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Abstract

We introduce a method based on deep metric learning to perform Bayesian optimisa-
tion over high-dimensional, structured input spaces using variational autoencoders
(VAEs). By extending ideas from supervised deep metric learning, we address a
longstanding problem in high-dimensional VAE Bayesian optimisation, namely
how to enforce a discriminative latent space as an inductive bias. Importantly, we
achieve such an inductive bias using just 1% of the available labelled data relative to
previous work, highlighting the sample efficiency of our approach. As a theoretical
contribution, we present a proof of vanishing regret for our method. As an empirical
contribution, we present state-of-the-art results on real-world high-dimensional
black-box optimisation problems including property-guided molecule generation.
It is the hope that the results presented in this paper can act as a guiding principle
for realising effective high-dimensional Bayesian optimisation.

1 Introduction

While Bayesian optimisation is a promising solution method for black-box optimisation problems
[1, 2, 3], scaling the approach to high-dimensional settings has proved challenging. Variational
autoencoders (VAEs) have emerged as a powerful scaling strategy based on learning low-dimensional,
nonlinear manifolds on which to perform Bayesian optimisation (BO) [4, 5, 6, 7, 8, 9, 10]. VAE-
based approaches are particularly suited to structured (i.e. graphs, strings or images) input spaces
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whereby projection to the VAE latent space enables continuous optimisation. Indeed, structured input
spaces encompass a broadening spectrum of real-world tasks including, but not limited to, molecule
generation [11], chemical reaction optimisation [12], human motion prediction [13, 14] and neural
architecture search [15, 16, 17].

The outstanding question for VAE Bayesian optimisation however, is how best to leverage the black-
box function in learning the latent space. The first approaches to use VAEs for Bayesian optimisation
learned the VAE in a purely unsupervised fashion [4, 5] giving rise to pathological behaviour such
as invalid decoder outputs. Purely unsupervised learning of the VAE entails that the learned latent
space is not discriminative [18] in the sense that it is not constructed using the black-box function
labels. Such a strategy has long been noted to be sub-optimal for discriminative tasks in autoencoders
[19] and hence by analogy will be sub-optimal for VAE Bayesian optimisation. As such, recent
approaches [7, 9, 20] have utilised ideas based on label guidance [18, 19] to construct discriminative
VAE latent spaces that are more amenable to Bayesian optimisation.

Label guidance approaches may be categorised according to how the VAE and the surrogate model
are trained. Joint training facilitates label guidance by propagating signal from the black-box function
through the Gaussian process surrogate to the weights of the VAE networks. Joint training has been
found to exhibit overfitting on real-world problems however [9]. The leading approach to affect label
guidance in disjoint training [20] utilises a weighted retraining mechanism, assigning more influence
to regions of the latent space with favourable black-box function values in subsequent retrainings of
the VAE. This approach however, may not produce an optimally discriminative latent space because
latent points are not grouped according to their function value.

In this paper we take a new approach to constructing discriminative latent spaces for VAE Bayesian
optimisation by incorporating ideas from deep metric learning [21], which we argue, are highly
relevant for latent space Bayesian optimisation. First, metric learning encourages points with similar
function values to be close in latent space, a highly desirable property for downstream discriminative
tasks. Second, metric learning has been observed to improve generalisation performance in discrimi-
native tasks when applied as a preprocessing step [22]. The surrogate model’s ability to generalise to
unseen regions of the latent space is crucial for effective exploration [1].

Mechanistically, we integrate deep metric learning into the VAE through inclusion of either contrastive
[22] or triplet [23, 24] loss terms in the evidence lower bound (ELBO). To achieve synergy with
the downstream task of Bayesian optimisation, we modify the contrastive and triplet losses to be
smooth and continuous. We interpret our proposed losses variationally through weighted likelihoods,
yielding a new ELBO through which previous approaches may be recovered as special cases.

Our contributions may be summarised as: 1) A solution method to affect discriminative latent spaces
for VAE BO which may recover comparable performance to previous methods using just 1% of the
available labelled data; 2) A theoretical analysis of our algorithm with a proof of sublinear regret;
3) A practicable method that achieves state-of-the-art performance on real-world tasks including
property-guided molecule generation.

2 Background

2.1 Bayesian Optimisation

In this paper, we wish to solve the optimisation problem formulated as
*
= ]
" = argmax f (), (1)

where f(-) : X — R is an expensive black-box function over a high-dimensional and structured input
domain X'. Bayesian optimisation (BO) [25, 26, 27, 28, 29, 30] presents a data-efficient methodology
for determining x*. There are two core components in BO; a surrogate model and an acquisition
function. Gaussian processes (GPs) [31] are the surrogate model of choice for f(-) as they provide
accurate point estimates and maintain calibrated uncertainties that are pivotal for guiding exploration.
The acquisition function is responsible for suggesting new input points « to query at each iteration
of BO and is designed to trade off exploration and exploitation in the black-box objective. Upon
completion of each iteration, the queried points are appended to the dataset of the surrogate model
and it is retrained. This process continues ad libitum until a solution is obtained. In this paper we use
the expected improvement (EI) [26, 28] acquisition for sake of comparison against recent approaches



to VAE Bayesian optimisation [20] although we note that in general our framework is agnostic to
the choice of acquisition. While promising in low-dimensional settings, BO as described above falls
short for high-dimensional problems. Next, we detail the VAE-based approach to scalable BO.

2.2 High-Dimensional Bayesian Optimisation with Variational Autoencoders

Although many disparate attempts have been made to extend BO to high dimensions cf. Section 6, in
this paper we focus on VAE-based approaches. Such optimisation is commonly termed latent space
optimisation (LSO) [20] due to the fact that BO is conducted in the latent space of a VAE. The VAE
is used to map between X, a structured input space (e.g. graphs) and Z C R?, a low-dimensional
latent space. The model’s encoder g (-|x) : X — P(Z) induces a probability distribution over
Z conditioned on € X, while the decoder gg(:|z) : Z — P(X) is a stochastic inverse map
from Z to X'. The weights ¢ and 6 are obtained by maximising the evidence lower bound (ELBO)
which contains a reconstruction error term and a regularisation term that encourages the approximate
posterior to be close to the prior p(z): ELBO(8, ¢) = E, (z|)[log go(z|2)] — KL(ge(2|)||p(2)).

The problem formulation of VAE BO bears notable differences to standard BO. We seek to de-
termine z* such that the expected function value evaluated on z* ~ gg«(-|z*) is maximised i.e.,
argmaxcz Egg,. (.|z)[f(€)]. As such, we assume that the trained decoder possesses support over
x*ie. Jz € Z: Prlx* € go~(-|2)] > 0. This formulation may be regarded as a generalisation of
standard BO, whereby we aim to acquire an optimal conditional distribution from which x* is sam-
pled. Thus, when gg+ (-|z) follows a Dirac distribution, one recovers the solution of the optimisation
problem in Equation 1. Given that the input is stochastic, 2 ~ g« (-|x), the surrogate may be viewed
as a Gaussian process latent variable model (GPLVM) [9].

Label Guidance in Latent Space: BO solves a

. . . . Latent Space Bayesian Optimisation
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tasks over structured input spaces. The technique of

[20] couples BO with the VAE through a weighted

retraining scheme based on ranking evaluated function values. Similar to [20], we first com-
pute a set of weights w(x;) o f(x;) foralli € [1 : N] from a dataset D = (z;, f(x;))Y,,
and introduce a weighted ELBO to incentivise reconstruction of promising function values:
Eg24(.) [ELBOyeighied (6, @)] = Egri()[w(z)ELBO(6, )] where U(-) is a uniform distribution in
[1,...,zN]

2.3 Deep Metric Learning

Deep metric learning may be loosely stated as the task of obtaining good features for downstream
tasks [35]. In this paper we wish to use deep metric learning to construct discriminative latent spaces
for VAE BO. To do so, we combine concepts from ordinal deep learning [34] with extensions of two
of the most widely-used metric loss functions, the contrastive loss [22] and the triplet loss [23, 24].



Contrastive Loss: Most frequently encountered in classification settings, the contrastive loss aims

to minimise the Euclidean distance between inputs, e.g. images, of the same class whilst maximising

the distance between inputs of different classes. The features learned by contrastive loss deep metric

learning have been observed to improve generalisation performance in downstream classification

tasks [22] a property we hypothesise to be important in BO. Concretely, for two inputs (x;, ¢;)

and (x;, ¢;) with ¢; and ¢; being class labels, a contrastive loss in its most basic form [36] can be

computed as: Leont. (1) x ||2; — 25| if¢; = ¢j of Leon () x max{0, p — ||z; — zjl|4} if ¢; # ¢,

where || - ||, denotes a ¢ norm, z; and z; are latent encodings of x; and x;, and p is a tuneable

margin that defines a radius around ||z; — z,||,. Clearly, dissimilar pairs contribute to the loss only if

l|z: — zj||q < p, otherwise Leon.(-) =0 R S —

Triplet Loss: The triplet loss Lyipie (+), differs from %eneralisable deepmetric e b o
. . . . ased on function values
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yields a structured space where positive and

negative pairs cluster together subject to separation Figure 2: Metric learning in latent space.

by a margin p.

| gV

3 Designing Deep Metrics for VAE Bayesian Optimisation

Following the introduction, a discriminative latent space is desirable for VAE BO. Deep metric
learning has been shown to be highly effective in constructing discriminative features for downstream
classification tasks in computer vision [22] and natural language processing [37]. These successes
point towards deep metric learning being a promising approach for affecting discriminative latent
spaces in VAE BO. Deep metric learning and VAE:s are typically combined by including an additional
deep metric loss term in the ELBO of the VAE [38, 39]. There are however two design considerations
for deep metric learning in BO applications which we outline generally in 3.1 and 3.2 before
addressing directly in our solution method in 4.1 and 4.2

3.1 Consideration I: Deep Metric Learning and Gaussian Process Regression

Continuous Labels: The original contrastive Leon (-), and triplet Lyipie(-) losses were introduced
in the context of classification which assumes finite and discrete class labels. In standard BO
however, black-box objectives are continuous, while in structured domains label cardinalities grow
exponentially on the order of O(2”) with D denoting the dimensionality of the input space X.
Knowing that we can represent exponentially-sized spaces as instances of continuous domains, we
require an extension of Leon (-) and Lyipie(+) to continuous labels to facilitate GP regression.

Smooth Metric Losses: Beyond accounting for continuous labels, it is also beneficial for metric
losses to enforce smoothly varying penalisation of differences in function value space. As an example,
consider threshold-based classification losses such as Leone (+). If for ¢; = ¢;, | f(2:) — f(25)| <7
then the magnitude of the difference in function values |f(2;) — f(z;)| will not affect the metric-
learned features. We posit that clustering according to the magnitude of the difference | f(2;) — f(2;)]
yields features that are more conducive to fitting regression models such as GPs; cf. Section 5.1.

3.2 Consideration II: Sample Efficiency

Deep metric learning in its general form presumes access to vast quantities of data. To compute
Leont.(+) and Lysipie(-), the data must also admit a categorisation between positive and negative input
pairs. Generally, this dichotomisation requires access to class labels, which are either readily available



in supervised settings or constructed implicitly during data augmentation in self-supervised learn-
ing [40, 41]. When it comes to high-dimensional BO on the other hand, determining a categorisation
rule using either direct supervision or data augmentation is difficult; access to abundant function
evaluations is incongruous with sample-efficient optimisation and data augmentation requires signifi-
cant prior knowledge of downstream tasks contrary to typical settings for black-box optimisation.
Therefore, in addition to constructing a suitable deep metric loss for GP regression, we also require
that our solution method learns a discriminative latent space with few queries of the black-box.

