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Example
The writer monad Wr for lists over a set C has:
object mapping Wr : Set — Set WrX =ListCx X
unit functions nx : X — WrX nxx = ([],x)

multiplication functions px : Wr (WrX) — WrX  pux (s, (s2,x)) = (s1 + 82, %)



Example

The writer monad Wr for lists over a set C has:
object mapping Wr : Set — Set WrX =ListCx X
unit functions nx : X — WrX nxx = ([],x)
multiplication functions px : Wr (WrX) —» WrX  px(sg, (s2,%)) = (s1 + 52, %)

We can grade this by

> natural numbers e € N, to get a graded monad WrL:
WrL e X = List<,Cx X n:X—>WrL0X 1 WrLe; (WrL ey, X) — WrL(e;+e3) X
> subsets e C C, to get a graded monad WrS:

WrSeX =Liste x X n:X—->WrS0X 1 WrSe;p (WrSe, X) — WrS(e; Uey) X



Example

The writer monad Wr for lists over a set C has:
object mapping Wr : Set — Set WrX =ListCx X
unit functions nx : X — WrX nxx = ([],x)
multiplication functions px : Wr (WrX) —» WrX  px(sg, (s2,%)) = (s1 + 52, %)
We can grade this by
> subsets > C ListC, to get a graded monad WrC:
WrCEX =3 xX n:X—->WrCJX 1 WrC3 (WrC 2, X) —» WrC (2, @ 3,) X

where
J=A{[l} 183 ={s;Hsy |81 €2, €2y}



Example

WrC is the canonical grading of Wr:

> WrL is
N LN P (List C) [Set Set]
where
Fe =List<,C C ListC
> WiS is
PC LN P (List C) [Set Set]
where

Fe =Liste C ListC



This work

More generally: given
> a (skew) monoidal category D (e.g. [Set,Set])
> a class M of D-morphisms (e.g. componentwise injective natural transformations)

» a monoid T in D (e.g. any monad on Set)
satisfying some reasonable conditions, we have

> a notion of M-grading of T
» T has a canonical M-grading

> every other M-grading factors through the canonical one



Grading objects

Given
> a category D
> a class of D-morphisms M
> an object T € D

an M-grading (G, G,g) of T is:
> a category G of grades
> with a functor G: G — D

> and a natural transformation
ge : Ge > T

whose components are in M

Example: writer monad
D = [Set, Set]
M = componentwise injective nat. transformations
T =ListC X (-)

G=(N,<)
Ge = List<.C X (—)
gex = A(s,x). (s, x)



Canonical gradings of objects

The canonical M-grading of T € D has:
> category of grades M/T: a grade is a pair (S,s), where s : S>> T is in M
> functor Tp(: (S,s) > S: M/T —- D
> natural transformation gss) =s: G(S,s) > T

Universal property:

for every other grading (G, G, g) of T, there is an G

essentially unique functor F : G —» M/T with Pl G
isomorphisms Ge = T(Fe) for all e, commuting with voo=

the natural transformations MJT iy D

In other words: M/T is pseudoterminal in a 2-category of M-gradings of T



Some examples

When D = [Set, Set], M = componentwise injective nat. transformations,
canonical grades are subfunctors S <— T

> For T =1d:
M/T ={L <T} TmLl=0 TyT=I

» For T = ListC X (-):

M/T = (P (ListC), C) Tpm (2 C ListC) =2 X (-)



Some examples

If T=V = (-) (for a set V), subfunctors S < T are equivalently upwards-closed sets

> C Equiv
vy ’ReZzR’ethenevengR’

of equivalence relations of V, via
5 = {R € Equivy, | [-]g € S(V/R)}
and these give a canonical grading

TMEX={f:V—>X|3ReX.Vu,0.0RV = fo=fo'}



Graded monads [Smirnov '08, Mellies '12, Katsumata '14]

> A monad on C is a monoid in ([C,C],Id, o)

> A (G,I,0)-graded monad on C is a lax monoidal functor
T=(T.n.p: (GLO) - ([C,ClId o)
Explicitly:
T:G— [CC] nx : X — TXI Heve,x : Ter(TexX) — T(eg © e3)X
Example:

WrL e X = List<Cx X n:X—>WrL0X p:WrLe; (WrL ey X) — WrL(eg+e3) X



Grading monoids

Given
> a monoidal category (D, |, ®)
> a class of D-morphisms M
> a monoid T in D
an M-grading (G, G,g) of T is:
> a monoidal category G of grades

» with a lax monoidal functor
G:G—->D

> and a monoidal nat. trans.
ge :Ge > T

whose components are in M

Example: writer monad
(D,1,®) = ([Set, Set],1d, o)
M = componentwise injective nat. trans.

T = ListC X (=) (a writer monad)
G = (N, <), with addition

Ge = List<.C X (—) (a graded writer monad)
Jex = As,x). (s, %)
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Canonical gradings of monoids

If
» T is a monoid in (D, |, ®)

then D/T forms a monoidal category:

J=(=n

| — T 7T

and

forms a monoidal functor

(S,s)m(S,s") = (S®S5,(s®s")opur)

S8Ss S TeT 3T

(S,s)—>S: D/T - D
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Canonical gradings of monoids
If

M/T
» T is a monoid in (D, |, ®)
> M forms a factorization system (&, M) LT"\[
» & is closed under ® on both sides D/T
then M/T forms a monoidal category:
J=L(ILn) (S,)m(S,s)=L(S®S,(s®s") o pur)
| — 7 T Ses =2 TeT —£y T

SN s

(S,s) » S: M/T —-D

Ssms
and

forms a lax monoidal functor
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Canonical gradings of monoids

The canonical M-grading of a monoid T in (D,l,®) has:
> monoidal category of grades M/T
> lax monoidal functor Tp: (S,s) —» S: M/T —- D

> monoidal natural transformation g(ss) =s: G(S,s) = T

Universal property:

for every other grading (G, G, g) of the monoid T, G

there is an essentially unique lax monoidal Pl : G

F:G — M/T with isomorphisms Ge = T(Fe) for all Y o=

e, commuting with the natural transformations MJT Th D

In other words: M/T is pseudoterminal in a 2-category of M-gradings of T
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Example: writer

Take
> D = [Set, Set], with endofunctor composition
> (&, M) = (componentwise surjective, componentwise injective)

> T is a writer monad

T = ListC X (-)
Then:

» Subfunctors S < Wr are equivalently subsets ¥ C ListC via
% ={s € ListC | (s,%) € S1} SX ={(s,x) eListCx X | s € X}
So the canonical grading is P (ListC) with

T (P(ListC), ©) — [Set, Set] TmEZ=2x(-)
J=A[1} T18 3= {s1 452|581 €2y,8 € Iy}
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Grading by sets of shapes

For D = [Set, Set], there is also a factorization system

& = natural transformations a such that «; is surjective

M = cartesian natural transformations & such that a; is injective

satisfying
MJT =~ (P(T1),9)
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Summary

Given a suitable class M of morphisms, every monoid T has a canonical M-grading
Tm: M/T—->D

G
FEONG
M/TT—>D
M

In particular, we can canonically grade monads (and algebraic operations for them)
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