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Pebble mapping: partial isomorphism?



Game method for Vxed-point logic

Duplicator has a strategy
to play forever in the

k-pebble game on G and H

iU
G and H agree on
all sentences of Lk

Every formula of IFP is invariant under Lk-equivalence, for some k

To show that a property P is not deVnable in Vxed-point logic:

For each k, exhibit a pair of graphs Gk and Hk for which
I Gk has property P but Hk does not; and
I Duplicator wins the k-pebble game on Gk and Hk.
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Pebble games for Vnite-variable counting logics
Ck - extension of Lk with counting quantiVers: ∃≥ix .ϕ(x).

x

G H

Counting game characterises Ck  game method for IFPC



Stronger logics for polynomial time

Basic problem not expressible in IFPC
Solvability of linear equations over a Vnite Veld  Gaussian
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formula ϕ(x, y)

graph G = (V, EG)  

x

x

V

V

MG
ϕ:

(over GF2)

Example
ϕ(x, y) := Exy  MG

ϕ = adjacency matrix of G



Stronger logics for polynomial time

Basic problem not expressible in IFPC
Solvability of linear equations over a Vnite Veld  Gaussian
elimination

Rank logics
Extend Vxed-point logic with operators for expressing matrix rank
over Vnite Velds  IFPR

formula ϕ(x, y)

graph G = (V, EG)  

x

x

V

V

MG
ϕ:

(over GF2)

Example
ϕ(x, y) := Exy  MG

ϕ = adjacency matrix of G



Stronger logics for polynomial time

Basic problem not expressible in IFPC
Solvability of linear equations over a Vnite Veld  Gaussian
elimination

Rank logics
Extend Vxed-point logic with operators for expressing matrix rank
over Vnite Velds  IFPR

formula ϕ(x, y)

graph G = (V, EG)

 

x

x

V

V

MG
ϕ:

(over GF2)

Example
ϕ(x, y) := Exy  MG

ϕ = adjacency matrix of G



Stronger logics for polynomial time

Basic problem not expressible in IFPC
Solvability of linear equations over a Vnite Veld  Gaussian
elimination

Rank logics
Extend Vxed-point logic with operators for expressing matrix rank
over Vnite Velds  IFPR

formula ϕ(x, y)

graph G = (V, EG)  

x

x

V

V

MG
ϕ:

(over GF2)

Example
ϕ(x, y) := Exy  MG

ϕ = adjacency matrix of G



Stronger logics for polynomial time

Basic problem not expressible in IFPC
Solvability of linear equations over a Vnite Veld  Gaussian
elimination

Rank logics
Extend Vxed-point logic with operators for expressing matrix rank
over Vnite Velds  IFPR

formula ϕ(x, y)

graph G = (V, EG)  

x

x

V

V

a

b

MG
ϕ:

(over GF2)

Example
ϕ(x, y) := Exy  MG

ϕ = adjacency matrix of G



Stronger logics for polynomial time

Basic problem not expressible in IFPC
Solvability of linear equations over a Vnite Veld  Gaussian
elimination

Rank logics
Extend Vxed-point logic with operators for expressing matrix rank
over Vnite Velds  IFPR

formula ϕ(x, y)

graph G = (V, EG)  

x

x

V

V

a

b

1 iU G |= ϕ[a, b]

MG
ϕ:

(over GF2)

Example
ϕ(x, y) := Exy  MG

ϕ = adjacency matrix of G



Stronger logics for polynomial time

Basic problem not expressible in IFPC
Solvability of linear equations over a Vnite Veld  Gaussian
elimination

Rank logics
Extend Vxed-point logic with operators for expressing matrix rank
over Vnite Velds  IFPR

formula ϕ(x, y)

graph G = (V, EG)  

x

x

V

V

a

b

1 iU G |= ϕ[a, b]

MG
ϕ:

(over GF2)

Example
ϕ(x, y) := Exy  MG

ϕ = adjacency matrix of G



Pebble games for rank logics?
Rk - extension of Lk with rank quantiVers: rk≥i(x, y) . ϕ(x, y)

First attempt: Extend the Immerman-Lander cardinality game

G
VG × VG

X

H
VH × VH

Y

Spoiler chooses a set X ⊆ VG × VG of vertex-pairs
Duplicator responds with Y ⊆ VH × VH of the same matrix rank



Pebble games for rank logics?
Rk - extension of Lk with rank quantiVers: rk≥i(x, y) . ϕ(x, y)

 rank ofMG
ϕ over GF2

First attempt: Extend the Immerman-Lander cardinality game

G
VG × VG

X

H
VH × VH

Y

Spoiler chooses a set X ⊆ VG × VG of vertex-pairs
Duplicator responds with Y ⊆ VH × VH of the same matrix rank



Pebble games for rank logics?
Rk - extension of Lk with rank quantiVers: rk≥i(x, y) . ϕ(x, y)

First attempt: Extend the Immerman-Lander cardinality game

G
VG × VG

X

H
VH × VH

Y

Spoiler chooses a set X ⊆ VG × VG of vertex-pairs
Duplicator responds with Y ⊆ VH × VH of the same matrix rank



Pebble games for rank logics?
Rk - extension of Lk with rank quantiVers: rk≥i(x, y) . ϕ(x, y)

First attempt: Extend the Immerman-Lander cardinality game

G
VG × VG

X

H
VH × VH

Y

Spoiler chooses a set X ⊆ VG × VG of vertex-pairs
Duplicator responds with Y ⊆ VH × VH of the same matrix rank



Pebble games for rank logics?
Rk - extension of Lk with rank quantiVers: rk≥i(x, y) . ϕ(x, y)

First attempt: Extend the Immerman-Lander cardinality game

G
VG × VG

X

H
VH × VH

Y

Spoiler chooses a set X ⊆ VG × VG of vertex-pairs
Duplicator responds with Y ⊆ VH × VH of the same matrix rank

Problem: rank is not monotone!
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A new pebble-game protocol: partition games
To get a partition game for Ck for all X ∈ P, ‖X‖ = ‖f(X)‖

G H

P Q
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Can we decide in polynomial time who wins the game?
 “yes” for standard pebble and cardinality games
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From logics to games – and back again?
I Does the “simultaneous-similarity game” correspond to a

natural logic?
I Duplicator wins the simultaneous-similarity game⇒

Duplicator wins the matrix-rank game. Converse?


