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Abstract. The translation of the temporal logic CTL [2] into the modal
µ-calculus Lµ [10] is formalised in the HOL theorem prover [8].

1 Introduction

Theorem proving and model checking are two complementary approaches to
formal verification. Model checking is based on exhaustive exploration of the
state space of the system under consideration. Verification is fully automatic
and can provide counter-examples for debugging but suffers from the state ex-
plosion problem when dealing with complex systems. Theorem proving is based
on exploring the space of correctness proofs for the system. It can handle com-
plex formalisms but requires skilled manual guidance for verification and human
insight for debugging.

HOL is based on the LCF proof assistant [7] and is written in Moscow ML.
Terms are values of type term and can be freely constructed. Theorems are
represented as values of type thm and can be constructed using axioms and
inference rules only i.e. by proof. This reliance on minimising trusted code is
often called the “fully-expansive” approach and gives a high assurance of the
correctness of the results, provided the core trusted code and the underlying
system (operating system, hardware etc.) are sound.

In [1] the feasibility of partially embedding a symbolic model checker for Lµ
in HOL is demonstrated. This approach allows results returned from the model
checker to be treated as theorems in HOL while retaining the advantages of the
fully-expansive nature of HOL, without an unacceptable performance penalty.

One use of this approach would be to do property checking using logics that
can be embedded into Lµ. Since Lµ is very expressive, most popular temporal
logics can be embedded in it without loss of efficiency [6, 4]. A theorem returned
by the model checker for an Lµ property can be translated into the correspond-
ing theorem for whatever logic we are interested in, as long as the translation
is correct. If the translation is done via a semantics-based embedding in HOL,
we can use the theorem prover to prove it correct. Thus we can achieve a tight
integration with established technology with little loss of efficiency, without hav-
ing to write a verification tool for our new logic from scratch and with a high
assurance of the correctness of our implementation. This paper provides proof-
of-concept of this approach using as an example the standard embedding of the
popular temporal logic CTL into Lµ. All definitions, propositions, lemmas and
theorems presented here have been mechanised in HOL.



2 CTL

The temporal logic CTL is widely used to specify properties of a system in terms
of the finite set AP of atomic propositions relavent to the system. We need to
make the notion of “system” precise.

Definition 1. The tuple (SM , S0M , RM , LM ) represents a Kripke structure M
over AP where

– SM is a finite set of states. A state is a boolean vector enumerating AP.
– S0M ⊆ SM is the set of initial states.
– RM is a binary transition relation on states such that RM (s, s′) iff there is

transition in M from s to s′. RM is total i.e. ∀s ∈ S.∃s′ ∈ S.R(s, s′).
– LM : SM → 2AP labels each state with the set of atomic propositions true in

that state.

We elide the subscript whenever the owning Kripke structure is clear from the
context.

CTL allows us to describe properties of the states and paths of a computation
tree. A computation tree is formed by unwinding (infinitely) the transitions of
M , starting with the initial states. For a path π, we use πi to denote the ith

state along the path, and iπ to denote the prefix of π upto but not including the
state πi, and πi to down the suffix of π starting from the state πi.

Definition 2. A computation path π starting at some state s in a Kripke struc-
ture M is well formed, PATHMπs, if and only if π0 = s, ∀n.πn ∈ S and
∀n.R(πn, πn+1).

Intuitively, a path starting with the state s is an infinite sequence of states
s0, s1, s2, . . . such that s0 = s and ∀i.si ∈ S. Paths are forced to be infinite by
the totality of R.

The syntax of CTL is made out of state formulas which are true of states, and
path formulas which are true of paths (where by path we just mean a sequence
of states connected via transitions of the system). A well-formed CTL formula is
always a state formula system. However, we need path formulas because the tem-
poral operators talk about a state with respect to the path of the computation
tree the state is on. Formally, formulas of CTL are constructed as follows:

Definition 3. Let AP be the set of atomic boolean propositions. Then CTL is
the smallest set of all state formulas such that

– p ∈ AP is a state formula.
– If f and g are state formulas then ¬f and f ∧ g are state formulas.
– If f and g are state formulas, then Xf , Ff , Gf , fUg and fRg are path

formulas.
– If f is a path formula, then Af and Ef are state formulas.

The ten compound operators thus formed can all be expressed in terms of
the three operators EX, EG and EU. We state the following without proof (see
[4]) :



Proposition 4.

