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Abstract

We study the definability of constraint satisfaction problems (CSP) in various fixed-point and infini-
tary logics. We show that testing the solvability of systems of equations over a finite Abelian group, a
tractable CSP that was previously known not to be definable in Datalog, is not definable in the infinitary
logic with finitely many variables and counting. This implies that it is not definable in least fixed point
logic or its extension with counting. We relate definability of CSPs to their classification obtained from
tame congruence theory of the varieties generated by the algebra of polymorphisms of the template struc-
ture. In particular, we show that if this variety admits either the unary or affine type, the corresponding
CSP is not definable in the infinitary logic with counting. We also study the complexity of determining
whether a CSP omits both unary and affine types.

1 Introduction

The classification of constraint satisfaction problems (CSP) according to their tractability has been a major
research goal since Feder and Vardi first formulated their dichotomy conjecture [14]. This classification
has been closely linked to logic, with definability in Datalog providing one important uniform explanation
for tractability. However, it has long been known that there are tractable CSPs, such as the satisfiability
of systems of linear equations over finite fields, which are not definable in Datalog. Bulatov [5] (see also
[3]) provides a uniform explanation for the tractability of these by showing that any constraint language that
has a Mal’tsev polymorphism is solvable in polynomial time. It has remained an open question, however,
whether there is an explanation for the tractability of these CSPs in terms of a natural logic whose data
complexity is in polynomial time and which can define these problems.

The general form of the constraint satisfaction problem takes as instance two finite relational structures
A and B and asks if there is a homomorphism from A to B. We think of the elements of A as the
variables of the problem and the universe of B as the domain of values which these variables may take. The
individual tuples in the relations of A act as constraints on the values that must be matched to the relations
holding in B. The general form of the problem is NP-complete [28, 29]. In this paper we are mainly
concerned with the non-uniform version of the problem which gives rise, for each fixed finite structure B
to a different decision problem that we denote CSP(B), namely the problem of deciding whether a given
A maps homomorphically to B. For many fixed B, this problem is solvable in polynomial time, while for
others it remains NP-complete. A classification of structures for which the problem is tractable remains a
major goal of research in the area.

In the present paper we classify constraint satisfaction problems according to their definability in a
suitable logic. This is an approach that has proved useful in studying the tractability of constraint satisfaction
problems [14, 9, 25]. In particular, it is known that many natural constraint satisfaction problems that
are tractable are definable (or, to be precise, their complements are definable) in Datalog, the language of
function-free Horn clauses. Any class of structures that is definable in Datalog is necessarily decidable in



polynomial time, but there are known constraint satisfaction problems that are tractable but are not definable
in Datalog. A classical example is the solvability of systems of linear equations over the two-element field
[14], which we denote CSP(Zz). Furthermore, there are NP-complete constraint satisfaction problems,
such as 3-colourability of graphs, for which it is possible to show that they are not Datalog-definable without
requiring the assumption that P is different from NP. Indeed, the class of constraint satisfaction problems
whose complements are definable in Datalog appears to be a robust, natural class of problems with many
independent and equivalent characterisations [10, 24].

1.1 Results in logic

A natural question arising from such considerations is whether we can offer any explanation based on log-
ical definability for the tractability of problems such as the satisfiability of systems of linear equations over
a finite field. Is there a natural logic such that all problems definable in this logic are polynomial-time de-
cidable and that can express CSP(Z2)? In particular, is this problem definable in LFP—the logic extending
first-order logic with least fixed points or LFP + C—the extension of LFP with counting? These are both
logics that have been extensively studied in the context of descriptive complexity as characterising natural
fragments of polynomial time. It is a consequence of our results that neither of these logics is able to express
the solvability of systems of linear equations over any finite field. Indeed, we show that these problems are
not definable in C%, , the infinitary logic with bounded number of variables and counting, a logic much
more expressive than LFP + C.

Interestingly, Blass, Gurevich and Shelah [1] proved that LFP + C is able to define the class of non-
singular square matrices over any fixed finite field, a result we review in Section 4. Together with our result,
this exhibits a fine-grained distinction between the problem of computing the determinant of a square matrix
and the problem of computing its rank, as one underlies a problem definable in C%_ , and the other underlies
a problem that is not. We also note in Section 4 that the problem GAP5 of determining the parity of the
number of paths in a graph is also definable in LFP 4 C. This demonstrates the differences in definability
between three natural complete problems for the complexity class &L, two of which we show are definable
in LFP + C but the third is not.

