % (list T2 y)}
proc append(Xx,y)
newvar h,c,n;
If Xx=nil then return y;
{((list 71 ) A x! = nil) * (list 72 y)}
h= X;
C=X;
n= [c+1];
while(n!=nil)
c=n;
n=[c+1];
[c+1]=y;
{liSt (7‘1@7‘2) h}
return h;
end proc

{list (11Q7) ret}

Separation Logic

.= p.20/22



+-List append |

{((list 71 ) A 2! = nil) % (list 2 y)}
h= X;
C=X;
n= [c+1];
while(n!=nil)
c=n;
n=[c+1];
[c+1]=y;
{list (7‘1@7‘2) h}

| Separation Logic—+

|
.= p.20/22




+-List append |

{((list (o = 1)) ) Al = nil) = (list 2 y) }
h= X;
C= X;
n= [c+1];
while(n!=nil)
c=n;
n=[c+1];
[c+1]=y;
{list ((a :: 7{)QTy) h}

| Separation Logic—+

|
.= p.20/22




+-List append |

{((list (a2 1) x) A x! = nil) * (list 2 y)}
h=X;
C=X;
{((list (a::71) ¢) ANe £ nil Nh = c)x* (list 2 y)}
n=[c+1];
while(n!=nil)
c=n;
n=[c+1];
[c+1]=y;
{list ((a :: 71)Q73) h}

| Separation Logic—+
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+-List append |

{((list (a2 1) x) A x! = nil) * (list 2 y)}
h=X;
c=X;
{((list (a::71) ¢) ANe £ nil Nh = c)x* (list 2 y)}
{(Fi. (c— a,i)*(list T{ i) N h = c) xlist 1o y}
n=[c+1];
while(n!=nil)
c=n;
n=[c+1];
[c+1]=y;
{list ((a :: 7{)@QTy) h}

| Separation Logic—+
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+-List append |

{((list (a2 1) x) A x! = nil) * (list 2 y)}
h=X;
c=X;
{((list (a::71) ¢) ANe £ nil Nh = c)x* (list 2 y)}
{(Fi. (c— a,i)*(list T{ i) N h = c) xlist 1o y}
{(c— a,i)* (list { i) Nh =c)* (list T2 y)}
n=[c+1];
while(n!=nil)
c=n;
n=[c+1[;
[c+1]=y;
{list ((a :: 7{)QTy) h}
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+-List append |

{((list (a2 1) x) A x! = nil) * (list 2 y)}
h= X;
{((list (a::71) ¢) ANe £ nil Nh = c)x* (list 2 y)}
{(Fi. (c— a,i)*(list T{ i) N h = c) xlist 1o y}
{(c— a,i)* (list { i) Nh =c)* (list T2 y)}
{c+1— 1}
n=[c+1];
{(c+1—1i)ANi=n}

while(n!=nil)
c=n;
n=[c+1];
[c+1]=y;
{list ((a :: 71)Q73) h}

| Separation Logic—+
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+-List append |

{((list (a2 1) x) A x! = nil) * (list 2 y)}
h=X;
c=X;
{((list (a::71) ¢) ANe £ nil Nh = c)x* (list 2 y)}
{(Fi. (c— a,i)*(list T{ i) N h = c) xlist 1o y}
{(c— a,i)* (list { i) Nh =c)* (list T2 y)}
{c+1— 1}
n=[c+1];
{(c+1—1i)ANi=n}
{((c— a,i) Ni=mn)x (list 7] i) Nh = c)* (list 2 y)}
while(n!=nil)
c=n;
n=[c+1];
[c+1]=y;
{list ((a :: 71)Q7y) h}

| Separation Logic—+
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+-List append |