– AXf = ¬EX(¬f)

– EFf = E[TrueUf ]

– AGf = ¬EF(¬f)

– AFf = ¬EG(¬f)

– A[fUg] ≡ ¬E[¬gU(¬f ∧ ¬g)] ∧ ¬EG(¬g)

– A[fRg] ≡ ¬E[¬fU¬g]

– E[fRg] ≡ ¬A[¬fU¬g]

Formally, the semantics [[f ]]M of a CTL formula f are defined with respect
to the states of the Kripke structure M . They represent the set of states of M
that satisfy f . Satisfaction of f by a state s of M is denoted by M, s |= f . So
M, s |= f ⇐⇒ s ∈ [[f ]]M .

Definition 5. Given the CTL formulas f and g, atomic proposition p, a Kripke
structure M and a state s of M ,

– M, s |= p ⇐⇒ p ∈ L(s)

– M, s |= f ⇐⇒ M, s 2 f
– M, s |= f ∧ g ⇐⇒ M, s |= f ∧M, s |= g

– M, s |= EXf ⇐⇒ ∃π.PATHMπs ∧M,π1 |= f

– M, s |= EGf ⇐⇒ ∃π.PATHMπs ∧ ∀j.M, πj |= f

– M, s |= E[fUg] ⇐⇒ ∃π.PATHMπs∧∃k.M, πk |= g∧∀j.j < k ⇒M,πj |=
f

The following lemmas will be useful later.

Lemma 6. For any Kripke structure M and CTL formula f ,

[[EGf ]]M = [[f ∧EX(EGf)]]M

Proof

– ⊆ direction. For any s ∈ S,

M, s |= EGf

⇐⇒ ∃π.π0 = s ∧ ∀j.M, πj |= f by 5

⇒ M, s |= f ∧ π1 |= EGf

⇐⇒ M, s |= f ∧M, s |= EX(EGf) by 5

⇐⇒ M, s |= f ∧EX(EGf) by 5

and we are done by extensionality.



– ⊇ direction. For any s ∈ S,

M, s |= f ∧EX(EGf)

⇐⇒ M, s |= f ∧ ∃π.π0 = s ∧M,π1 |= (EGf) by 5

⇐⇒ ∃π.π0 = s ∧ ∀j.M, πj |= f by 5

⇐⇒ M, s |= EGf by 5

and we are done by extensionality. ¤

Effectively this is saying that EGf is a fixed point of the function τ(W ) =
f ∧EX(W ). We have a similar result for E[fUg].

Lemma 7. For any Kripke structure M and CTL formulas f and g,

[[E[fUg]]]M = [[g ∨ (f ∧EX(E[fUg])]]M

Proof For any s ∈ S,

M, s |= E[fUg]

⇐⇒ ∃π.π0 = s ∧ ∃k.M, πk |= g ∧ ∀j.j < k ⇒M,πj |= f by 5

Now consider the cases k = 0 and k 6= 0. In the first case, we have M, s |= g.
In the second case, we have ∀j.j < k ⇒ M,πj |= f . But k 6= 0 so certainly
M,π0 |= f i.e. M, s |= f . Further, M,π1 |= E[fUg] i.e. M, s |= EX(E[fUg]),
by 5. Since one of the two cases on k must hold, we have M, s |= g ∨ (M, s |=
f ∧M, s |= EX(E[fUg]) and we have the required result by 5. ¤

3 Lµ

Formulas of Lµ also describe properties of a system that can be represented as
a state machine. As with CTL , the semantics of a formula is the set of states of
the system for which the formula holds true.

The greater expressive power of Lµ requires a slightly modified version of
the Kripke structure presented earlier. If AP is the set of atomic propositions
relevant to our system, then a Kripke structure is defined as follows:

Definition 8. A Kripke structure M over AP is a tuple (S, S0, T, L) where

– S is a finite set of states. A state is a boolean vector enumerating AP.
– S0 ⊆ S is the set of initial states.
– T is the set of actions such that for any action a ∈ T , a ⊆ S × S.
– L : S → 2AP labels each state with the set of atomic propositions true in that

state.



Instead of a single transition relation, we now have a set of transition relations
called actions. Note that the transition relations need not be total and therefore
paths need not be infinite.

We now present the syntax and semantics of Lµ, essentially as given in [4].
The types of overloaded operators will be clear from the context.

