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notes2--markov.py 1of1

import random

def randomselect(p):

r = random.random()
i=0
d = p[0]
while r>d:
i = i+l
d = d+p[i]
return i
p = [[-8,.2,0,0],
[0,0,.8,.2],
[-3,0,.7,0],
[0, -5,.5,01]
trace = [0]

for i1 in range(1000):
s = trace[-1]
Jumpprob = p[s]
nexts = randomselect(jumpprob)
trace.append(nhexts)

visits = [0 for i in p]
for s in trace:

visits[s] = visits[s]+1
print visits

print [v/float(sum(visits)) for v in visits]

def markovchain(p,s=0):
while True:
yield s
s = randomselect(p[s])

X = markovchain(p)

import collections

visits = collections.defaultdict(int)

for 1 in range(10000): visits[X.next()] +=1
print visits
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Section 2.4

Formal properties of Markov chains
Network Performance—DJW-—2010/2011

Formally, we say that the random sequence (Xp,X,...) is a Markov chain with state space S,
transition matrix P € [0, 1]‘S|X‘S‘ and initial distribution p € [0, 1]‘5‘ if, for all n and xg,x1,...,x, €S

]P)(XO = -x07X1 =X1y..- 7Xn = xn) = pxoPX()xl o 'Pxnx,,,] .
Equivalently,
P(Xn = x,,|Xn,1 =Xp—1y--- ,X() = X()) = Pxnilxn and P(XO = xo) = pr.

Definition. A chain is irreducible if for every pair of states x,y € S there is a path in the state
space diagram from x to y. The path may have multiple steps.

Definition. A chain is aperiodic if for every state x there is an integer n, such that there is an
ny-hop path from x to x, and also a path with n,+ 1 hops, and a path with n, 42 hops, and so on.

Theorem. If a Markov chain is irreducible and aperiodic, and if it has finitely many states, then

it is possible to solve the balance and normalization equations, and this solution is unique. The

solution is called the equilibrium distribution, usually written ®. Furthermore,

®  The equilibrium distribution is invariant, also known as stationary. That is, if P(X, = j) =m;
for all j, then P(X,+1 = j) =m; for all j.

e The equilibrium distribution is limiting. That is, no matter what the distribution of Xj is,
P(X, = j) = mj as n — oo for all j.

e The equilibrium distribution is ergodic. That is, for every simulation we run, if we let V, (i)
be the number of times the chain visits state j in the first time steps, then V,(j)/n — &; as
n — oo for all j.

Theorem. If a Markov chain is irreducible and aperiodic, and it has infinitely many states, then
it is always possible to solve the balance equations. It may or may not be possible to also solve
the normalization equation.

e If the normalization equation can be solved, then & is invariant, limiting, and ergodic, as in the

finite case. Also the process is recurrent, i.e. starting from any state j, P(eventually returns to j) =

1. Furthermore it is positive recurrent, i.e. starting from any state j, E(time to return to j) <
oo,

e  If the normalization equation cannot be solved, then either
(1) the chain is transient, the opposite of recurrent, i.e. there is some state j such that,

starting from state j, P(eventually return to j) < 1; or

(ii)  the chain is recurrent but not positive recurrent.
In other words, either it might never return, or it always returns but it can take a very very
long time.

Theorem. For any Markov chain, the equations for hitting time can always be solved, and the
solution is unique.

Theorem. For any Markov chain, the equations for hitting probability can always be solved.

e  If the chain has finitely many states, the solution is unique.

e If the chain has infinitely many states, the equations may have more than one solution. If this
is the case, then the true hitting probability is given by the smallest non-negative solution.
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notes2--markovproc.py 1of1

import random, math
def randomselect(p):

random. random()

0
pLO]
le r>d:

i+1
d+p[i]

S Qm=
>
mi |0

i
d
return i

def rexp(rate): return -1.0/rate * math.log(random.random())

r = [[0,2,0],
[0.0,.8],
[1.1,1.3,0]1]
p = [[rij/sun(row) for rij in row] for row in r]
d = [sum(row) for row in r]
state = []
wait = []
s=0

for i in range(10000):
state.append(s)
wait.append(rexp(d[s]))
Jumpprobs = p[s]
s = randomselect(Jumpprobs)

def X(t):
t0 =0
for s,w in zip(state,wait):
t0 = tO+w

ifT tO>=t: return s
return None

print X(10)

def markov_process(r):
p = [[rij/sum(row) for rij in row] for row in r]
d = [sum(row) for row in r]
s,wait = 0,rexp(d[0])
t=0
while True:
rununtil = t+(yield s)
while t+wait <= rununtil:
t t+wait
s = randomselect(p[s])
wait = rexp(d[s])
wait = wait - (rununtil-t)
t = rununtil