{((list (a2 1) x) A x! = nil) * (list 2 y)}
h= X;
c=X;
{((list (a::71) ¢) ANe £ nil Nh = c)x* (list 2 y)}
{(Fi. (c— a,i)*(list T{ i) N h = c) xlist 1o y}
{(c— a,i)* (list { i) Nh =c)* (list T2 y)}
{c+1— 1}
n=[c+1];
{(c+1—1i)ANi=n}
{((c— a,i) Ni=mn)x (list 7] i) Nh = c)* (list 2 y)}
{((c — a,n) * (list { n) Nh=c)* (list 2 y)}
while(n!=nil)
c=n;
n=[c+1];
[c+1]=y;
{list ((a :: 7{)@QTy) h}
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+-List append |

{((list (a2 1) x) A x! = nil) * (list 2 y)}
h=X;
c=X;
{((list (a::71) ¢) ANe £ nil Nh = c)x* (list 2 y)}
n=[c+1];
{((c — a,n) * (list { n) Nh=c)* (list 2 y)}
while(n!=nil)
c=n;
n=[c+1];
[c+1]=y;
{list ((a :: 71)Q7y) h}

| Separation Logic—+
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+-List append |

{((list (a2 1) x) A x! = nil) * (list 2 y)}
h=X;

{((Zzst (a::711) ) Ne#nil Nh=c)x* (list 2 y)}
n=[c+1];

{((c — a,n) * (list { n) Nh=c)* (list 2 y)}

while(n!=nil) {37/ o ((list (o = 7'Q1) ¢) = (list (o :: 71 Q7o) h)) }

* (c— o' ,n) x (list 7' n)
c=n;
n=[c+1];
[c+1]=y;
{list ((a :: 7{)@QTy) h}

| Separation Logic—+
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List append

{((list (a2 1) x) A x! = nil) * (list 2 y)}
h=X;

{((;zst (a::711) ) Ne#nil Nh=c)x* (list 2 y)}
n=[c+1];

{((¢— a,n)*(list Ty n) Nh =c)* (list o y)}

(P—P) N h=c .
{( x (c— a,n)x (list 7{ n) ) * (list 72 y)}

while(n!=nil) {37/’ o ((lzst (& =2 7'QT1y) ) = (list (o :: T1QT2) h)) }

x (c— a',n) * (list 7' n)
c=n;
n=[c+1];
[c+1]=y;
{list ((a:: 7{)QTy) h}
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+-List append |

{((list (a2 1) x) A x! = nil) * (list 2 y)}
h=X;

{((Zzst (a::711) ) Ne#nil Nh=c)x* (list 2 y)}
n=[c+1];

{((¢— a,n)*(list Ty n) Nh =c)* (list o y)}

{( (list (o 2 7/@7s) h) —k (list (o :: /@) h)) A hz(:)
(

list
cr— a,n)* (list 7{ n) * (bis sz)}

while(ni=nil {37/ o ((lzst (o :: 7'QT9) ¢) = (list (av :: T{QT) h)
| o :

x (c— a',n) * (list 7' n)
c=n;
n=[c+1];
[c+1]=y;
{list ((a:: 7{)QTy) h}

| Separation Logic—+
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+-List append |

{((list (a2 1) x) A x! = nil) * (list 2 y)}
h=X;

{((Zzst (a::711) ) Ne#nil Nh=c)x* (list 2 y)}
n=[c+1];

{((¢— a,n)*(list Ty n) Nh =c)* (list o y)}

{ ( (list (v :: T1QTy) ¢) =k (list (a2 T{Q7To) h)) ) )

list
x (c— a,n)x (list 7{ n) (list 7 y)}

while(n!=nil) {37_/ o ((list (Q/ > 7'/@7'2) C) —k (liSt (Oz > T{@Tg) h)) }

x (c— a',n) * (list 7' n)
c=n;
n=[c+1];
[c+1]=y;
{list ((a:: 7{)QTy) h}

| Separation Logic—+
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+-List append |

{((list (a2 1) x) A x! = nil) * (list 2 y)}
h=X;