1.2 Results in algebra

Another important means of classifying constraint satisfaction problems is on the basis of the algebra of
the template structure B. A polymorphism of a structure is an operation of its universe that preserves all its
relations (see Section 2 for precise definitions). It is known that whether or not CSP(B) is tractable depends
only on the algebra 3 obtained from the universe of B endowed with its polymorphisms. Indeed, it depends
only on the variety generated by this algebra. This is established in [4] by showing that if the algebra
B’ of structure B’ is obtained from B as a power, subalgebra or homomorphic image, then CSP(B’) is
polynomial-time reducible to CSP(B). We show in the present paper that this can be improved to Datalog-
definable reductions. These are weak reductions that, in particular, preserve definability in LFP and C¥_ .
This allows us to establish that definability of a CSP in these logics is also determined by var (), the variety
generated by the algebra of B.

Using the tool of Datalog-reductions, which we expect to be useful for other applications in the area,
we relate definability of constraint satisfaction problems in C¢_ , to the classification of varieties of finite
algebras from tame congruence theory [19]. It is known [4] that CSP(B) is NP-complete if var(53) admits
the unary type (also known as type 1), and it is conjectured that CSP(B) is in P otherwise. Similarly,
Larose and Zadori showed [26] that CSP(B) is not definable in Datalog if var(53) admits the unary or affine
types (types 1 and 2), and conjectured the converse. It is a consequence of our results that we can strengthen
the assertion by replacing Datalog with C%, . This implies that, if the Larose-Zadori conjecture is true, we



obtain a dichotomy of definability whereby, for every B, either CSP(B) is definable in Datalog or it is not
definable in C_ .

Finally, we consider the meta-problems of deciding, given a structure B or an algebra I3 whether or not
var(B) omits the unary and affine types. For algebras, the problem was shown decidable in polynomial time
in [15], while for structures we show it is NP-hard.

1.3 Organization of the paper

The rest of the paper is structured as follows. In Section 2 we present some background definitions. Section 3
gives a proof that solvability of linear equations is not definable in C¥_ . Section 4 considers the definability
of three @L-complete problems in C%, ,. Section 5 establishes that the definability of CSP(B) is determined
by the variety generated by the algebra of B. Section 6 begins by showing that if the variety admits the unary
or affine type, then it contains an algebra with the operations of a module. These results are tied together
in the same section to obtain the main conclusion relating definability in C%, , to the omitting of types from
tame congruence theory. Section 7 gives the complexity results for the meta-problem.

2 Preliminaries

2.1 Notation, relational structures, and homomorphisms

We use the boldface notation a for a tuple with components (a1, .. ., a,), and similarly for other letters b,
X, etc. and variants with subindices or primes. The arity of the tuple will be clear from context. If [ is a
sequence (i1, ..., %,) of indices in {1, ..., r}, we write ay for the tuple (a;,, ..., a;,, ). Sometimes we also
write (a; : i € I) if the meaning is clear. If R is a set of tuples of arity r, we write pr;(R) for {a; : a € R}.

A vocabulary o is a finite collection of relation symbols, each with an associated arity. A o-structure
A consists of a finite set A with a relation RA C A" for each r-ary relation symbol R in 0. A graph is a
structure with a binary relation that is symmetric and irreflexive. A homomorphism from a o-structure A to
a o-structure B is a map h : A — B such that for each R in ¢ and each (ay,...,a,) € A",

if (a1,...,a,) € R®, then (h(ay),...,h(a,)) € RB.

We write A — B to denote that there exists a homomorphism from A to B. A structure A is a core if every
homomorphism from A to itself is an automorphism. We write CSP(B) for the class of finite structures A
such that A — B and also for the decision problem of determining membership in this class.

2.2 Logic

We assume familiarity with first-order logic. A formula is quantifier-free if it has no quantifiers, and positive
quantifier-free if it is quantifier-free and it has no negations. A formula is positive primitive if it is formed
from the atomic formulas using only conjunctions and existential quantification. A formula is existential
positive if it is formed from the atomic formulas using conjunctions, disjunctions and existential quantifica-
tion. Datalog can be seen as the extension of existential positive formulas with a recursion mechanism for
building least fixed-points. Similarly, LFP is the extension of first-order logic with an operator for forming
the least fixed-points of positive formulas. Finally, LFP + C is the extension of LFP with a counting mech-
anism. For formal definitions, which we will not need in this paper, we refer the reader to [27]. It is known
that every class of structures definable in LFP + C is decidable in polynomial time.