4 High-Dimensional BO with VAEs and Deep Metric Learning

4.1 Smooth and Continuous Deep Metric Learning for High-D BO

We generalise both Leon. (+) and Lyiple(-) from classification tasks to high-dimensional BO. Due to

space constraints, we defer the details of ﬁg?ﬁ) (+) to Appendix A.1. We note that our contribution is
geared towards VAE BO and do not claim novelty beyond this setting.

Triplet losses for BO: From Section 2.3, we notice that Emple(-) requires a triplet coupling that
is constructed using label information. To extend this idea beyond classification, we introduce a
threshold r and execute triplet matching based on differences in black-box function values such that
for a base input z®, we create Dy(z®;7) = (x € D : |f(z®) — f(z)| < r) and D, (x®;7r) =
(x eD:|f(x®) — f(x)| > r). At this stage, we can apply Lyiple(-) during the training of the VAE
to induce a metric in Z. In doing so, however, we observed that using Emple( -) as is yielded unstable
behaviour attributed to an absence of differentiablity across the domain of valid triplets. This problem
can be remedied by applying a soft-plus smooth approximation to the ReLU(-) leading to°:

LED () o log(1 +exp(Af — AD)) with A = [[2®) — 20|, and A7 =[]z — 2®[|,, @)

such that 2 ~ g4 (-|2®) and 2™ ~ g4 (-|z™) V2@ € D,(x®;r) and Y™ € D,(=®;7).

Softening the Triplet Loss: Although Equation 2 facilitates the application of metric learning in
BO, it is important to note that penalisation magnitudes are independent of the black-box function
values; see Figure 7 in Appendix A.2. Such a factor can influence feature discrimination when used
in conjunction with GP regressors since VAEs are not directly ensuring an increase in similarity of

function values as z — z’. Hence, we introduce a simple yet effective modification to Lt(:l;)e) (+) that

incorporates positive and negative weightings w® oc r — | f(2z®) — f(x®)| and w™ o |f(x®) —

f(xz™)| — r leading us to Lgfr%)le(-) o w(P>w(“)£ff£e) (-). Clearly, w(® increases penalisation
magnitudes as function value differences decrease; encouraging closer latent codes. Analogously,

w™ promotes latent space separation as function values grow farther apart.

4.2 Sample Efficiency with Semi-Supervised Metric-Regularised VAEs

In the context of BO, black-box evaluations are expensive and many settings demand sample ef-
ficiency. Drawing inspiration from the use of deep metric learning in computer vision, we pro-
pose to pre-train a VAE in an unsupervised fashion followed by supervised fine-tuning based on
BO-derived function evaluations and deep metric learning. Such a hybrid semi-supervised VAE
framework combining both labelled and unlabelled data presents a solution for a limited black-box
evaluation budget. In deriving the semi-supervised ELBO, we assume access to both labelled and

unlabelled datasets D, = (zi), f(zP))N_, and Dy = (@'%)M_, such that N << M. From
Dy, we compute binary variables, c; ;. that encode triplet information. Given a set of inputs

M

:cgl;k = (:cl(l),mél),:v,(cl)>, cije = Lif @}’ is a positive pair of mgl), ie, :cg.l) € Dp(mz(.p);r) and
if wg) is a negative pair, i.e., .’L'g) € Dn(azgp); ). Repeating this process over Dy, yields an addi-

tional set of inputs C = (c¢; j k) fV]]Z:A{ for the VAE to reconstruct. Aside from semi-supervision

and triplet incorporation, we also require our ELBO to feature weighted likelihoods in accordance
with the framework of [20] that led to impressive empirical results. Specifically, we introduce two
sets of latent random variables z, € RV*? and zy € R™*? and consider the following marginal:

3We also set p = 0 as it has been observed to lead to faster convergence by sampling semi-hard triplets [42].



log pe,s (DL, Dy, C) = log [ pe(Dvr,C|z1)pe(Du|zu)p(zL)p(zu)dzLzy, where we assume inde-
pendent priors on 2z, and zy and that 2z, generates both Dy, and C while zy is responsible for
Dy. Similar to [43], we factor pg(DL,C|z1) = pe(DL|zL)pe(C|zL), yet additionally, introduce
weightings in each of those terms such that:

w m() w m(l)
po(DL|z) = Hp9 (xD]z0)w( ‘)Hp M)z @) with w(z®) o f(zD)

N N N
po(Clzu) = [TTT TTp(cisn = 112", 20, 20 0s with wi s = w(@ (@ yw(@)).
i=1i=114=1

Hence we incorporate two components; a weighted likelihood scheme to enable VAEs to concentrate
reconstruction on promising query points as proposed in [20], and the introduction of soft triplets
by setting: p(c; jx = 1|zz % 20 2 (1)) = exp(— £§‘fr?gle( fl), zj( ) 2 ))) Lastly, pg(Dy|zy) corre-
sponds to the standard VAE component that enables unsupervised reconstructlon [44]. Comblnlng
all terms and introducing a variational distribution g4 (21, zu| DL, Dy) = q P (z]L\D]L)q ® )(zU|DU)
our overall ELBO can be written as a sum of three components:

Compy (0, ¢) = > w(z))

n

qum(zg%g))[10gpe($g)|zq(1l)) +logpe(f(@)))|2))] — KL () |,

Compy, (6, ¢) = Z {E O (29 2 [10g[pe( $)|z$))]} KLSn)(¢)] :
Comp,yipe (6, 9) = = > wighByp 00 |£80e()] (black-box weighted triple),

ij.k
where KL{™) denotes the KL-divergence between qg“)( )|:c(])) and the prior p(z ( )) and KLY be-

tween qaU (z ,(73)|w(mu)) and p(zﬁ)).We note that our ELBO:N;g’}Ijed(J = Compy (-) + Compy(-) +
Comps_mp]e(-) combines various VAEs from prior work. For instance, Compy (-) (without tar-
get prediction) alone corresponds to [20], while Compy(-) can be derived from [44]. Of course,

ELBO\(;CEEEQ( -) is specific to our paper combining soft triplets that are developed for black box
optimisation (Section 4.1) and weighted retraining under one framework. In our experiments we

decouple each of the terms for a fair comparison; cf. Section 5.2.

4.3 Algorithm Development & Theoretical Guarantees

The pseudocode in Algorithm 1 summarises our approach which consists of two main loops. In the
first, a VAE is trained by optimising the ELBO derived in Section 4.2 arriving at optimal encoder and
decoder parameters 8 and ¢} (line 3).

Algorithm 1 High-D BO with VAEs and Deep Metric Learning

1: Inputs: Budget B, frequency ¢, datasets Dy, and Dy, stopping criteria 7

2: for{=1to L =[B/q]:

31 Solve 0, ¢} = argmaxg,s ELBOSLDS) (0, ¢)

4 Compute Dz = (z;, f(acgl))ﬂil Stz ~ q¢,z(-|$£—1)), Va:z(-l) € Dy,
5: for k =0toq— 1and agi(Zpk41) > 7t
6
7
8

Fit surrogate GP on (z;, f(z;))Y
Optimise acquisition 2 ;11 = argmax,c z agi(z) and compute & = ge; (1Ze.k+1)
Evaluate f(&) and augment data Dz, and Dy,
9: end for
10: end for
11: Output: x* = arg maxzep, f(x)

Given ¢7, we compute a dataset Dz, = (z; ~ qg; (|i), f(%:)) N | and execute a standard BO loop
(lines 5-9) to determine new query points 2, 11 for evaluation. Decoding £ .1, we then evaluate



& to obtain black-box values which are appended to the dataset. The above process repeats for a total
of ¢ iterations or until a stopping criterion (agi(2¢,kx+1) < 7) is met. After the termination of both
loops, Algorithm 1 outputs the best candidate acquired so far (line 11).

Theoretical Guarantees: The remainder of this section is dedicated to providing vanishing regret
guarantees for Algorithm 1. Such results challenge standard notions of regret analysis in BO due to
two coupled loops affecting the feasibility sets. To illustrate, imagine that under a fixed £, go; (-) does
not possess the capacity to recover any input in X'. In such a case, although the BO loop (lines 5-9)
can arrive at an optimum z;, this point when decoded does not necessarily correspond to the true
x* = argmaxgey f(a). To shed light on such behaviour, we define a new notion of cumulative
regret that encompasses both ¢ and k:

L ¢
Regret;, , ((2ex)i0) = D D (/@) = Eay yegys (120 [F@50)])

~
Il
-
£
Il
—

Domain Recovery Assumptions for VAEs: In analysing asymptotic regret, we impose three as-
sumptions (see Appendix C) two of which are standard practice in BO [45] bounding norms and
posterior variances, while the third is new and corresponds to handling the representational power
of ge; (+). Here we assume that as the outer loop progresses (i.e., as we gather more data), the VAE
improves its ability to recover around x* such that for any ¢ > ¢/, there exists a Z(¢) € Z where
Pr [z* ~ ge; (-]2(€))] = 1 —~(¢) with (¢) being a decreasing function. Although this assumption
is less restrictive than having the VAE reconstruct * at any iteration, it requires further analysis due
to its relation to the generalisation properties of generative models. Providing a PAC Bayes generali-
sation bound of VAEs in the context of high-D BO undoubtedly constitutes an exciting direction for
future work. Here we instead motivate our assumption through a tightness analysis of necessary and
sufficient conditions (see Appendix C) and prove sub-linear convergence on non-convex black-boxes:

Theorem 1. Algorithm 1 with q = [B%] L=[B %W and under the assumptions in Appendix C
admits sub-linear averaged regrets of the form: impg_, o %RegretL}q((zA&kbL)’,g) — 0, with a proba-
bility of at least 1 — ¢§ for § € (0,1).

Proof Sketch: The full proof in Appendix C operates in three steps. First, given a set of encoders and
decoders from all re-training phases up to an epoch ¢, we show sub-linear asymptotic regret bounds
of the order O(,/qlog* q) for a positive constant c. Subsequently, we focus the analysis on cumu-

lative regret between epochs to arrive at RegretL7q(<2g,k>£}f) ~ O (gl + Blog®a/ 5+ [ r(a)da/q).

Finally, assuming an improving recovery property and splitting the overall budget B between the
outer epochs and BO iterations yields the statement of the theorem.

S Experiments & Results

In this section, we confirm the efficacy of our algorithm on three high-dimensional structured BO
tasks. Here we describe these tasks in brief, providing a detailed description in Appendix B.
Topology Shape Fitting: As a new toy problem, we employ the topology dataset from [46] and
formulate an optimisation problem that involves generating a target mechanical design represented as
a 40 x 40 randomly-chosen pixelated image.

Expression Reconstruction: Following [20, 47], we consider generating single-variable expressions
from a formal grammar by minimising mean squared errors to a target equation. We allow access to
50,000 data points and choose the grammar VAE from [47] as our model.

Chemical Design: Similar to [20], we optimise the penalised water-octanol partition coefficient
(logP) objective of molecules from the ZINC250K dataset [48]. We represent each molecule as a
unique SMILES sequence and utilise a Junction-Tree VAE [49] for producing valid query points.