{((Zzst (a::711) ) Ne#nil Nh=c)x* (list 2 y)}
n=[c+1];

{((c — a,n) * (list { n) Nh=c)* (list 2 y)}

while(n!=nil) {37/ o ((list (o = 7'Q1) ¢) = (list (o :: 71 Q7o) h)) }

* (c— o' ,n) x (list 7' n)
c=n;
n=[c+1];
[c+1]=y;
{list ((a :: 7{)@QTy) h}

| Separation Logic—+
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+-List append |

{((list (a2 1) x) A x! = nil) * (list 2 y)}
h= Xx;
c=X;
{((list (a::71) ¢) ANe £ nil Nh = c)x* (list 2 y)}
n=[c+1];
{((¢— a,n)*(list Ty n) Nh =c)* (list o y)}
while(n!=nil) {EIT/, o ((list (o/ % T’@Tg) C) %k (list (Oz > 7‘{@7‘2) h)) }
* (c— o' ,n) x (list 7' n)
c=n;
n=[c+1];
{(Elo/.((list (o 2 19) ¢) = (list (a:: T{QTo) h)) % (c— a’,nil)) x (list To y)}
[c+1]=y;
{list ((a :: 71)Q73) h}
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+-List append |

{((list (a2 1) x) A x! = nil) * (list 2 y)}
h=X;

{((Zzst (a::711) ) Ne#nil Nh=c)x* (list 2 y)}
n=[c+1];

{((¢— a,n)*(list Ty n) Nh =c)* (list o y)}

while(n!=nil) {EIT’ o ((list (o = 7'Q1) ¢) = (list (o :: 71 Q7o) h)) }

* (c— o' ,n) x (list 7' n)
n=[c+1];
{(Elo/.((list (@ 2 19) ¢) = (list (a :: T{QTa) h)) * (¢ — a’,nil)) x (list y)}
[c+1]=y;
{(30/. ((list (o' == 72) ¢) = (list (a = T/@m) b)) % (c O/,y)) « (list T y)}
{list ((a :: 7{)@QTy) h}
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+-List append |

{((list (a2 1) x) A x! = nil) * (list 2 y)}
h=X;
{((Zzst (a::711) ) Ne#nil Nh=c)x* (list 2 y)}
n=[c+1];
{((¢— a,n)*(list Ty n) Nh =c)* (list o y)}
S o (list (o :: T'Q1y) ¢) — (list (o :: 7{QTy) h)
hl_(.. ) {EI ) ( * (c— o' ,n) x (list 7' n) )}
n:[c;+1];
{(Ha’.((list (0 79) ¢) — (list (a : 7/Qm) b)) % (c— o/,m'l)) « (list y)}
[c+1]=y;
{(30/. ((list (&' 2 m2) ¢) = (list (v :: T{QT) h)) * (c+— o/,y)) * (list 1o y)}
{3, ((list (o' :: 12) ¢) = (list (v :: T{Q@73) h)) * (list (¢ :: T9) ¢)}
{list ((a:: 7{)QTy) h}

| Separation Logic—+
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+-List append |

while(n!=nil) {37/ o ((list (o = 7'Q7y) ¢) = (list (o :: 71 Q7o) h)) }

* (c— a',n) x (list 7' n)
c=n;
n=[c+1];

’ Separation Logic—+

. —p.20/22



+-List append |

{n £ il A 3o, ((lz’st (o :: 7'QT9) ) = (list (a :: 71 QTy) h)) }

x (c— a/,n)* (list 7' n)
c=n;
n=[c+1];

{EIT’,O/. (((lz’st (o :: 7'QT9) ¢) = (list (o :: T{QTo) h))) }

x (c— a',n) * (list 7' n)
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+-List append |

;

/\\

' F e ! ‘ o
n £ nil A 3o, (list (o :: 7'QTy) ¢) = (list (« :: T{QT3) h)
x (c— a',n) * (list 7' n)