The formulas of the logic Co,, are obtained from the atomic formulas using negation, infinitary con-
junction and disjunction, and counting quantifiers 32 for any integer i > 0). The fragment C’;w consists



of those formulas of C,, in which only k distinct variables appear and
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The significance of C¥_, is that fixed-point logics can be translated into it. That is, any formula of Datalog
or LFP, and indeed of LFP + C is equivalent to one of C¥ . Thus, these logics are fragments of C¥_ .
Moreover, these translations into infinitary logics have provided some of the most effective tools for proving
inexpressibility results for the fixed-point logics. See [13, 20] for a discussion of this and the role of these
logics in descriptive complexity.

2.3 Logical reducibilities

Let 0 and 7 be two finite vocabularies. Let Ry, ..., Rs be the relation symbols of 7, with arities 1, ..., 7s.
A k-ary interpretation with p parameters (of 7 in o) is an (s + 1)-tuple
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of formulas over the vocabulary o. The formula ;7 = ¢y (x,y) has k + p free variables x and y. Each
formula ¢; = @;(x1,...,X,,y) has kr; + p free variables x1,...,x, and y. If each formula in I belongs
to a class of formulas ©, we say that I is a ©-interpretation.

Let A be a o-structure with universe A and let c be a tuple of points in A. The image of A through
I with parameters c, denoted by I(A, c), is the 7-structure whose universe U is the set of tuples a in A*
such that A = ¢/ (a, ¢), and whose interpretation for R; is the set of tuples (ay, ..., a,) in U" such that
A | pi(ay,...,a,,c). Now we are ready to define the notion of logical reduction:

Definition 1. Let C and D be classes of structures and let © be a class of formulas. We say that C reduces
to D under ©-reducibility, denoted by C <g D, if there exists a O-interpretation 1 such that, for every
structure A with at least p points, where p is the number of parameters of 1, the following are equivalent:

1. Ae’C
2. I(A, c) € D for every proper c,
3. I(A, c) € D for some proper c,

where a proper c is a tuple (c1, . .., cp) of points in A such that ¢; # c; whenever i # j.

We will use for O the collections of positive quantifier-free formulas, existential positive formulas, and
Datalog formulas (i.e. Datalog programs) and write <4, <e¢p and <gatalog, respectively. Note that these
are reducibilities of increasing power, and that definability in C%_ , is preserved downwards by all three (the
finitely many exceptions of structures with less than p points can be handled individually). Also, all three
reducibilities are transitive.

2.4 Universal algebra

An n-ary operation f on a set A is a polymorphism of a relation R C A" if, for any tuples aj,...,a, €
R, the tuple f(ay,...,a,) obtained by applying f component-wise also belongs to R. We say that R is
invariant under f. The set of all polymorphisms of a collection of relations F' is denoted by Pol(F’), and
the set of all invariant relations of a collection of operations C' is denoted by Inv(C'). For a relational
structure A, we use Pol(A) for the set of operations on A that are polymorphisms of every relation of
A. The following theorem links polymorphisms and definability of relations by positive primitive formulas
(pp-formulas).



Theorem 2 ([16, 2, 22]). Let A be a finite structure, and let R C A" be a non-empty relation that is
preserved by all polymorphisms of A. Then R is definable in A by a pp-formula.

In [21, 23], Jeavons et al. proved that the set of polymorphisms of B is included in the set of poly-
morphisms of A, then CSP(A) is reducible to CSP(B) by polynomial-time many-one reducicility. Using
the recent logarithmic space algorithm for undirected graph reachability [31], the reduction can be made
logspace.

Theorem 3 ([21, 23]). Let A and B be finite structures. If Pol(A) C Pol(B), then CSP(B) <18 CSP(A).

A set with a collection of operations on it is called an algebra. Two algebras are term-equivalent if the
sets of operations obtained by composition from the basic operations of the algebra and all the projections are
the same in both algebras. As is common in universal algebra, we identify algebras up to term-equivalence.

Every structure A can be naturally associated with an algebra Alg(A), called the algebra of A, whose
base set is the universe of A, and whose operations are the polymorphisms of A. Let A = (A,C) and
A’ = (A',C") be algebras. We say that A and A’ are similar, or of the same type, if there exists an index
set I suchthat C' = {f; | ¢ € I} and C' = {f/ | i € I}, and the operations f; and f] are of the same arity,
say n;, for every i € I. A homomorphism from A to A" is amap ¢ : A — A’ such that for every i € I and
ai,...,an, € A, itholds that o(fi(a1,...,an,)) = fl(e(ai),...,o(ay,)).

