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Here is a simple model for a single bottleneck link shared by several TCP Hows. New flows arrive
at random times, and each flow has a random amount of data to send, measured in Mb. The flows
share the link fairly: when there are n flows, they each get thronghput C/n where C is the link

speed, measured in Mb/s. Once a flow’s data has all been sent, the flow departs. For example,

over a period in which five flows arrive, we might see the following:
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DISCRETE-TIME 5IMUL/+T°K) ALSO CALLED SLOTTED-TIME

timestep = 8.1
activeflows = []
simtime = @
while True:

n = numnewflows(timestep)
for i in range(n): activeflows.append( randomfilesize() )

throughputperflow = C/len{activeflows)
activeflows = [sizeleft - throughputperflow*timestep for sizeleft in activeflows]

activeflows = [sizeleft for sizeleft in activeflows if sizeleft<=8]

simtime = simtime+timestep
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EVENT -DRIVEN SIMVLATOR

activeflows
simtime = @
nextarrival
while True:

[]

Tirst scheduled arrival time

throughputperflow = C/len{activeflows)
nextdeparture = simtime + min{activeflows)/throughputperflow

elapse = min({nextarrival,nextdeparture) - simtime
activeflows = [sizeleft - throughputperflow®elapse for sizeleft in activeflows]
simtime = simtime + elapse

if nextarrival<nextdeparture:
activeflows.append( randomfilesize() )
else:
activeflows.removesmallest()
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simtime = @
delta = 8.681
n = initial number of flows
while True:
currentdrift = drift({n)
n =n + delta*currentdrift
simtime = simtime + delta
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Congestion Avoidance and Control”

Van Jacobson'
Lawrence Berkeley Laboratory

In October of *86, the Internet had the first of what became a series of ‘congestion col-
lapses”. During this period, the data throughput from LBL to UC Berkeley (sites separated
by 400 yards and two IMP hops) dropped from 32 Kbps to 40 bps. We were fascinated by
this sudden factor-of-thousand drop in bandwidth and embarked on an investigation of why
things had gotten so bad. In particular, we wondered if the 4.3B5D (Berkeley UNIX) TCP
was mus-behaving or 1f 1t could be tuned to work better under abysmal network conditions.

The answer to both of these questions was “yes”.
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1. PolsSsoN PRO(ESS

stowt

A sequence of events is called a Poisson process of rute A if the times between events are
independent Exp(A) random variables, and so is the time until the first event.

It is appropriate to use a Poisson process to model event times in systems which have
a large number of independent agents, each of which may trigger events — call start times
on a telephone network — web-browsing sesssion start times (though not page requests) —
deaths by mule-kick in Napoleon’s army — packet arrivals at a core Internet router with
many flows (though not at an edge router) — radicactive particle emissions from a chunk
of radicactive matter — See Pazson and Floyd, The failure of Poisson modeling, for the
situations in which a Poisson arrival model is appropriate.

(i) The Poisson process is memoryless. That is, if T turn up at some arbitrary point in
time, the wait until the next event is Exp(i).
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(ii) There are on average A events per time unit. This is why A is called the rate of the
Process.
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(iii) The rate parameter A has units sec™!, min~! ete. Rescaling time is equivalent to

multiplying A. For example, a Poisson process of rate 2/sec is the same as a Poisson
process of rate 60/min.

Tang Aerivey /VJVV\ o s(MN\y IWOFV? Jf e E'xramy»h‘wf dyerihufon
;/' X~E>¢p0\\ Hhen aX ~5)((> A/”‘,.

(iv) Let N be the number of events in an interval of duration A. Then

(M}re—m
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PN =r)= . EN =3AA VarV = AA.
This is called the Poisson distribution. Do not confuse the Poisson process (the entire
collection of all arrival times) with the Poisson distribution (the mumber of arrivals in

a given interval).
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(v) If flies arrive as a Poisson process of rate A, and each independently has probability p
of landing in my soup. then the arrival process of flies to my soup is a Poisson process
of rate Ap. This is called thinning.