Definition 9. Let VAR = {Qi|Qi ⊆ S} be the set of relational variables. Then,

– True and False are formulas.
– If p ∈ AP , then p is a formula.
– A relational variable is a formula.
– If f and g are formulas, then ¬f , f ∧ g and f ∨ g are formulas.
– If f is a formula and a ∈ T , then [a]f and 〈a〉f are formulas.
– If Q ∈ VAR and f is a formula, then µQ.f and νQ.f are formulas, subject

to the constraint that all occurances of Q in the negated normal form of f
are not negated.

We often use the term “variable” instead of “relational variable” or “proposi-
tional variable”; the meaning should be clear from the context. In the formulas
µQ.f and νQ.f , µ and ν are considered binders on Q, and thus there is the
standard notion of bound and free variables. We use f(Q1, Q2, . . .) to denote
that Q1, Q2, . . . occur free in f .

Intuitively, the propositional fragment behaves as expected. In the modal
fragment [a]f holds of a state if f holds in all states reachable from that state by
doing an a action, and 〈a〉f holds of a state if it is possible to make an a action

to a state in which f holds. We abbreviate (s, s′) ∈ a by s
a→ s′. It is often conve-

nient to use a dot to denote an arbitrary action. In the recursive fragment, µQ.f
and νQ.f represent the least and greatest fixpoints of the properties represented
by f .

The semantics of a formula f is written [[f ]]Me, where M is a Kripke structure
and the environment e : V AR→ 2S holds the state sets corresponding to the free
variables of f . By e[Q←W ] we mean the environment that has e[Q←W ]Q =
W but is the same as e otherwise. We use ⊥ to denote the empty environment.
We now define [[f ]]Me.

Definition 10. The semantics of Lµ are defined recursively as follows

– [[True]]Me = S and [[False]]Me = ∅
– [[p]]Me = {s|p ∈ L(s)}
– [[Q]]Me = e(Q)
– [[¬f ]]Me = S\[[f ]]Me
– [[f ∧ g]]Me = [[f ]]Me ∩ [[g]]Me
– [[f ∨ g]]Me = [[f ]]Me ∪ [[g]]Me

– [[〈a〉f ]]Me = {s|∃t.s a→ t ∧ t ∈ [[f ]]Me}
– [[[a]f ]]Me = {s|∀t.s a→ t⇒ t ∈ [[f ]]Me}
– [[µQ.f ]]Me is the least fixpoint of the predicate transformer τ : 2S → 2S given

by τ(W ) = [[f ]]Me[Q←W ]



– [[νQ.f ]]Me is the greatest fixpoint of the predicate transformer τ : 2S → 2S

given by τ(W ) = [[f ]]Me[Q←W ]

Environements can be given a partial ordering⊆ under componentwise subset
inclusion. Now the semantics evaluate monotonically over environments [10],

Proposition 11. For any Kripke structure M , environments e and e′, rela-
tional variable Q and well-formed Lµ formula f , and W ⊆ S and W ′ ⊆ S, we
have

e ⊆ e′ ∧W ⊆W ′ ⇒ [[f(Q)]]Me[Q←W ] ⊆ [[f(Q)]]Me
′[Q←W ′]

so by Tarksi’s fixpoint theorem in [14], the existence of fixpoints is guaranteed.
In fact, since S is finite, monotonicity implies continuity [14], which gives

Proposition 12.

[[µQ.f ]]Me =
⋃

i

τ i(∅) and [[νQ.f ]]Me =
⋂

i

τ i(M.S)

where τ i(Q) is defined by τ 0(Q) = Q and τ (i + 1) = τ(τ i(Q)). So we can
compute the fixpoints by repeatedly applying τ to the result of the previous
iteration, starting with [[False]]Me for least fixpoints and [[True]]Me for greatest
fixpoints. Since S is finite, the computation stops at some k ≤ |S|, so that the
least fixpoint is given by τk(False) and the greatest fixpoint by τ k(True).

4 The Translation

The semantics for both CTL and Lµ are in terms of sets of states. This allows a
purely syntactic translation scheme [4].