Next, we provide insights on the performance of our method by answering the following questions:

Q.I: Does metric learning admit discriminative latent spaces to promote the generalisation of GPs?
Q.II: Does improved generalisation carry to BO when assuming access to all labelled data?
Q.III: Does our semi-supervised metric approach overcome the large data requirements of [20]?




5.1 Deep Metric Learning Induces Discriminative Latent Spaces (A.I)

We assess the capability of deep metric learning to construct discriminative latent features for GPs by
conducting modelling experiments across all three tasks. Utilising the same weight design as [20],
we add Comp_; () to their weighted ELBO and train a weighted VAE but with a metric learning
component. Equipped with the trained encoder, we subsequently map D, to a latent dataset Dy, fit a
GP and study two properties of Z.
Separation in Latent Codes: In Section 4 we noted that deep metric learning induces and inductive
bias for regression by encouraging input encodings with similar function values to cluster together.
To confirm this behaviour, we order the points in Dy, according to their black-box function values and
split them equally into two datasets of high and low-scoring inputs. Mapping those inputs onto Z and
computing the distribution of distances in the latent space yields the results in Figure 3 which validate
our hypothesis in expression and molecule generation tasks; see Appendix B for topology results.
GP Generalisation: To investigate if such features improve GP generalisation, we unify the
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Figure 3: Distance distribution between latent representations. From left to right: weighted VAE in
expression generation, weighted VAE with soft triplet, weighted VAE in molecule tasks, weighted
VAE with soft triplet.

experimental setting across all tasks and utilise 80% of Dy, for training a sparse GP with 500 inducing
points repeated over 5 random seeds. Table 1 reports the predictive log-marginal on 20% held-out
validation sets demonstrating that metric learning outperforms both vanilla VAEs and VAEs with
target prediction.

Table 1: GP predictive log-likelihood on validation set.

Vanilla Target Prediction  Contrastive Triplet
Topology | -1.87 (0.06) -1.35 (0.01) -1.75(0.02) -2.03 (0.02)
Expression | -2.99 (0.06) -2.02 (0.06) -1.39 (0.04) -1.91 (0.08)
Molecule | -1.79 (0.21) -2.68 (0.82) -1.75 (0.18)  -1.55 (0.35)

5.2 Deep Metric Learning Improves High-d VAE BO (A.IT)

We unify our experimental setting with [20] and benchmark against state-of-the-art methods that

implement components of ELBO;;E}Ilfed() from Section 4.2.

ELBO Specifications & Notation: To ensure a fair comparison with prior work we isolate com-
ponents from ELBO"M () such that: LBO [20] = Compy (-) (no target prediction), T-LBO

weighted
= Compy (-) (no target prediction) & Compg ;. (-), C-LBO is analogous to T-LBO but uses a

constrastive loss (see Appendix A.1), and R-LBO [47] = Compy (+).

Results: Figure 4 summarises our findings on all three tasks averaged over 5 random seeds. First,
metric learning improves LBO’s performance, which we found to be less competitive in the topology
and molecule tasks. Our triplet method, however, achieves state-of-the-art performance on all tasks.
At the same time, contrastive BO (see Appendix A.1) achieves significant gains in the first two tasks
but underperforms in molecules. Target prediction VAEs (i.e., R-LBO), on the other hand, yield
competitive results in the molecule task but fail in topology and expression. Even though T-LBO
still attains an improvement, arriving at ~ 21.5 penalised logP value on average and ~ 30 penalised
logP in top 1% as opposed to = 25 for R-LBO. It is also worth noting that we opted out of running
W-LBO for the molecules task (the most computationally demanding task) as no gains compared to
LBO were observed in both topology and expression.
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Figure 4: Cosine similarity score on the Topology task, regret on the Expression task (see task
description in appendix) and penalised logP-score for the Molecule task.

5.3 High-d VAE BO with Limited Black-Box Queries (A.IIT)

Following [20], the experimental setting of the previous section assumes access to large amounts of
labelled data (e.g., 50K expressions and 250K molecules). Large quantities of labels are not generally
accessible in BO however. In this section, we enforce sample efficiency in black-box evaluation by
only allowing access to 1% of the labels from Dy, (chosen at random) when training the GPs. We

tune ELBO:;E:Cd(~) while augmenting the unsupervised component Compy;(+) in all baselines and

schedule the training of the VAE with a focus on Compy;(-) during initial iterations and on Compy (-)
at later stages (see Appendix B for the exact training protocol). All data used to compute Compy;(-)
was unlabelled. Algorithm 1 is implemented identically for all baselines and is run until recovery of
the results of the previous section or until exhausting 1000 iterations in total. The results reported in
Figure 5 demonstrate that: 1) BO can still be successful in high-d structured tasks when only limited
labels are available as long as algorithms incorporate Compy,(+) in their ELBOs, 2) triplet metric
learning methods further those improvements, achieving state-of-the-art performance, and 3) soft
contrastive learning is less favourable to soft triplets in such regimes.

BO for Molecule generation from Limited Data: Due to high budget demands (resources and
compute) needed for running experiments on molecule generation, we chose the top four best-
performing algorithms from the expression task to maximise penalised log P. Additionally, we
incorporated the work from [20] (titled as SLBO-Zero) but under our limited data setting. We chose
SLBO rather than SW-LBO (input warping) as the latter’s performance matched that of SLBO which
has shown superior results overall (see Section 5.2). Figure 5 summarises our results conveying that
all algorithms except SLBO-Zero can indeed recover the logP scores from the Section 5.2 while
needing few (2437 in ST-LBO, 2596 for SR-LBO, and 2753 for SLBO) black-box evaluations in
total*. Again, we realise that ST-LBO” still outperforms other algorithms reducing total black-box
evaluation demands by = 11.5% compared to SR-LBO and by = 5% versus SR-BO. SC-LBO, on the
other hand, provides a competitive baseline to SLBO but underperforms compared to both SR-LBO
and TR-LBO. As expected, SLBO-Zero from [20] underperforms when data is limited, exhausting all
1000 iterations while attaining ~ 76% of the scores from Section 5.2. To the best of our knowledge,
this is the first recorded result of state-of-the-art penalised logP molecule values with thousands rather
than hundreds of thousands of total black-box evaluations.

6 Related Work

High-Dimensional Bayesian Optimisation: High-d BO schemes can be categorised into methods
based on embeddings and methods that rely on assumptions about the problem structure. The
foundational work on embedding-based methods was undertaken by [SO] where random embeddings
were used to scale Bayesian optimisation to a billion dimensions. This work was built upon in
subsequent work [51, 52, 53, 54]. Methods based on the assumption of additive structure in the
objective have also been widely applied [55, 56, 57]. Methods that rely on assumptions about the
problem structure include local modelling approaches such as TuRBO [58] or context-specific kernels

“By total, we mean all labelled data used to train the GPs, the VAEs in weighted retraining, and those
acquired during the BO steps.
>Please note that we append an “S” to the algorithms in Figure 5 to denote the semi-supervised setting.
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Figure 5: Regret results on topology and expression tasks and penalised logP in molecules.

[59] as well as methods based on deep kernel learning [60]. None of the aforementioned approaches
however are well-suited to high-dimensional and structured input spaces. Bayesian optimisation over
structured inputs such as strings [61, 62], graphs [63] and combinatorial inputs [64] is an active area
of research. Non VAE-based approaches however, lack the capabilities to generate novel structures
such as molecules [4] without invoking domain-specific engineering such as synthesis graphs such as
in [11]. VAE-based methods are prevalent [4, 5, 6, 7, 9, 20] yet suffer from the outstanding question
of how best to encourage label guidance, the problem addressed in this paper.

Deep Metric Learning: While many approaches aim to extend deep metric losses to regression
settings [65], we use this section to survey related work on combining deep metric learning with
VAEs. To the best of our knowledge ours is the first work to consider deep metric learning VAEs in
the context of BO. [38] use a triplet loss VAE tailored for classification tasks. [66] use a contrastive
loss under weak supervision with an application towards finding disentangled representations of
musical instrument sounds. The closest deep metric learning and VAE model to ours is that of
[39] where the authors use a continuous log-ratio loss [67] designed for prediction tasks. Although
handling continuous domains, the work in [67] heavily relies on data augmentation protocols that
assume knowledge of the black-box which challenges their direct application to BO.

7 Conclusion

We propose a method for high-d BO with VAEs using deep metric learning addressing the need
for discriminative latent spaces in VAE BO. We present a proof of sublinear regret for our method
and achieve SOTA performance on property-guided molecule generation. Importantly, in our semi-
supervised setting, we achieve comparable performance to previous results using just 1% of the
available labelled data. Future work could feature the exploration of different forms of metric losses
[67] as well as more principled objectives for molecule generation [68, 69, 70]. Our theoretical results
are predicated on an assumption of coverage over &* for VAEs. In future work, we wish to relax this
assumption and prove a PAC-Bayes generalisation bound. Lastly, we hope that the principles outlined
in this paper may be used to design VAE-based BO schemes that operate successfully in continuous
as well as structured input spaces, achieving the goal of high-dimensional Bayesian optimisation.
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A Derivations of Evidence Lower Bounds

In this section, we describe softening strategies for the triplet and contrastive metric loss functions
and provide derivations of the associated ELBO objectives.

A.1 Contrastive Loss VAE & Lcont.(+)

Contrastive Loss: For clarity, we repeat this section from the main paper. Most frequently en-
countered in classification settings, the contrastive loss aims to minimise the Euclidean distance
between inputs, e.g. images, of the same class whilst maximising the distance between inputs
of different classes. The features learned by contrastive loss deep metric learning have been
observed to improve generalisation performance in downstream classification tasks [22] a prop-
erty we hypothesise to be important in BO. Concretely, for two inputs (x;,¢;) and (x;, ¢;) with
c¢; and c; being class labels, a contrastive loss in its most basic form [36] can be computed as:
Leont.(-) o ||zi — zjl|q if c; = ¢ or Loont.(-) x max{0, p — ||z; — 2;|lq} if ¢; # ¢, where || - ||,
denotes a ¢ norm, z; and z; are latent encodings of x; and x;, and p is a tuneable margin that
defines a radius around ||z; — 2;||q. This Leent.(-) term is the one referenced in the main paper
in Section 3.1. Clearly, dissimilar pairs contribute to the loss only if ||z; — z;||; < p, otherwise
Leont.(+) = 0. This definition allows immediate extension to continuous class labels by assuming
¢ = ¢ if |f(x;) — f(x;)| < rand ¢; # c¢; otherwise, where r is a threshold parameter controlling
the granularity of class separation. Finally, in order to connect the value of the contrastive 10ss Leon(+)
with the magnitude of class mismatch [71], the associated margin is chosen as p; ; = | f(x;) — f(x;)|.
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Figure 6: Soft Contrastive Loss. The right figure shows the discontinuity in the original class
contrastive 10ss: Leone(+) o Ay if [f(x;) — f(x;)] < rand Leone(-) o ReLU(| f(2;) — f(x;)| — Az)
if | f(x;) — f(x;)| > r in the absence of the softening mechanism presented in equation (3). The
discontinuity appears for all values of A, when approaching the line |f(x;) — f(x;)| = r from
below, and for values 0 < A, < r when approaching this line from above. The softening mechanism
allows to make a continuous transition between these two regimes. As shown in Table 1 in the main
paper, smooth behaviour of the contrastive loss facilitates GP regression.