If flies arrive as a Poisson process of rate A, and wasps arrive as a Poisson process of
rate u, then the arrival process of insects is a Poisson process of rate A+ pu. This is
called superposition.
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(vi) Poisson Arrivals See Time Averages (PASTA). This means that, for a stable system
with Poisson arrivals, the time-average state distribution o’ and the user-average state
distribution & (described in §2.2) are equal.
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This is a simple model for a single bottleneck link shared by several TCP flows, or for a
single CPU shared by several tasks.

Let new jobs arrive at average rate & jobs/sec, and let the average size of each job be
m units of work. The jobs share the resource fairly: when there are n jobs, they each get
served at rate C/n, where C is the service rate of the resource measured in units/sec. Once
a job’s work has been completely served, it departs.

This system is stable if p = Am/C < 1 and unstable if p > 1. If arrivals are a Poisson
process of rate A and job sizes are independent and p < 1, then the equilibrium distribution
is

P(num active jobs =r) = (1—p)p".

2 ERLANG L INK

This is a simple model for a link in a circuit-switched telephone network, i.e. a network in
which each call takes up a fixed amount of capacity and lasts for a given duration regardless
of the other calls in the system.

Let new jobs arrive at average rate A jobs/sec, and let the average job duration be m sec.
If a job arrives to find that C jobs are already present, then this job is blocked i.e. it is not
admitted to the system. Otherwise it is admitted, and it remains in the system for its full
duration.

This system is always stable. If the arrivals are a Poisson process of rate A, then the
equilibrium distribution is
p/r!
Liopi/it

By the PASTA property, the probability that an incoming job is blocked is equal to the
equilibrium probability that there are C jobs active, and this is

pe/C!
i op'/it’

P(num active jobs =r) = where p = Am.

blocking prob = E(p.C) =

If you itry to compute E(p,C) naively, you'll run into problems with numerical overflow.
To aveid this, note that

_ o pf/er ePpfier BP(X=0)
E(p.C) = Yo pi/it ¥S jerpifit PX <)

You can probably find library functions for P(X =C) and P(X <&). In Python,

where X ~ Poisson(p).

import scipy.special

# pdtr({k,A) gives Prob(X<k) where X~Poisson (A)

def dpois(p.C): return scipy.special. pdtr(C.,p)—scipy.special.pdtr{C—1.p)
def erlang(p.C): return dpois(p.C)/scipy.special.pdtr(C,p)

N
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Consider a classic first-in-first-out queue, with an infinite buffer. Suppose that jobs arrive
as a Poisson process of rate A and that job service times are Exponential random variables
with mean m. This is stable if p = Am < 1. If so, the equilibrium distribution of the number
of jobs in the system (including the one being served at the head of the queue) is

P(r jobs in system) = (1 —p)p".

Now suppose instead the queue has a finite buffer of size B, and that when it is full then
incoming jobs are dropped. The equilibrium distribution is

1 _ r
P(r jobs in system) = %.
Bv the PASTA property, the drop probability is
. 1—p)p”
P{job dropped) = %.

These equilibrium formulae only apply to Poisson arrivals and Ezponential job sizes. In
some other systems, the formulae apply to Poisson arrivals and any disiribution of job sizes.
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L OPEN AND cLOSED WORKLOAD MGDE(S
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Here are two simple models for demand, in a system with unlimited capacity. It's useful to
have an idea of how much total demand there might be, so yvou can do a quick rule-of-thumb
estimate of how much capacity yvou'd need to give near-perfect quality of service.

- Open workload model. Let jobs arrive as a Poisson process of rate A jobs/sec and have
mean duration m sec. The equilibrium distribution of the mumber of active jobs is
Poisson with mean Am.

. Closed workload model. Let there be a fixed population of n users. Suppose each user
alternates between idle and active, and that the mean active time is b and the mean idle
time is i, and that users are independent. The equilibrium distribution of the number
of active users if Bin(n,b/(i +b)).

More generally, an open model is one in which there is an infinite population of possible
jobs and job arrivals are independent of the state of the system; all the models in the
preceding sections have been open models. Open models are appropriate for e.g. telephone
calls, or packets at a large Internet router.

A closed model is one in which there is a finite population of jobs, and they move between
different states. We will analyse these in §3. Closed models are appropriate for e.g. a pool
of worker threads at a web server, or a local network with a small number of hosts.
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