Definition 13. The translation T from CTL to Lµ is defined by recursion over
CTL formulas as follows

– T (p ∈ AP ) = p
– T (¬f) = ¬T (f)
– T (f ∧ g) = T (f) ∧ T (g)
– T (EXf) = 〈.〉T (f)
– T (EGf) = νQ.f ∧ 〈.〉Q
– T (E[fUg]) = µQ.g ∨ (f ∧ 〈.〉Q)

We need to prove this translation correct with respect to the semantics. Since
the underlying models for CTL and Lµ are slightly different, we need to be able
to translate a CTL model into an Lµ model. We overload T for this purpose.

Definition 14. If M is a Kripke structure as given in Definition 1, TM is the
Kripke structure

(SM , S0M , λa.RM , LM )



Theorem 15.

∀Mf.[[f ]]M = [[T (f)]]TM⊥

Proof By induction on the definition of f .

– f ≡ p.

[[p]]M

= {s|p ∈ LM (s)} by 5

= {s|T (p) ∈ LTM (s)} by 13, 14

= [[T (p)]]TM⊥ by 10

– f ≡ ¬f ′.

[[¬f ′]]M
= S\[[f ′]]M by 5 and set theory

= S\[[T (f ′)]]TM⊥ by the IH

= [[T (¬f ′)]]TM⊥ by 10, 13

– f ≡ f ′ ∧ f ′′.

[[f ′ ∧ f ′′]]M
= [[f ′]]M ∩ [[f ′′]]M by 5 and set theory

= [[T (f ′)]]TM⊥ ∩[[T (f ′)]]TM⊥ by the IH

= [[T (f ′ ∧ f ′′)]]TM⊥ by 10, 13

– f ≡ EXf ′. For any state s ∈ SM ,

s ∈ [[EXf ′]]M
⇐⇒ M, s |= EXf ′ by definition of[[−]]M

⇐⇒ ∃π.PATHMπs ∧M,π1 |= f ′ by 5

⇐⇒ ∃π.PATHMπs ∧ π1 ∈ [[f ′]]M by definition of[[−]]M

⇐⇒ ∃π.PATHMπs ∧ π1 ∈ [[T (f ′)]]TM⊥ by the IH

⇐⇒ ∃π.RM (s, π1) ∧ π1 ∈ [[T (f ′)]]TM⊥ by 2

⇐⇒ ∃π.s .→ π1 ∧ π1 ∈ [[T (f ′)]]TM⊥ by definition of→

Now define our existential witness π by

π0 = s

π(n+ 1) = (n = 0)? s′ | εr.RM (πn, r)



where ε is Hilbert’s selection operator. Then simplifying and continuing,

⇐⇒ ∃s′.s .→ s′ ∧ s′ ∈ [[T (f ′)]]TM⊥ by definition ofπ

⇐⇒ s ∈ {s|∃s′.s .→ s′ ∧ s′ ∈ [[T (f ′)]]TM⊥}by defn of ∈
⇐⇒ s ∈ [[〈.〉T (f ′)]]TM⊥ by 10

⇐⇒ s ∈ [[T (EXf ′)]]TM⊥ by 13

and we have the required result by extensionality.
– f ≡ EGf ′. Define

τ(W ) = [[T (f) ∧ 〈.〉Q]]TM ⊥ [Q←W ]

and we have
• ⊆ direction.

[[EGf ]]M ⊆ [[T (EGf)]]TM⊥
⇐⇒ [[EGf ]]M ⊆

⋂

n

τnSTM by 12,13,10,14

⇐⇒ ∀n.[[EGf ]]M ⊆ τnSTM by set theory

Then induction on n gives
∗ n ≡ 0. Immediate by 10,14,12.
∗ n ≡ n′ + 1. Consider the “outer” IH,

[[EGf ]]M ⊆ τn
′
STM

⇒ τ([[EGf ]]M ) ⊆ τ(τn
′
STM ) by 11

⇐⇒ [[EGf ]]M ⊆ τn
′+1STM by 6,13,10

which is the required result.
• ⊇ direction.

[[EGf ]]M ⊇ [[T (EGf)]]TM⊥
⇐⇒ [[EGf ]]M ⊇

⋂

n

τnSTM by 12,13,10,14

Now consider some s ∈ ⋂n τnSTM . By 12,

s ∈ τ
(⋂

n

τnSTM
)

Suppose π is a path starting at s. Then by the definition of τ , π1 ∈⋂
n τ

nSTM . We use the ε operator to pick π1 for us (this is needed



because totality of R.M only tells us that π1 exists). By repeatedly using
ε to pick the appropriate next state on the path, we can construct π such
that ∀i.πi ∈

⋂
n τ

nSTM . But for any s′, s′ ∈ ⋂n τnSTM ⇒M, s′ |= f by
the definition of τ and the outer IH. Thus we have that ∀i.M, πi |= f ,
and we have the required result by 5.