Soft Contrastive Loss: As shown in Figure 6, L. as defined above exhibits discontinuous
behaviour around the line | f(z;) — f(2;)| = r which can be detrimental for GP regression (cf Table

1 in the main paper.). To remedy this issue, we introduce two contrastive penalty measures Ccom 1( )
and L2 (+) defined as:

cont,2

L8 (2, z;) = ReLU {lmax{r AL} [min{r, AL} — Af]} L(a,<r}s (3)

cont, 1

cont,2

1
£(BO) (zi,z;) = ReLU HQ - min{r, Az}] [A; — max{r, Az}]} > 1ia;>ry

where 14y is a characteristic function for condition A ¢, A, = ||z; — z;]

v Af = |f (i) = f(z))I;
and » > 0 is a proximity hyperparameter. The first penalty measure Ecom 1(zi, z;) discourages
points to be distant in the latent space if their objective function values are close. The first factor
1 s max{r, A, } plays the role of a multiplicative weight, scaling proportionally to A, and allowing us

to tune the value Ewm 1(zi, z;) proportionally to A, . The second factor min{r, A,} — Ay imposes

a gradual change of the contrastive loss near the line | f(x;) — f(x;)| = r (cf. Figure 6). The function
E(BO)

cont.2(Zi, ;) discourages points to be close in the latent space if their objective function values
are distant. This function also comprises a multiplicative weight [2 — + mln{r A, }] that decreases
linearly for 0 < A, < r and a smoothing factor Ay — max{r, A,} which assures smooth behaviour
around the line |f(x;) — f(z;)| = r (cf. Figure 6). Combining these two measure gives a soft
contrastive loss over continuous support:
BO BO
Li—cogt(ziv zj) = ‘C((sont,)l (Z“ J) + ‘Ccont Q(Zi) zj)

Variational Soft Contrastive Loss: To construct the joint latent model for this contrastive loss
let us introduce a pair of Bernoulli random variables a;; and b;; for input points x;,x; € Dy,
such that a;; = L{jf(a;)—f(a;)|<r} a0d bij = L{|f(@,)—f(a;)|>r}- Given latent representations
Zi, 2j ~ qg(-|x;, x;) for input points x;, x; € Dy, respectively, we set probability distributions for
the random variables a;; and b;; to be:

(B
P[al.] — 1‘z27zj] — ccom 1(zi’z.7'),

P[bz_j == 1|Z1‘, Zj] L:C(onl 2(zi7zj).

‘Te. 1;4y = 1if condition A is met and 0 otherwise
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In other words, random variable a;; is more likely to take on the value 1 for latent inputs 2;, z; with
close function values (i.e. | f(x;) — f(x;)| < r) if the distance between these two points in the latent
space is small (i.e. A, <|f(x;) — f(x;)|). Random variable b;; on the other hand, is more likely to
take on a value of 1 for latent inputs z;, z; with distant function values (i.e. | f(z;) — f(z;)| > 7)
if these two points in the latent space are distant (i.e. A, > |f(x;) — f(x;)|). It is important to

note that the labelled dataset Dy, = (mg), (x S))>n 1 provides us with realisations of the random
variables A = (ai]>fv]N1 and B = (b 2]>m:1 for all pairs of input points :I:(l) (x;, ;). Merging

these realisations with the unlabelled data Dy = <w£ﬁ))m 1 for the joint log-likelihood gives:
logp6.0(Du Duy A, B) = 1o | p(Al=)p(Bl1)po (Dl po(Dulzup(aw)p(zv)dzdzy

where marginalisation is over the collection of latent points zj, = (zf)) _q and zy = (zﬁ,))%f 1-

Adopting the weight function w(z®")) oc f(2®) for labelled input datapoints ) € Dy, from [20]
and utilising a weighted log-likelihood formulation [72]:

log pg.0(DPu, DL, A, B) =
N

log l/g 11 [pe(fﬂg)|Z7(zl))pe(f($g))|zg)) zy) }
n=1

where G = {Hf\gglp(aﬂzf%)p(bﬂzf?)} " with w; j = w(x (l))w( 5 )and z() = (z M 0 ).

Z J
Introducing weighted variational distributions qg (21, zy|DL, Dy) = q¢ (z]L|D]L)q¢ (zy|Du),

w(z))
where g (21.D0) = T [a) (20 2)] " and g (201D0) = T 0y (=07 1l we
obtain:

w(z (1)
Hp" (2] 2)p( g))dzLdzU],

log pg.6(DPu, D, A, B) = log [/g H

n=1

w(@))
[pe(wg)szf))pe(f(wﬁ))IZS))p(ZS))] y
L 1 1
gy (= |)

I pel@ [2W)p(2) () ©
(U)( 7(7‘;)|w§7‘1)) qu (ZL|DL)Q¢ (ZU|DU)dZ]LdZU .

m=1
Using Jensen’s inequality:

1o | Pol@ [z )p(z) | o)
10gp¢,9(DU7D]LaA7 B) Z Z lOg q(U)(z(u)‘m(u)) q¢ (ZU|DU)dzU+

N ) My, M 1)
[ > wiation [p"("”” = }Sgﬁff;”f iz )] o (DL +
n=1 @ n n

[ 13 0 ot =m0 | o 2100

4,j=1
and rewriting using expectation operators and the KL divergence:

logp¢ o(Du, DL, A, B) >

z ) [E g (o oz po(@|20) + log po(f (@) =0)] = KL(a, (=) p(=1"))

U
.S (B0 0 ot lo8pa(@) 28] — KLgg” (=42 2)][p(=))] +

m=1
N,N

1 1
> i (B oty [0l + By g [lomelbul=))] ]

ij=1

21



Now, using the form of probability distribution for Bernoulli random variables a;; and b;; we have
(considering cases with a;; = 1 and b;; = 1, similar to [43]):

—l:(BO> ( (')_)
Ew_ o0 [log(p a2J|z ))} (1- a”)E B (20 o0 {log [1 — e Lo (2 H
q¢ (zz,j ‘mz,j) ( | )

(
BO 1
- azJqu‘)(zl(])J‘mEIL) |: cont, 1 i| = _qupu‘)(zq(l)”wflé) |:‘C£0nt,)1 (zz(,g):| )
(b;

(BO) (1)
]qu;)(zgl,_)ﬂmgl,?j) [log(p | ))] (1 — b”)E (u,)( (1)| (1)) {log |:1 —e€ ~Loon,2 (24 5 )H
BO 1
- bz‘qugo(zQ;‘m(l) [‘C((:om)Q( z(;)} = —quﬁ(zg‘]ﬂmg‘fj) {‘Cgont)Q(z(,z)} .

Combining these results gives the expression for the composite ELBO objective:

ELBOiea (¢, 0|Dr, Dy, A, B) =

weighted

Zw @) (B 20 o0, oz po (@l |20) + log po(£(2)|=0))] — KL(gy (]2 ) [p(=)
n=1

Comp, (+)

+Z[E © (01, [108lpo (@) 1250)]] — KL(Gy” (= 2() [p(=)))

m=

Compy (+)

- Z W;, jE (]L) (1)‘ (1)) [‘Cgliggt( (1)):| .

1,j=1

Comp con(-)

An inspection of the objective uncovers two familiar components: the term Compy(+) is the standard
variational ELBO objective [73] and Compy (-) is the weighted ELBO objective from [20] endowed
with black-box function observations. Finally, Comp, .., (-) is a novel contrastive loss-based amend-
ment responsible for the construction of the latent space.

A.2  Triplet Loss VAE & Lyipie(-)

Triplet Loss: For clarity we repeat this section from the background of the main paper. The
triplet 10ss Lyiple(-), differs from Leon (-) in that it measures distances between input triplets
rather than input pairs x;,z;. To define Cmple('), we require an anchor/base input (e.g., an
image of a dog) =), a positive input (e.g., a rotated image of a dog) (® and a negative in-
put (e.g., an image of a cat) (™. Given a separation margin p, we map to encodings z®,
z® and z™ such that: ||z® — z®)||, + p < ||z® — z™||,. Consequently, minimising
Luipte(-) = max {0, |[z® — 2P|, + p — ||2® — 2™]|,} yields a structured space where posi-
tive and negative pairs cluster together subject to separation by a margin p.

Soft Triplet Loss: As shown in Figure 7, the triplet loss Etriple( -) exhibits discontinuous behaviour
around the planes | f(x,) — f(x,)| = r and | f(x,) — f(2,)| = r, which can be detrimental for GP
regression (cf. Table 1 in the main paper.).To remedy this issue, we introduce a soft version of the
triplet loss function by considering the following penalty measure for a given latent anchor point z;
and z;, zj:

(BO) _ Af-A7
L wipie (21 25, 2) = log {1 tevs } WP @) g r & @) Sz @)
where AT = |z — zilly A7 = ||z — 2illy and w® = LUUEISE@D o -
f”(‘f(?)aﬁf’“)lfr) are weight measures associated with points @; € Dp(x;;7) and x), € Dy(xi;7)
n
respectively. f,(a) = tanh(a/27) is a smoothing function with 7 a temperature parameter such
that if lim,, o7, (0) = 1, Efi?p]e(zi, z;, zx) approaches the standard triplet loss. Intuitively, this
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(a) Triplet loss map as a function of negative pair embedding distance ||z, — z»|| and negative pair
label distance | f(za) — f(@x)| with (left) and without (right) incorporation of softening weights.
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(b) Triplet loss map as a function of positive pair embedding distance ||z, — zp|| and positive pair
label distance |f (o) — f(@p)| with (left) and without (right) incorporation of softening weights.

Figure 7: Soft Triplet Loss. The right figure shows the discontinuity in the original class triplet
loss given in the main paper by equation (2) in the absence of the softening mechanism presented in
equation (4). The discontinuity appears at the level | f(x,) — f(x,)| = 7 (tesp. | f(za) — f(xn)| =7)
corresponding to the limit beyond which @, (resp. ) no longer belongs to the set of positive (resp.
negative) datapoints with respect to an anchor point x,. The left figures demonstrates that the
softening mechanism enables a continuous transition between these two regimes.

function encourages points with similar function values to the anchor to be close to it and points with
dissimilar function values to be distant from the anchor. The weight w® o r — |f(x;) — f(=;)|
assigns higher weight for points in D, (;; ) that have close function values to the anchor f(x;) and
weight w™ o |f(x;) — f(xx)| — r assigns higher weight for points in D, (a;; ) that have distant
function values to the anchor f(x;). These weights allow us to smooth the penalty function around
the planes | f(x;) — f(z;)| = r and | f(x;) — f(zx)| = r (cf. Figure 7). Indeed, without w® and
w™, magnitudes of | f(z;) — f(z;)| and | f(z;) — f(=1)| do not affect the penalty measure and only
their relation to parameter r is relevant. Presence of weights w® and w®, on the other hand, allow
us to penalise points in the latent space based on the distance between their associated function values.
In particular, considering the limits lim | f(x;) — f(x;)| — r~ and lim | f(;) — f(xx)| — T the
penalty measure converges to 0 with the rate controlled by parameter 7.
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Variational Soft Triplet Loss: To construct the joint latent model shaped by triplet loss, for each
datapoint x; € Dy, we use the definition of positive and negative datapoints with respect to x;:

Dy(xi;r) = (@ € DL 2 | f(x;) — f(x)] <r) and
Dy(@i;r) = (@ € Du: | f(z:) — f(®)| = 7),

with r > 0 being a proximity hyperparameter. For each ordered triple of input points x;, x;, €3 € DL
we consider a Bernoulli random variable ¢; jx = 1| f(a)—f(x;)|<r&|f(z:)— f ()| >r}- Given the
latent representations z;, z;, 2k ~ ¢ (-, -, -|%;, €, xy) for input points x;, x;, x), respectively, the
probability distribution for random variable ¢; ; ;. is given as:

(BO
P[Ci>j7/€ = 1|zi7 Zj, Zk;] =e€ £ lnple(z“zJ’Zk))v

where £§ mple(zi, z;, Z)) is the softening triplet loss function for continuous support defined in
Equation (4). In other words, the random variable c; ;. is more likely to take on the value 1 for
the anchor point z; and points z; € Dp(x;;7),2r € Dy(x;;7) if point z; with a small function
distance | f(z;) — f(x;)| is much closer (i.e (i.e.Af < A7) to the anchor than point z;, with a large

function distance | f(x;) — f(@k)|. It is again important to note that dataset D, = (x O} fz (1))>

provides us with realisations of random variables C = (c; ;, k}fVJ]Z A{ for all ordered triplets :c(l) =

o .0 (1)> (u)y M

(x;,x;’,x, ). Combining these realisations with unlabelled data Dy = (xm YM_ | the joint

log-likelihood is given as (following marginalisation over latent points zj, = (z,@) N and zy =
(u)y M

< >m 1

log ps.6(Dr, Dy, C) = log / po(DL|21)ps (Cl2)pe (Dy|20)p(zu)p L) dzdzy

Adopting the weight function w(z") oc f(2") for labelled input datapoints () € Dy, from [20]
and utilising a weighted log-likelihood formulation [72]:

10gp¢ G(D]Lv DU) C) =

w@?) M
log [/H H po(x) |z )pe(f(x)20)p(2) } H po(xi[2{%))p( g))dZLdZU] :

where H = [Hf\;],z]\ip(cuﬂzz , J(l), S))} o with w; j, = w(x (1)) (xj))w(w,g)). Intro-
)

ducing weighted variational distributions g (21, zuy| DL, Dy) = q( (2|Dr)qg (zU|DU) where

n=1

w(z))
ay)(z/P0) =TI, [0 (V1) and 3 (20Py) = TThi_y df (27 |4) we have:

| | 1 wED)
po (@l |2 )po (f (@ “>|z”>p<z£)>] y
@, M
4y ( ‘33 )

T Po(@in lzi)p(=) () W)
M) (W) 1" (zLIDL)q,” (20| D) dzLdzy |-

log ps.6(Dr. Dy, C) = log l / #]] l

m=1
Applying Jensen’s inequality:
\zm )| o
log pg.6(Pr, Dy, C) _/Zlog (u)‘ (u)) q¢ (zu|Dy)dzy+
N 1) O] O]
po(xt |2 )pa (f (x4 )Iz )p(zn’) | @
/Z (mg))log[ (L) OTN0O) ( )(ZL|DL)dZL+
n=1 4y (zn’|@n’)
N,N,N
Z wz]klog[ ngk|zz ) ])7 (1)):| qg‘)(Z]L|D]L)dZ]L
i,j,k=1

24



and rewriting using expectation operators and the KL divergence:

logp¢ o(Dr,Dy,C) >

Z o) [Ey (o ) oz po(@|20) + log po (£ (@) =0)] — KL(g, (=) (=)

+z@@“%%@mmwﬁﬂfmﬁw [2)Ip(=))] +

m=1
N,N,N

2w (B a0 s o [orleanll. 20 2]

i,5,k=1

Now, using the form of probability distribution for Bernoulli random variables c;;;, we have (consid-
ering cases with ¢;;;, = 1, similar to [43]):

Eq((pl) (20,2 22, ) [log( (ciji |z1 ’ ZJ(I)’ ’9)))} -
BO 1 4l
B0 ial o (Ll 220
Combining these results gives the expression for the composite ELBO objective:

ELBO:"P (¢ 6|Dy, Dy,C) =

weighted

Z D) [E 0 20 o) logpo (@l |20) + log pa (£(2)[=))] — KL(gy (=] ) Ip(=)]

n=1

Comp (+)

M
+ 3 B ejat) [lolpo(@ )] - KL(ay” (=021) Ip(=(2)

m=1
Compy (-)
N,N,N
(BO) O] (l) (1)
- E w; ;. E 49 (=020 20120 ) [ﬁbmple( 2,27 ,2,)| -
i,7,k=1
Comps—lriplc )

An inspection of the objective again uncovers two familiar components: term Compy(-) is the
standard variational ELBO objective [73], and Compy (-) is the weighted ELBO objective from [20]
endowed with black-box function observations. Finally, Compy ;. (-) is a novel triplet loss-based
amendment responsible for the construction of the latent space.

A.3 ELBO Components of Experiments from the Main Paper

Briefly defined in the main paper, each acronym used in the experiments section corresponds to
a different experimental setting. Re-iterating here, we wish to provide specific description of the
component(s) constituting their respective ELBO as well as what components are used for pre-training
and retraining. Table 2 below summarises the information from the following paragraphs.

Note that settings SLBO, SW-LBO, SR-LBO, SC-LBO and ST-LBO are all semi-supervised involving
an ELBO that combines both Compy;(-) and Comp; (-) while only using 1% of the labelled dataset

DH{%. In our experiments, we chose to schedule the training with a focus on Compy;(-) alone initially
and then switch to Compy (-) as we gather new function value evaluations from the BO procedure.
Here, we append the newly-discovered points through acquisition maximisation with Di% when
retraining the VAE.

Also note that we have run the special SLBO-Zero setting in which we do not augment the ELBO
with component Compy; but only using (5) on D}”*. We wanted to check whether or not it was
possible to reproduce SOTA results with only 1% of the data and nothing else, i.e. without unlabelled
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points to train the VAE. From the results in the experiments section, we can see that in this extreme
setting, LBO as is does not recover its results in less than 1000 iterations of BO while being able
to do so in 749 steps on average when using Compy;. Of course, this itself further improves when
additionally augmenting Comps_mple() as shown in Figure 3 of the main paper.

Table 2: Components of the ELBO and corresponding dataset per setting.

Dataset ELBO

LBO DL (%)

W-LBO Dy, Q)

R-LBO Dy, Compy (+)

C-LBO DH_, (5) S Comps-cont(')

T-LBO D]L (5) D Comps—triple(')
SLBO-Zero D% (5)

SLBO D% g Dy (5) ® Compy()
SW-LBO D!* @ Dy (5) @ Compy(-)
SR-LBO  D!* @ Dy Compy () ® Compy(-)

SC-LBO Di* @ Dy (5) & Comp, () & Compy(-)
ST-LBO D/ & Dy () @ Comp ;e(*) © Compyy(-)

A3.1 LBO

The acronym LBO is used to describe the setting presented in [20] in which all the available labelled
datapoints Dy, are used to pre-train and retrain the VAE. Its ELBO is then simply the weighted ELBO
from [20] (i.e. Compy () without target prediction)

N
> w(@?) [ 0,0, lospo(@l]=0)] - KLgy (=) [p(=))] (5)
n=1

A3.2 W-LBO

The acronym W-LBO describes the same setting as LBO with respect to the VAE and its ELBO, i.e.
during pre-training and retraining we seek to minimize ELBO (5). The difference resides in the way
the surrogate model is built for the BO steps, as for W-LBO a parametrised input transformation
known as input warping is performed and tuned during the fitting of the other parameters of the GP
model. It is interesting to benchmark our approach against this method as it also acts on the model’s
input space (in our case the VAE latent space) and can be viewed as a space-shaping transformation
aiming to improve the surrogate model fit [74, 75, 76].

A33 R-LBO

This setting is similar to LBO but also uses target prediction. The ELBO used for R-LBO (Regression-
LBO) is then simply Comp; () both for the pre-training and the retraining. Note that Compy (-)
differs from standard VAE approaches that perform target prediction in that it makes use of the
weights.

A34 C-LBO

In C-LBO (Contrastive-LBO), as in previous settings, we have access to all the labelled points Dy, so
the ELBO used for pre-training and retraining is a combination of Compy () without target prediction
(5) and Comp, ., (+). i.e.

N
L
Z UJ(CE,ELI)) |:qu«) (27(11) \zg)) [logpg (wgzl) |zr(Ll))] - KL(QE}_’) )(z7(zl) |$S)) | ‘p(zv(zl))):| + Comps—conl(')
n=1
as defined above in A.1.
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A3.5 T-LBO
The ELBO used in the setting T-LBO (Triplet-LBO), both for pre-training and retraining, is

N
S w(@D) |E o o,0 logpe(xd]z0)] — KL(gy (z0]z0)]Ip(2{)| + Compy ().
4y (zn’ |n’) ¢ p

n=1

Indeed, we have access to all labelled points here as well so we use Compy () without target
prediction (5) in conjunction with Compy ;. (-) described in A.2.

A3.6 SLBO-Zero

In the setting SLBO-Zero we only assume knowledge of 1% of the labelled dataset to start with,
D}%. In addition, the VAE is trained from scratch on that initial labelled dataset prior to starting the
BO loop, using Comp; (-) without target prediction (5) as the ELBO. The VAE is then periodically
retrained on the initial points to which we add the datapoints collected during BO, using the same
ELBO component. Note that the "Zero" differentiates this setting from the following one where we
do not start from an untrained VAE but from a pre-trained one.

A3.7 SLBO

By SLBO we refer to a setting in which we pre-train the VAE using only unlabelled datapoints Dy,
i.e. using Compy(-) only. We then assume the knowledge of 1% of labelled points D}* and use
Comp (-) without target prediction (5) when retraining the VAE (including all input-target pairs
from the initial assumed dataset as well as all acquired points from the BO loop). Note that in the
following settings, we always, as is done here, pre-train the VAE on Dy using solely Compy(-) and
therefore only the retraining strategies differ. The "S" in the acronym stands for "semi-supervised"
and is used to differentiate settings where we start with a low amount of labelled data D]i% from the
previous ones for which Dy, is entirely observed.

A3.8 SW-LBO

The setting SW-LBO is the same as SLBO, it uses the same pre-training and retraining components.
The only differences appear in the surrogate model again, where we include warping on the input
space in the surrogate model.

A39 SR-LBO

In SR-LBO we pre-train the VAE on Dy using Compy(-) and start the BO procedure assuming, again,
only 1% of labelled data D}*. For the retraining of the VAE, we utilise the Comp; () component on
initial labelled points as well as acquired ones.

A3.10 SC-LBO

As previously stated, the same pre-training strategy is used here for SC-LBO as for SLBO and the
BO loop is also started assuming D} *. The VAE retrainings are then performed using the components
Comp (-) without target prediction (5) together with Comp, ., (-) on initial and acquired labelled
input-target pairs.

A3.11 ST-LBO

Finally, ST-LBO is pre-trained following the same setup as SLBO and starts the BO assuming D} %
as well. To retrain the VAE, the components used combine Comp; (-) without target prediction (5)
and Comps—triple(')'

B Experiment Setup

B.1 Task Descriptions

In this section we provide further details about each task described in brief in the main paper.
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B.1.1 Topology Shape Fitting

In this task we use the Topology dataset [46] which is a set of 40 x 40 gray-scale images generated
from mechanical parts. These images are categorised into 10’000 classes, each class containing 100
images of the same part at different stages of reconstruction/resolution. We select only the last or
best image for each class, leaving us with effectively 10’000 images in total in our dataset. Picking
one image at random and setting it as the target for all subsequent experiments, we seek to optimize
the cosine similarity cos(x, ') = zx’? /||z||||z’|| between a new point = and the target /. We use
a VAE with a continuous latent space of dimension 20 (i.e. Z C R?°) and a standard convolutional
architecture, alternating strided convolutional and batch normalisation layers.