\
,

{n # nil A 37 . o' ((E'Z(C — O/ai) * list (7_/@7-2) Z)) —k (ZZSt (CM . T{@Tg) h)
T o
’ * (c— o' ,n) * (list 7' n)
" c=n;
n=[c+1];

x (c— a',n) * (list 7' n)

{37_,70/. (((lz’st (o :: 7'QT9) ¢) = (list (o :: T{QTo) h))) }
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+-List append i

;

/\\

' P : o
n £ nil A 3o, (list (o :: 7'QTy) ¢) = (list (« :: T{QT3) h)
\ x (c— a',n) * (list 7' n)

/\\

n £ il A3 o, (((Hz(c — o/ 1) * list (T'QT1y) 7)) = (list (o :: 7{Q7Ty) h)) }

* (c— o' ,n) * (list 7' n)

{n #+ nil A 37, (((list (7'Q1o) m) =« (list (v :: T{QT9) h)) * (list 7’ n))}
n:[c;+1];
{37,70/. (((list (o = 7'Q7) ¢) = (list (o :: 7{ Q7o) h))) }

x (c— a',n) * (list 7' n)
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+-List append |

wt il A 3o (W (@ 5 P/Qry) ¢) = (list (o 3 7 @ry) h)) }
9 ° (

x (c— a/,n)* (list 7' n)

;

/\\

\
,

n £ il A3 o, (((Hz(c — o/ 1) * list (T'QT1y) 7)) = (list (o :: 7{Q7Ty) h)) }

% (c— a',n) * (list 7" n)

{ 7& nil A\ 37’ (((list (7'Q1o) m) = (list (o :: {QTo) h)) * (list 7/ n))}

{c #+ nil N\ 37 (WSt (T/,@E) c) = (list (o :: 71@Q73) h)) }

x list 7' ¢
n=[c+1];

7—
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+-List append |

wt il A 3o (W (@ 5 P/Qry) ¢) = (list (o 3 7 @ry) h)) }
9 ° (

;

/\\

\ x (c— a/,n)* (list 7' n)
.

n £ il A3 o, (((Hz(c — o/ 1) * list (T'QT1y) 7)) = (list (o :: 7{Q7Ty) h)) }

% (c— a',n) * (list 7" n)

{ 7& nil A\ 37’ (((list (7'Q1o) m) = (list (o :: {QTo) h)) * (list 7/ n))}

o lzst T'QTy) ¢) = (list (o :: 7{QTo) h)
« A7 a5, (e, j) x (list 7" j) N (o 2 7" = 7)

n=[c+1];

{37, " ( ((list (o' 2 7/Qry) ¢) — (list (o :: T,Q7s) h))) }
7 x (c— a',n) * (list 7' n)
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+-List append |

wt il A 3o (W (@ 5 P/Qry) ¢) = (list (o 3 7 @ry) h)) }
9 ° (

;

/\\

\ x (c— a/,n)* (list 7' n)
.

n £ il A3 o, (((Hz(c — o/ 1) * list (T'QT1y) 7)) = (list (o :: 7{Q7Ty) h)) }

% (c— a',n) * (list 7" n)

{ 7& nil A\ 37’ (((list (7'Q1o) m) = (list (o :: {QTo) h)) * (list 7/ n))}

o lzst T'QTy) ¢) = (list (o :: 7{QTo) h)
« A7 a5, (e, j) x (list 7" j) N (o 2 7" = 7)

n=[c+1];

{37, " ( ((list (o' 2 7/Qry) ¢) — (list (o :: T,Q7s) h))) }
7 x (c— a',n) * (list 7' n)
ve
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Conclusions

Tight specifications
Dangling pointers
Local surgeries
Frame rule
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References

The references for this part of the course can all be found on:
http://ww. dcs. gnw. ac. uk/ ~ohearn/ | ocal reasoni ng. ht m
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http://www.dcs.qmw.ac.uk/~ohearn/localreasoning.html
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