X = markov_process(r)
X.next(Q)
print [X.send(.5) for i in range(8)]

import collections

visits = collections.defaultdict(int)

for i in range(100000): visits[X.send(1)] += 1
visits = [visits[i] for i in range(len(r))]
print [v/float(sum(visits)) for v in visits]



Section 2.5

Equilibrium distribution of a Markov process
Network Performance—DJW-—2010/2011

1 Finding the equilibrium distribution

When we simulate a Markov process (X;,r > 0), we typically find that there is a vector m such

that

e the fraction of time spent in state i approaches m;, the longer we run the simulation i.e. T is
ergodic

e if we interrupt the simulation and see what state it’s in, the probability of finding it in state i
approaches 7; the longer we run the simulation, i.e. & is limiting

e if we pick the initial state Xy randomly with distribution =, then at any time ¢ in the future,
X; has distribution .

This distribution m is called the equilibrium distribution. To find it,

(i) Write out the balance equations, m; Y.jrij = L j®;rji, one equation for each i.

(ii) Write out the normalization equation, ¥,;m; = 1.

(iii) Solve all these equations simultaneously.

2 Using a computer to find the equilibrium distribution

If we write out the balance equations in matrix form, we can solve them with a computer. First,
let r € R"™" be the rate matrix and define

P

The balance equations
TC,‘ZI‘I‘J’ = ZTerji
J J

can be written in matrix form as
nd = 7r,

or equivalently n(r—d) =0. We can use this to solve for © numerically. For example,

# load in the library for linear algebra
library (MASS)
# set up the rate matrix
r <— rbind(c(0,2,0),
c(0,0,.8),
c(1.1,1.3,0))
# calculate d
d <— diag(apply(r,1,sum))
# solve the balance equations
eqm <— Null(r—d)[,1]
# and rescale eqm so it sums to 1
eqm <— eqm/sum(eqm)

3 A shortcut that sometimes works

For some Markov processes, you can fairly easily find a distribution ® such that
wirij =7;rj; for all i and j.

If this is so, then © automatically solves the balance equations.



4 Formal properties of Markov processes

Definition. A Markov process is called irreducible if for every pair of states i and j there is a path
in the state space diagram from i to j. The path may have multiple steps.

Theorem. If a Markov process is irreducible, and if it has finitely many states, then it is possible

to solve the balance and normalization equations, and this solution is unique. The solution is called

the equilibrium distribution, usually written ®. Furthermore,

®  The equilibrium distribution is invariant, also known as stationary. That is, if P(X, = j) =m;
for all j, then for any s >0, P(X;1, = j) ==, for all j.

e The equilibrium distribution is limiting. That is, no matter what the distribution of Xj is,
P(X; = j) = m; as t — oo, for all j.

e The equilibrium distribution is ergodic. That is, for every simulation we run, if we let V,(i) be
the amount of time spent in state j over the interval [0,7], then then V;(j)/t — m; as t — oo, for
all j.

Theorem. If a Markov chain is irreducible and aperiodic, and it has infinitely many states, then
it is always possible to solve the balance equations. It may or may not be possible to also solve
the normalization equation.
e If the normalization equation can be solved, then & is invariant, limiting, and ergodic, as in the
finite case. Also the process is recurrent, i.e. starting from any state j, P(eventually returns to j)
1. Furthermore it is positive recurrent, i.e. starting from any state j, E(time to return to j) <
oo,
e If the normalization equation cannot be solved, then either
(1) the process is transient, the opposite of recurrent, i.e. there is some state j such that,
starting from state j, P(eventually return to j) < 1; or
(ii)  the process is recurrent but not positive recurrent; or
(ili) the process is explosive, i.e. P(visits infinitely many states in finite time) > 0.
In other words, either it might never return, or it always returns but it can take a very very
long time, or it gets trapped in a ‘black hole’.
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Question 10. Here is a model for a web server with active server pages, i.e. pages that
cannot be served directly from the disk but instead require processing e.g. in PHP.

Suppose requests arrive at rate A. Upon arrival they are placed in a ‘task ready’ queue,
where they wait for the next available worker thread. The server has m worker threads. The
CPU ean execute ¢ instructions per second, and when there are M threads active then each
executes ¢/M instructions per second. When a thread becomes free, it starts work on the
next task in the *task ready’ quene. When a thread is working on a task. it executes an
average of i instructions, and then either it completes or it blocks, e.g. to wait for I/0. On
average, each request will block b times before completing. If the task blocks, the thread is
freed and the task is placed in a ‘task blocked’ pool. Each blocked task waits for an average
of t seconds to unblock, and then it is placed in the *task ready’ quene.