B.1.2 Expression Reconstruction

Similar to [20] and [47] the goal is to generate single-variable mathematical expressions that min-
imises the mean squared error to a target expression 1/3 * x * sin(x*x) evaluated at 1000 values
uniformly-distributed between —10 and +10. The dataset consists of 100’000 such univariate ex-
pressions generated by a formal grammar using the GrammarVAE from [47]. The expressions are
first embedded to a 12 x 15 matrix following [47] and subsequently encoded to a continuous space
Z C R?5. Note that in our experiments we only use a subset of the total dataset as it already contains
the target equation. Ranking the points by their score, we take the bottom 35% of the dataset and
Nyooa equations sampled from the remainder, to which we remove the top 3% best points, i.e. we
sample No0q (= 5% of dataset) equations from the 65" -percentile to the 3"-percentile. In addition
to removing the best possible expressions from the dataset, this procedure also leaves a greater margin
for progression enabling us to compare the experimental settings and tested algorithms more easily.
We end up with 40’000 expressions in the dataset.

B.1.3 Chemical Design

Following [49], the goal of this task is to optimise the properties of molecules from the ZINC250K
dataset [48] where each molecule’s property or score is its penalised water-octanol partition coefficient
(logP). Molecules are represented as a unique SMILES sequence using a Junction-Tree VAE [49], a
state-of-the-art generative model for producing valid molecular structures. In this task the continuous
latent space used to represent the inputs is of dimension 56 (i.e. Z C R%5).

B.2 Phases of Experiments Explained

Each experimental setting is comprised of three steps. First a VAE is trained on a dataset to learn how
to map the original input space to a low-dimensional latent space and reconstruct points. Then before
starting the BO, we fit our surrogate GP model. Finally we run the BO loop. We give further details
on each step in the following.

B.2.1 Training the VAE

For the Topology and Expression tasks, we choose to train the VAE from scratch. In the molecule
task we start with an already-trained JTVAE [49] as performed in [20]. We train their respective
VAE with the desired ELBO components and dataset depending on the experimental setting (e.g.
with metric learning or without, with labelled or unlabelled data, with weights or without ...). This
model will then be used in the BO loop and will be updated as we collect new points. Based on the
results reported in [20] we choose to retrain every » = 50 acquisition steps. At each retraining, we
recompute the weights as explained in [20] with k£ = 1le — 3.

B.2.2 Fitting the GP

We use a sparse GP [77] with 500 inducing points trained on the Ny, points with higher score and
N;qnq points taken at random from the remainder of the dataset (the number of points varies across
tasks, see B.4). Inputs are normalised and targets are standardised in Topology and Expression task
but not in Molecule, similar to [20]. Finally the GP is trained from scratch after each retraining of the
VAE as targets can change but it is not retrained from scratch after each acquisition as we only add
one point to the dataset (and in turn only 50 points in-between each VAE retraining as » = 50) which
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saves time and computational resources in practice while ensuring a good model fit over regions of
the latent space populated with good points.

B.2.3 Running the BO Loop

To perform BO on the latent space we follow Algorithm 1 from the main paper and use Expected
Improvement [28] as an acquisition function. At each step, we acquire one new point by optimising
the acquisition function but before evaluating it on the black-box we check if it is already present in
the current dataset. If it is present, we perturb it or restart the iteration until we find a novel point that
is not already in our dataset. This scheme - applied to all experimental settings for the sake of fair
comparison - enforces novelty in our exploration and can avoid the optimiser becoming stuck at the
same point for multiple iterations.

B.3 Topology Latent Space Distance Histograms

We demonstrate the latent structure of the triplet VAE on the topology task when compared to the
model in [20] in Figure 8. Because of the nature of this task, similar inputs already have similar
scores as inputs are images and we optimise the similarity measure between each input and a target
image. Noticing this property, it is understandable that the latent space obtained by training a vanilla
VAE already exhibits some desirable structure, i.e. points with similar scores will be closer together
in latent space. Using metric learning (soft-triplet in Figure 8) encourages this structure even more.
From the figure we can visualise that points with higher scores have been clustered closer together in
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Figure 8: Latent space distances in the topology task

Z but also a potential negative effect; points with the lowest scores do not appear to be closer together
on average than to other points. Latent separation in this toy example is less evident when compared
to other scenarios and such an observation partially explains the similar regret results across many
algorithms.

B.4 Hyper-Parameters

For reproducibility, we now detail all hyper-parameters used across all experiments.

We do not include tables for subsequent settings SLBO-Zero, SLBO, SW-LBO, SR-LBO, SC-LBO
and ST-LBO as they are similar to the above, respectively. Of course, in the semi-supervised setting,
as we start from DH{%, we cannot have the same number of points to initially train our GP model so
we make use of all available data.

B.5 Analysis of other Hyper-Parameters & Generated Molecules

Weight and Margin Effects on Performance: In this section we collate all additional experiments
implemented. We choose to implement these experiments on the expression task as it is more complex
than a toy task yet does not carry the computational overhead of the molecule task. We compare the
hard and soft versions of the contrastive loss, we vary the threshold parameter p as well as the weight
parameter from the soft-triplet loss 7. Results are displayed in Figures 9 and 10.
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Table 3: Hyper-parameters of LBO and W-LBO settings on all tasks.

LBO W-LBO
Topology Expression Molecule Topology Expression
epochs 300 300 - 300 300
& k le-3 le-3 le-3 le-3 le-3
£ r 50 50 50 50 50
5| optimiser Adam Adam Adam Adam Adam
“é Ir le-3 le-3 le-3 le-3 le-3
m| Dbatch size 1024 256 - 1024 256
< it le-6 le-6 le-3 le-6 le-6
) snal le-4 0.04 le-3 le-4 0.04
e epochs 1 1 1 1 1
= k le-3 le-3 le-3 le-3 le-3
' g optimiser Adam Adam Adam Adam Adam
g Ir le-3 le-3 le-3 - le-3 le-3
ECJ batch size 256 256 128 256 256
> BKL le-4 0.04 le-3 le-4 0.04
inducing pts. 500 500 500 500 500
best pts. 2500 2500 2000 2500 2500
% rand. pts. 500 500 8000 500 500
kernel RBF RBF RBF RBF RBF
mean const. const. const. const. const.
transf. - - - Kumaraswarmy Kumaraswarmy
Acq. func. EI EI EI EI EI
optimiser LBFGS LBFGS LBFGS LBFGS LBFGS

Generated Molecules Depiction:

In Figure 11, we demonstrate molecules generated with our

method across the VAESs retaining phases. Figure 11 (a) shows the case when using the complete
dataset Dy, while Figure 11 (b) reiterate these results but only accessing DH{%. In both those cases,
we observe that T-LBO and ST-LBO are capable of significantly improving logP values beyond the
best molecules available in the dataset.

Expression - Contrastive

Expression - Triplet
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Figure 9: Comparison of the effect of parameter p and 7 across settings on the Expression task n the
same setting as in [20].
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Table 4: Hyper-parameters of C-LBO and T-LBO settings on all tasks.

C-LBO T-LBO
Topology Expression Molecule || Topology Expression Molecule
epochs 300 300 20 300 300 20
k le-3 le-3 le-3 le-3 le-3 le-3
off  optimiser Adam Adam Adam Adam Adam Adam
g Ir le-3 le-3 le-3 le-3 le-3 le-3
‘S| batch size 1024 256 1024 1024 256 128
2 Binit le-6 le-6 le-3 le-6 le-6 le-3
o ] inal le-4 0.04 le-3 le-4 0.04 le-3
< metric s-cont s-cont s-cont s-triple s-triple s-triple
> P 0.1 0.1 0.1 0.1 0.1 0.1
n - - - 0 0 0
Pretric 1 10 1 1 10 1
epochs 1 1 1 1 1 1
k le-3 le-3 le-3 le-3 le-3 le-3
o r 50 50 50 50 50 50
S| optimiser Adam Adam Adam Adam Adam Adam
-g Ir le-3 le-3 le-3 le-3 le-3 le-3
2| batch size 256 256 128 256 256 128
m| Bk le-4 0.04 le-3 le-4 0.04 le-3
<>t metric s-cont s-cont s-cont s-triple s-triple s-triple
p 0.1 0.1 0.1 0.1 0.1 0.1
n - - - 0 0 0
ﬁmetric 1 10 1 1 10 1
inducing pts. 500 500 500 500 500 500
best pts. 2500 2500 2000 2500 2500 2500
% rand. pts. 500 500 8000 500 500 8000
kernel RBF RBF RBF RBF RBF RBF
mean const. const. const. const. const. const.
Acq. func. EI EI EI EI EI EI
optimiser LBFGS LBFGS LBFGS LBFGS LBFGS LBFGS
Expression - Contrastive Expression - Triplet
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Figure 10: Comparison of the effect of parameter p and 7 across settings on the Expression task, in
the semi-supervised setting.

B.6

Hardware

For further reproducibility, we also provide details concerning the hardware we utilised in our
experiments. We report an estimation of the running time of training the VAEs in Table 6. All
experiments were run on a single GPU (either NVIDIA Tesla V100 or GeForce).
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Retraining: 0 Retraining: 1 Retraining: 3
Best score: 5.80 Best score: 11.38 Best score: 21.22

59,
&

Retraining: 5 Retraining: 7 Retraining: 9
Best score: 28.88 Best score: 28.88 Best score: 29.06

(a) T-LBO - Starting from all available datapoints Dy, the best molecule initially observed in the dataset
(displayed in the top-left corner) has a score of 5.80. Across acquisitions and retrainings of the JTVAE with
triplet loss, the best score increases reaching 29.06 after the final retraining (bottom right molecule)

Retraining: 0 Retraining: 1 Retraining: 3
Best score: 4.09 Best score: 5.27 Best score: 5.83

)

" . O~ | W,

RRNLRT
as

Retraining: 4 Retraining: 5 Retraining: 6
Best score: 5.83 Best score: 7.53 Best score: 29.14

ok

(b) ST-LBO - Starting with observation of only 1% of labelled datapoints D;”, the best molecule initially
available (displayed on the top-left corner) has a score of 4.09. Under this semi-supervised setup, our method
manage to recover T-LBO results reaching 29.14 after only 6 retrainings of the JTVAE with triplet loss
(bottom right molecule)

Figure 11: Evolution of the molecules obtained when applying T-LBO and ST-LBO to penalised
logP maximisation.
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Table 5: Hyper-parameters of R-LBO setting on all tasks.

Topology Expression Molecule
epochs 300 300 -
k le-3 le-3 le-3
%ﬂ optimiser Adam Adam Adam
'E Ir le-3 le-3 le-3
E|  batch size 1024 256 -
= wr le-6 le-6 le-6
i ) inal le-4 0.04 le-3
§ regressor MLP-128-128 MLP-128-128 MLP-128-128
Br 10 1 10
epochs 1 1 1
k le-3 le-3 le-3
o r 50 50 50
"Z| optimiser Adam Adam Adam
E Ir le-3 le-3 le-3
L| Dbatch size 256 256 128
2 BrL le-4 0.04 le-3
>| regressor MLP-128-128 MLP-128-128 MLP-128-128
Br 10 1 10
inducing pts. 500 500 500
best pts. 2500 2500 2000
&S| rand. pts. 500 500 8000
kernel RBF RBF RBF
mean const. const. const.
Acq. func. EI EI EI
optimiser LBFGS LBFGS LBFGS

Table 6: Average estimated runtime.