– f ≡ E[f ′Uf ′′]. Define

τ(W ) = [[T (f ′′) ∨ (T (f ′) ∧ 〈.〉Q)]]TM ⊥ [Q←W ]

and we have
• ⊆ direction.

[[E[f ′Uf ′′]]]M ⊆ [[T (E[f ′Uf ′′])]]TM⊥
⇐⇒ [[E[f ′Uf ′′]]]M ⊆

⋃

n

τn∅ by 12,13,10,14

Now consider some s ∈ [[E[f ′Uf ′′]]]M . Then by 5 we have,

∃π.PATHMπs ∧ ∃k.M, πk |= f ′′ ∧ ∀j.j < k ⇒M,πj |= f ′

We proceed by induction on the length |kπ| of kπ.
∗ |kπ| = 0. Note that since π is infinite, |kπ| = k by the definition of
kπ. So k = 0. This implies M, s |= f ′′ by 2 i.e. s ∈ [[f ′′]]M and we are
done by the definition of τ and the outer IH.

∗ |kπ| = k′ + 1. We note again that k = k′ + 1. Consider the path π1.
Then,

M,πk |= f ′′

⇐⇒ M,π1
k′ |= f ′′

and

∀j.j < k ⇒M,πj |= f ′

⇐⇒ ∀j.j + 1 < k ⇒M,πj+1 |= f ′

⇐⇒ ∀j.j < k′ ⇒M,π1
j |= f ′

So by the IH,

π1
0 ∈

⋃

n

τn∅

⇐⇒ π1 ∈
⋃

n

τn∅

⇐⇒ s ∈ τ
(⋃

n

τn∅
)
∵M, s |= f ′ and defn of τ

and we are done by the outer IH.



• ⊇ direction.

[[E[f ′Uf ′′]]]M ⊇ [[T (E[f ′Uf ′′])]]TM⊥
⇐⇒ [[E[f ′Uf ′′]]]M ⊇

⋃

n

τn∅by 12,13,10,14

⇐⇒ ∀n.[[E[f ′Uf ′′]]]M ⊇ τnSTMby set theory

Then induction on n gives
∗ n ≡ 0. Immediate by 10,14,12.
∗ n ≡ n′ + 1. Consider the outer IH,

[[E[f ′Uf ′′]]]M ⊇ τn
′∅

⇒ τ([[E[f ′Uf ′′]]]M ) ⊇ τ(τn
′∅) by 11

⇐⇒ [[E[f ′Uf ′′]]]M ⊇ τn
′+1∅ by 7,13,10

which is the required result.

¤

5 Concluding Remarks

Closely related work includes the HOL-Voss system [13, 9] and the integration of
an Lµ symbolic model checker with PVS [12, 11]. Voss has a lazy functional lan-
guage FL with BDDs as a built-in datatype. In [9] Voss was interfaced to HOL
and verification using a combination of deduction and symbolic trajectory eval-
uation (STE) was demonstrated. The interface does not allow a tight integration
however: properties verified in Voss cannot be used as theorems in HOL without
invoking oracles, which may compromise the assurance of soundness provided
by the fully-expansive nature of HOL. In [12] this tight integration is achieved
within the PVS framework. However, the proof step invoking the model checker
is atomic and thus this approach does not extend readily to the fully-expansive
approach used in HOL.

Since this result has been mechanised in HOL, we can convert a CTL property
to Lµ, use the Lµ property checker, and convert the resulting theorem back to
a CTL property. In general, we can leverage our existing property checker to
verify specifications expressed in a new logic (embeddable in Lµ) without risk-
ing unsoundness caused by an incorrect translation. This may seem trivial for
CTL but the translations of other popular logics such as LTL or CTL* into Lµ
are considerably more involved [5, 3] and the chance of an incorrect implementa-
tion correspondingly higher. Our fully-expansive approach towards integrating
model-checking and theorem-proving removes this possibility assuming only the
soundness of the HOL kernel and the operating environment.
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