What is the maximum rate at which this web server can serve requests? What is the
average request completion time?
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The history of the Internet

» 1974: First draft of TCP/IP
“A protocol for packet network interconnection”,
Vint Cerf and Robert Kahn

» 1983: ARPANET switches on TCP/IP
* 1986: Congestion collapse

* 1988: Congestion control for TCP
“Congestion avoidance and contro

IH

, Van Jacobson

“In October of '86, the Internet had the
first of what became a series of
‘congestion collapses’. During this period,
the data throughput from LBL to UC
Berkeley (sites separated by 400 yards
and two IMP hops) dropped from 32 Kbps
to 40 bps. We were fascinated by this
sudden factor-of-thousand drop in
bandwidth and embarked on an
investigation of why things had gotten so
bad. In particular, we wondered if the
4.3BSD (Berkeley UNIX) TCP was mis-
behaving or if it could be tuned to work
better under abysmal network
conditions.”

Van Jacobson, “Congestion avoidance
and control”, 1988
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(OPING WITH DROPPED PACKE TS
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The sender puts a
sequence number on
each packet

When the receiver
receives a packet, it send
back an ACK with the
highest contiguous
sequence number it has
received

If the sender receives
duplicate ACKs, it knows
that a packet was
dropped (or that
something was delivered
out of order)




A network control problem: how many
tokens should each source have?

« |If the receiver has a buffer of 10 packets, it could tell the sender
“Start with 10 tokens; I'll issue you a new token whenever a packet is
cleared from my buffer”. This ensures that the receiver’s buffer
cannot overflow.

* Maybe the receiver needs to receive data at some average rate x,,;,,
to ensure smooth video playback. It could tell the sender “Use

w= xRTT tokens”.

I‘I'III‘I

* The transmit rate is x=w/RTT. There could be centralized admission
control, like the Erlang link—issue new tokens only if the total traffic
rate will not exceed the service rate.

« Isit possible to allocate tokens in a distributed way, so as to ensure
that the network does not suffer from congestion collapse?
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TAOBSON'S ALGORTHM
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WHAT TCP 15 MEANT TO ACHIEVE

" B I o Each user increases his/her transmission rate when
the network seems underused, and cuts it when
one of his/her packets is dropped.

If all users do this, the network should end up near-
100% used, and the capacity should be shared fairly.

The Internet is the first large-scale network to be
able to regulate itself — to share capacity fairly —
without a central controller.
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What is modelling?

simplify

b
It’svery hard to know what to include
®  right,you can express the real heart of

% thereal world, without any useless

inyour model. If you choose the model
what you want to understand about

detail. This will make your model much
easier to analyse.

We come up with models because we
want guidelines about how a system
should be designed/built/operated.
The model and analysis are only useful
if we can translate the modelling
conclusions back into real-world
predictions.

What is modelling good for?

Hacker insight is good for some problems.

In other problems (especially distributed systems with adaptive
behaviour), the network can have surprising behaviour.

Modelling is a quick way to get insight into large-scale emergent
behaviour. It can suggest where problems are likely to occur, and you
can then check these out with more detailed models or simulation or
experiment.

instability .
of wireless Braess's
backoff TCP's bad paradox

teleology




What is modelling good for?

Is it unstable?

e.g. processor sharing when p>1

If the system is unstable then it’s
useless to take measurements; we
need to think about control systems
to keep it stable.

Are there stable oscillations?

e.g. route flap, TCP synchronization.
This may cause problems to some
users.

Is it bistable?

e.g. dynamic alternative routing. Then
there is unpredictable flapping, and
the network can be hard to manage.

What is the
teleology?

Is the network trying
to achieve what |
want it to achieve?

What are the causes
of the behaviour we
see?

Do we still see the
behaviour when we
create a simplified
model, ditching
certain real-world
properties?

What are the parameters

that matter?

e.g. for TCP, we decided that
the relevant parameter is
wnd=RTT C/N. This saves us
from having to explore all
three parameters separately.

What parameters should we

investigate?
e.g. for what parameter

values do we predict the
system becomes unstable?
What is the behaviour when
the system is too large to

simulate?

What should we model?

We need to go back

implementation/
operations

measurements

testbed
experiments

detailed

simulation (ns2)

and forth between
differentlevels of
detail. Thatis the
only way to
understand which

aspects of the system

truly make a

differenceand which

parts can be
simplified out.

mathematical
analysis

computation

e.g. using a computer to

find the equilibrium
distribution

simple
customized
simulation



Random variables

Describing data

Poisson process

Normal approximation
Markov chains and processes
Job models

(Erlanglink, processor sharing)
Drift models,

fixed points,

operational laws

Tools we have learnt

Microscopic description
fine-grained rules of behaviour,
e.g. TCP code, Markov jump
rates, detailed simulation

Macroscopic description
formulae for aggregates or
averages, e.g. TCP throughput
equation, Erlang fixed point,
drift model

Teleological description

an optimization problem which
has as its solution the fixed-
point equations
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