Task Average time
Topology 0.75h
Expression 1.5h
Molecule 30h

C Proof of Theorem 1

For clarity the proof of Theorem 1 is split into subsections. First, we describe the assumptions we
make for the black-box objective function and the encoder-decoder mappings. Second we provide the
proof of the sub-linear regret guarantees stated in Theorem 1. This proof will demonstrate that the
declared assumptions afford sufficient conditions for vanishing regret. Third, we provide necessary
conditions for vanishing regret by constructing an example black-box objective for which any latent
space Bayesian optimisation method achieves constant regret.

C.1 Assumptions

We state here the assumptions guaranteeing vanishing regret for Algorithm 1.

Assumption 1. Let us consider the black-box objective f(-) defined on the primal space X and its
latent counterpart fiueni(2) = Egeg,(.|2) [f ()] defined on the latent space via a decoder go(-|2).
We assume:

1. Each evaluation of the black-box function f(x) is subject to zero-mean Gaussian noise, i. e.

y(x) = f(x) +¢ where e ~ N'(+;0,02,.,).

2. The function fiaen(-) is smooth according to the reproducing kernel Hilbert space associated
with the GP squared exponential covariance function ksg(-,-) (cf [31]).
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3. The function f(-) is bounded, i.e. for any x € X we have | f(x)| < Gy for some constant
Gf > 0.

Assumption 2. Without loss of generality, we assume the following:

1. Given a dataset of observations Dz, = (z;, f(x:))X.,, the associated posterior variance for
J1atent(+)| Dz is lower and upper-bounded, i.e. there are constants g1, G1 > 0, such that for
Clny z 6 Z Uflmmr(z‘DZ) 2 gl and O-flazenr(z‘DZ) S Gl'

2. In the covariance function associated with the trained GP for function fiyen(2) for any
z € Z we have ksg(z,z) = 1.

3. The noise random variables ¢ ~ N (+;0, 02, ) which corrupt the black-box function evalua-

) ¥ noise
tions at each iteration { of BO are uniformly bounded by 0 ;s
Assumption 3. We assume that starting from some epoch { the decoder ge; (+|z) € P(X) improves
its recovery ability of the global maximiser x* = arg maxgzecy f(x) with all subsequent epochs, in
the sense that for any £ > £ for input x* the probability that it can be recovered by the decoder for
some latent input z' = 2'({) is increasing with epochs:

V0> 1, 32 =2'(0) € Z suchthat P [z ~ go: (-|2)] =1 — Y (),

. .. . . T Y(a)d

Sor some decreasing positive-valued function Y (¢) such that imrp_, 4 o w — 0.

Although the first two assumptions are standard in the BO literature (cf. [45]) the last assumption
is necessary to study the regret behaviour between outer epochs when encoder and decoder are
re-trained. This assumption presents the sufficient conditions for achieving sub-linear regret. In
section C.3 we provide the necessary conditions.

C.2 Proof of Vanishing Regret

In this section we present the proof of vanishing regret within the scope of Assumptions 1,2 and 3.
We start by fixing the stochasticity induced by all encoders and decoders up to epoch ¢ and study
the regret behaviour during ¢ consecutive steps of the BO procedure on this epoch. Then, using
assumption 3, we consider the effect of switching the encoder and decoder as a result of re-training.
Finally, we derive the optimal separation of the total evaluation budget B between outer epochs L
and the total number of BO steps q.

Let us consider all stochasticity induced by the encoder and decoder during epoch ¢. This can be
formally defined as following collection of independent random variables:

1. Stochasticity induced by the encoder when constructing the initial latent dataset Dz con-

sisting of points z1,...,2n, ,,¢ With N,_; being the size of dataset Dy, at the end of
the £ — 1" epoch. This stochasticity is defined by a collection of i.i.d random variables
STV G\

2. Stochasticity induced by the decoder when constructing the primal outputs corresponding to
new latent candidates during g steps of the BO procedure. This stochasticity is defined by a
collection of i.i.d random variables 1,0, . . . , 17¢,q—1 associated with the decoder.

For clarity, we denote the stochasticity defined by (i,...,¢{n,_, as Ay and share it across all ¢
steps of BO routine. We denote the stochasticity induced by 7,0, ..., 7¢,1—1 in the first £ steps
of the BO procedure as By, so Byo € B,y C ... C By ,—1 and combine these collections in
Uy ={A,..., A} and Vy ,, = {B1 4-1,...,Be_1,4—1,Be 1} - all stochasticity introduced by the
generative model for the first full £ — 1 epochs and first k inner iterations of BO look at #** epoch.
Following the definition of cumulative regret we define the notion of stochastic cumulative regret at
epoch ¢ as

q—1
Re(Up,Vig1) =Y f(@") = faem(Zen11(Us, Vi),
k=0
where * = arg maxzex f() is a global maximiser of the black-box objective, 2¢ 41 (U, Vi) =
arg max,ez api(2|Dz(Ur, Vo i) is the latent point obtained by maximising the the Expected
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Improvement acquisition function defined for observations Dz(Uy,Vyy)), and fiaen(z) =
Exn~gos (.12 Lf(@)] Given this definition, it is easy to see that the overall cumulative regret after
£

L epochs is:
L

Regret; ,((20x(UL,Vi,4-1))) = Z Ry(Ug, Vi g1).
=1

where due to the relation U, C Ugp and Vg, C Vg, 1 we have 2,,(Ur,Vr 1) =
205 (Up, Vo —1). To analyse the regret bound we first investigate the behaviour of the re-
gret Ry(U;, V;q-1). To do so, let us fix some realisation of all random variables collected in
Uz, V1. We denote these realisations as Uy, and V7, ;1 respectively. Note for these fixed
realisations, the dataset Dy, = Dz (UL, V5 4—1) at any inner iteration & consists of latent points
(defined by fixed U, C Uy, Vpr C Vi 4—1) and the corresponding black-box function evaluation
flxe s = ge: (20,13 Me.x)) distorted only by the observation noise €, ~ N(+;0,02..) (Assumption
1). Next, for a fixed realisations Ur,, Vr, ,—1 we establishe the following:

Lemma 1. Let 7,60 € (0,1) be the stopping criterion and confidence parameter in Algorithm 1.
Consider fixed realisations Uy, Vg 41 and let Assumptions 1,2,3 hold. Then, for any epoch £ > ¢
with probability at least 1 — 2qdy we have:

q—1

Z — fuatens(Ze 1 (U, Ver))) < g (0 Gy + O(/qlog™?? g), ©6)

where 2[’k+1(Ug, Ver) = argmaxzez ap(2|Dz(Us, Vok—1)) - is a latent candidate returned in
the k + 1" step of BO procedure that corresponds to observations Dz(Uy, Vi) associated with
observations Uy C Uy, and Vy j,—1 C V1, g—1.

Proof. Letxj(Y({)) = arg MaXg: 327 € 2 st. Ple~ggs (-|25)]>1-T(£) f (@) be the best primal point that
; >

can be recovered using the decoder at epoch ¢ with probability at least 1 — Y(¢). Assumption 3

guarantees that for any fixed Uy, Vi, collection {z : 3z € Z s.t. Pz ~ go; (-]27)] > 1 —T(£)} is

not empty, because at least * belongs to this collection. Moreover, by the definition of (1 (¢)) we

have:

z(Y(0)=a*, VU>T(
Hence, for any epoch ¢ > { we can write:

-1

Ri(Ue, Vig—1) = > (f(@") = fiawent(Zeo+1(Ue, Voi))) =

Q

k=0
(f(x") = f(2;(C(0)) + f(x(T(€))) = fratent(Zek+1(Ue, Vir))) =
k=0
q—1 q—1
(f(x") = f(x") + f(@") = fraent(Zeps1(Ue, Ver))) = > (f(®") = frawen(Zek11(Ue, Ver))) =
k=0 k=0

-1
(f(x") = & + &k — fraent(Zek+1(Ue, Ver)))
Agk(Ue,Ve,k) B,k (Ue,Ve,k)

Q

>
Il

0

where & 1, = &1 (Uy, Vi,1) is the maximum black-box function value observed so far (in the first &
inner BO steps ) at epoch ¢. Note that this value also depends on realisations Uy, V; ., but for brevity
we use &y i, for this value. Now, let us study each term separately.

1. Because * = (Y (¢)) can be recovered with probability at least 1 — Y (¢) we have that
| fraent(27) — f(2*)| < Y(£)G. Hence,

Ark(Ue, Veg) = f(x") =&k S TG + fraem(27) — Eok
Lemma 6 from [45] gives, that with probability at least 1 — §y for any z € Z:

ReLU(fiatent(2) = §e.k) — V' Bk frwener (2) < B poen (102 (U2 Vi 1) [RELU(fiatent (2) — Ee,1c)]

35



where for the squared exponential kernel ksg we have 8, = O (logd"’1 qlog® {%D,

U%mm . (2|Dz(Ue, Vi 1)) is the posterior variance associated with fiaent(-) based on ob-
servations Dz(Uy, V 1,). Hence, we have with probability at least 1 — dy:

Jatent (27) — Eek <
VB fuen 6 (22 1D2(U Vi) + B () (02, Vi ) [RELU (fratem (25) — €e,10)] <
V Bk funst k(25 D2(Us, Vo)) + agr(Ze 41Dz (Us, Vi) =2
 fraens k(20,41 (Ue, Vi) Dz (U, Vai) )W (80,1 (2o, k1 (Ue, Vir)))+
VB fnst 1 (2E D2 (Ue, Virr),

- - Btk (e k1 (Ue, Ve k) Dz (U, Ve k) —Ee ke
where we use notation sy (Z¢k+1(Us, Vo)) = o Gera (U Ve D2 (U Ve )

with p4066(2|Dz(Ue, Ve i) the posterior mean associated with fiuenc(-) based on ob-
servations Dz (U, Vi i), function v(s) = s®(s) + ¢(s) with ®(s), ¢(s) being c.d.f. and
p.d.f.of a standard univariate Gaussian respectively, in step 1 we use the definition of
20.k+1(Ue, Vo 1), and in step 2 we use the result of Lemma 1 from [45]. Hence, we can
bound the term Ay ;. (Uy, V2,1) as follows:

Aek(Ue, Vo) S YOG s+ v/ Br fen .k (271 D2(Us, Vi) )+
 fraent.k 2k 1(Ue, Vo) [ Dz (Ug, Vo) )V (50,1 (Ze k1 (Ue, Var)))-
with probability at least 1 — Jy. Hence, we have (with probability at least 1 — gdg ):

g—1 qg—1

> AU, Ver) <E YOG+ /B0 ek (27 [D2(Ur, Vi) +
k=0 k=0

qg—1

0 stk (20,011 (Ut Vo) | Pz (Ue, Vo) ) (s (Ze o1 (Ue, Ver))) <' qY(0)Gr+
0

>
Il

-1
aBalog g | <
10g<1 + O—[;)izse) k=0

where in step 1 we use the result of Lemma 7 in [45], Cauchy-Schwartz inequality. From

result of Lemma 9 in [45] it follows that for stopping criteria 7 < /- we have:

o

. G?
v(ser(Zek+1(Ue, Vir))) < 14 log <2W;2)

Hence, applying the result of Lemma 7 in [45], Cauchy-Schwartz inequality gives:

q—1 d+1 2
qlog™™ ¢ G1 >”
Ap (U, Vo) <qgY(0)Gr+ O —_— + [1+1 .
kE:O kU, Vo) < qY(O)Gy log(1+0mie)] { Bq [ og (27”2

(7
with probability at least 1 — ¢dp.
. For the term By, (Uy, Vp,1;) we have, with probability at least 1 — dg:
Bek(Ue, Ver) = Eek — Mfigen, b,k (Zekr1(Ue, Vor) [ Dz(Ue, Vo)) +

e fraens bk (20,541 (Ues Ve )| Dz(Ue, Vai)) — fraient(Ze,e+1(Ues Vi)

. - S P ok (B k41 (U, Ve ) Dz (Ue, Ve i )) —6e k.
Using definition of s (2 k+1(Ue, Voi)) = lrlrf:mm,z,k(2e,k+1(Ue,w,k)\Dz(Uz,Ve,k)) , Te-

sult of Theorem 6 in [78], and the fact that v(s) — v(—s) = s we have:
Bo (U, Var) <" €ok = tpnen .k (Zees1(Ue, Vo) P2 (Ue, Vi) +
VB fenste (Zea 1 (U, Ve 1Dz (Us, V) =2 =06 (Ze41(Ur, Vi)
O fuent k(2051 (U, Vi) 'P2(U, Vi) + v/ BrO fuuentk (Ze 11 (U, Vei)| Dz (Us, Vi)
= [V(=sen(Zenr(Us Ver)) + VBx = v(sen (e (Ue, Vea)))] %
O etk (20 k41(Ue, Vo i) [ Dz (Ue, Vo))
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Hence, with probability at least 1 — gdg we have:

q—1 q—1
> Bun(Ue, Vir) € 0 et (ki1 (Ue, Vo) [Dz(Ue, Vi) X
k=0

k=0
[V(*Sz,k(ﬁe,kH(Ue, Vik))) + v Br — v(ser(Zek+1(Uss Vf,k)))} <!
1

q—

G?
> 0 etk (Ze k1 (Ue, Vo) D2 (Ue, Vi) [\/ +2 [1 + log (
k=0

:)]] <

a2 \11°
Va Z O fuamst e Zeit1 (U, Vi) Dz (Ue, Vew)) {VﬁquQ[lHOg(?W;Q)” <

k=0

qg—1
G2
R 2 1
Va 3Zafﬁmmhz,k(zé,k-ﬂ(UZaVZ,kHDZ(Uéa Ver)) [ﬁq +8 [1 + log (W)”

k=0

where in step 1 we use the result of Lemma 9 in [45] (for stopping criteria 7 < /), in
step 2 we use the Cauchy-Schwartz inequality, in step 3 we use (a+b+c)? < 3(a?+b?+c?).
Applying the result of Lemma 7 in [45] eventually gives

o1 d+1

G2 log q
S Bua(Us, Vi) < | 3 | By +8 |1+ log? 1>H0 °
k=0 Z’k( ¢ Z’k) - q |:ﬂq+ [ o <27T7'2 IOg(1+0nolse) ( )

with probability at least 1 — ¢dg.

Combining results (7) and (8) and using an asymptotic rate for 5, = O(logd+4 q), gives
q—1
D (&) = faem(Zeri1 (U, Ver))) < qX(0)G + O(/qlog" 7 q)
k=0
with probability at least 1 — 2¢do. O

Using the result of Lemma 1 for any realisation Uy, V7, ,—1 with probability at least 1 — 2Lgd we
have:

L -1 L
Regret, (204 (UL, Vig-1))¢i) = > Re(Us, Vig—1) = > Re(Up, Vig1) + > Re(Up, Vig—1) <'
=1 =1 =0
~ L ~ L
290G (0= 1)+ Y Ri(Up, Vig-1) <% 2qG({ = 1)+ qGy Y T(0) + O(Ly/qlog™*? q) <*
=0 =0

_ [ T(a)da {B 4405 ]
20G(f — 1) +GBLO " 1 0| = logh?5 4| .
qGy(t—1)+ Gy 7 NG g q

where in step 1 we use Assumption 1, in step 2 we use L — / < L = & in step 3 we use that for

decreasing positive valued function 37 i T() < S 1Y) < fo da Because these result
holds for any realisation of Uz, V, ,_1 we have, that with probabﬂlty at least 1 —2Lqgdy:

X L. > fOL Y(a)da B d+2.5
RegretL’q(<z1g,k(UL,VL7q_1)>e7’k) < 2qu(E — 1) + GfBT + O % log g

Hence, for the averaged cumulative regret:

2G5 (0—1)

1 N
BRegret; (204 (Ur, Vg-1))id) < =5 s

B

logd+2.5 q
Va
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1
J422 1 Y (a)da

Choosing ¢ = [B#] and applying that limg_, oh
3

— 0 (due to Assumption 3) gives:
lim — Regret; ((206)00) =0
B—oo B L.q itk

with probability at least 1 — 2Bdy. Finally choosing § € (0, min{1, 25y B}) establishes the statement
of the theorem.

C.3 Necessary Conditions for Vanishing Regret

According to Theorem 1 we see that Assumption 3 provides sufficient conditions for vanishing regret.
In this section, we study the necessary conditions for vanishing regret.

Let us consider an underlying black-box function defined over a bounded input space X with a unique
global maximiser * and maximum value f(a*) isolated from the rest of the range of function f(-), i.e
Je>0: f(x*) — maxzex\ (2} f(T) = c. Assume that the optimal point * cannot be recovered
by the generative model in the sense of Assumption 3. In other words, assume that among any number

of epochs indexed from 1 to L, there is a collection of indices V(L) = {f/l, ZIQ, e ‘ V(L) ‘} such that
as limy, o |[V(L)| = oo, and on these epochs the Assumption 3 does not hold for global maximiser
"

VO €eY(L) Vz€ Z P|a* ~go,(|2)| <o

for some positive constant ; € (0, 1).Then, for such epochs we have:
flatent(z) - Emwggﬁ,(,\z) [f(m)} < 51f(.’13*) + (1 - 51)(f(£13*) - C) - f(:B*) - C(]- - 51)3 VzeZ

Hence, for epochs ¢; € V(L) we have f(2*) — fiueni(2) > ¢(1 — 8;) for all z € Z. Hence, for the
cumulative regret over L iterations we have:

L q—1
Z [f(.’l]*) - flatem(ﬁé,k')] =
£=1 k=0
[V(L)| g—1 q—1
{f(m ) flatem ] + flatent( )] 2
i=1 k=0 2¢Y(L) k:O
[V(L)| g—1
S S [F@) — fuenlr )] = aD(L)let = 61)
i=1 k=0
Hence, for the average cumulative regret we have:
L g—1
V(L
ZZ flatent(zé k)] > | (L )|C(1 — (51)
£=1 k=0
Now, if limy,_, o LLL” = h for some h > 0, we have that the average cumulative regret is not

sub-linear. In other words, the necessary condition to guarantee sub-linear regret, is to ensure that the
portion of epochs Y(L) is asymptotically small in comparison with L, i.e. |Y(L)| = o(L).

D Broader impact

With reference to the NeurIPS ethics guidelines, the work presented in this paper is liable to impact
society through deployed applications rather than as a standalone method. From an application
perspective, our contribution may be summarised as an improvement to the state-of-the-art in high-
dimensional Bayesian optimisation over structured input spaces. A stark and topical example of
such a problem, at the time of writing, is the search for antiviral drugs for the COVID-19 virus
[79]. Indeed, the gravity of the current global crisis underlines the importance of high-dimensional
optimisation problems over structured inputs such as drug molecules as well as the need for sample
efficiency to expedite the resolution of the crisis. Given that our method may garner use in a range of
fields, here, we choose three case studies to illustrate potential positive and negative impacts of our
research:

38



1. Molecule and Materials Discovery: Bayesian optimisation methodologies hold great
promise for accelerating the discovery of molecules and materials [80, 81, 82, 83, 84, 85].
That being said, the societal effects of novel molecules and materials may range from
decreased mortality due to a more diverse set of active drug molecules to a broader array
of chemical and biological weapons. On this latter point, as with previous work on high-
dimensional Bayesian optimisation [20], we would hope due to additional demands on
scientific infrastructure that our machine learning technology alone would not be sufficient
to incite individuals to commence production of weapons.

2. Machine Learning Hyperparameter Tuning: Machine learning model hyperparameter
tuning is a relevant use-case for Bayesian optimisation in the machine learning community
[3, 76, 86, 87]. As with molecules and materials, machine learning models may have
positive and negative consequences for society. In this respect, we would again hope that
our technology will not stimulate individuals to use their models for nefarious purposes, but
rather at worst, will accelerate their ability to do so.

3. Military Applications: Bayesian optimisation is also used in robotics and sensor placement
systems [88, 89] with use-cases for military drones and UAVs. In similar fashion to the
previous applications, these technologies may be misused to incite warfare but may also be
beneficial for defence and counter-terrorism purposes.

Concern for unfavourable economic impacts of our research due to unemployment may arise in a
number of domains [90]. Our methodology holds promise to expedite the automation of industrial
processes such as mining, reaction optimisation and nuclear power generation, potentially resulting
in the loss of jobs for mining professionals, engineers and technicians. This being said, it is important
to balance the negative impacts of temporary unemployment against benefits due to climate change
mitigation for example, an undoubtedly important long-term consideration for the global economy.
Bayesian optimisation is already a core component in self-driving laboratories [91] created with the
explicit goal of discovering renewable energy materials [92] such as perovskite solar cells [93]. As
such, we would hope that over a long time horizon our contribution will be a net force for social
good.

E Additional Background and Related Work on Deep Metric Learning

In this section we discuss additional background and related work in deep metric learning. Due to
space constraints in the main paper, we target our discussion there towards VAE-based deep metric
learning. Here, we provide a short overview of the development of deep metric learning.

The performance of many machine learning algorithms critically depends on the availability of an
informative metric over the input space [94]. The definition of such a measure is far from trivial
especially in high-dimensional domains where standard distances tend to convey sub-optimal notions
of similarity. As such, the search for the “right” metric has gained considerable attention leading to the
development of numerous algorithms which according to [95] can be categorised into dimensionality
reduction based [96, 97, 98, 99, 100], nearest neighbor specific [101, 102, 103, 104], and information
theoretic techniques [105, 106, 107, 108, 109]. Most of those methods learn a form of a Mahalanobis
distance [110] by employing a linear transformation of the input space and then optimising a task
specific loss function, e.g., maximising class separation in linear discriminant analysis [97], or
minimising expected leave-one-out errors in neighborhood component analysis [102].

Although early works on metric learning concentrated on linear methods, such models have shown
limited separation capability when applied to nonlinear structures like those considered in this
paper [111, 112]. Amongst many works attempting to remedy those limitations, e.g., kernelisa-
tion [113, 114, 115], and localisation [112, 116, 117, 118], in this paper, we focus on deep metric
learning methods which have shown outstanding performance in a variety of fields such as textual
entailment classification [119], image retrieval [120], and reinforcement learning [121]. While deep
metric learning originally garnered acclaim in classification domains, there is an extensive literature
focussed on extending deep metric learning to regression problems [67, 122, 123]. In addition, there
is much work on augmenting triplet and contrastive losses for new problem domains [124, 125].
As such, the incorporation of deep metric learning methodologies for Bayesian optimisation would
appear to be timely.
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