We shall use four standard ways of transforming algebras.

1. A'isareduct of Aif A’ = Aand C' C C;

2. A’isasubalgebra of Aif A’ C A, every operation from C'is a polymorphism of A’ treated as a unary
relation on A, and C’ consists of the operations from C restricted to A’.

3. A’ is a homomorphic image of A if there exists a homomorphism from A to A’ that is onto.

4. A'is a direct power of A if there exists an integer k£ > 0 such that A’ = A* and C’ consists of the
operations from C' acting component-wise on A*. We write A’ = AF.

A variety is a class of algebras which, if it contains .4 also contains every subalgebra of A, every
homomorphic image of A, and every direct power of 4. The smallest variety containing A is called the
variety generated by A and denoted by var(.4). For further background on universal algebra, see [8]. We
shall have occasion to use the following simple observation on pp-definability and reducts.

Observation 4. Let A and B be finite structures with the same universe. The algebra Alg(A) is a reduct
of Alg(B) if, and only if; every relation of B is pp-definable in A.

The following theorem is a strengthening of Theorem 3 obtained by combining their methods with the
results of [4].

Theorem 5. Let A and B be finite structures. If the variety generated by Alg(A) contains a reduct of
Alg(B) then CSP(B) <128 CSP(A).

This is a strengthening of Theorem 3 because Alg(A) belongs to the variety it generates, and Alg(A) is
a reduct of Alg(B) precisely when Pol(A) C Pol(B).

3 Definability and Systems of Equations

In this section we show that the problem of determining the solvability of linear equations over the two-
element field, which we mentioned above as a canonical example of a tractable CSP whose complement is
not definable in Datalog, is also not definable in C¢_ . Indeed, we prove a more general result by showing
that the solvability of equations over a finite Abelian group with at least two elements is not definable in

w
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3.1 Combinatorial games

Our proof of undefinability is based on a game argument. The expressive power of C&_ , is characterised by
a game known as the bijective game [17]. This is played by two players, Spoiler and Duplicator, on a pair
of structures A and B, with k pairs of pebbles (z;,y;) for 1 < ¢ < k. For each move, Spoiler chooses a
pair of pebbles (z;,y;), Duplicator chooses a bijection f : A — B such that f(z;) = y; fori # j, and
Spoiler chooses a € A and places z; on a and y; on f(a). If, after some move, the map x — y is not a
partial isomorphism, Spoiler wins; Duplicator wins infinite plays. By a result of Hella [17], Duplicator has
a winning strategy if, and only if, A and B cannot be distinguished by any formula of C’;ow, a fact denoted
by A=C"B.

In constructing the winning strategy in the bijective game we construct, we depend on another game,
the cops and robber game [33], which is known to characterise the treewidth of a graph. For the standard
definition of the treewidth of a graph, we refer the reader to [12]. The cops and robber game is played by
two players, one of whom controls the set of k£ cops attempting to catch a robber controlled by the other
player. The cop player can move any set of cops to any vertices of the graph, while the robber can move
along any path in the graph as long as there is no cop currently on the path. It is known [33] that the cop
player has a winning strategy on a graph using k£ + 1 cops if and only if the graph has treewidth at most k.
The treewidth of a graph G is denoted tw(G).

3.2 Systems of equations as a CSP

We now turn to the precise formulation of the problem of deciding the solvability of equations over a finite
Abelian group G as a class of relational structures. In the following we will write + for the group operation
in G and O for the identity.

Definition 6. Let G be a finite Abelian group over a set G and r be a positive integer. We define the structure
Eg . to have universe G and, for each a € G and 1 < j < r, it has a relation R}, of arity j that consists of
the set of tuples (x1,...,x;) € G’ that satisfy the equation x1 + - - - + x; = a.

Thus, any structure A in the signature of Eg , can be seen as a set of equations in which at most r
variables occur in each equation. The universe of A is the set of variables and the occurrence of a tuple

(x1,...,x;) in a relation R}, signifies the equation x1 + - -+ + x; = a. This set of equations is solvable if,
and only if, A — Eg ,. In the sequel we will say “the equation x1 + --- 4 x; = a occurs in A” to mean
that the tuple (21, ...,z;) is in R}.

Our aim now is to exhibit, for each non-trivial finite Abelian group G and each positive integer k, a pair
of structures A and B such that A =C“ B and such that A € CSP(Eg3) and B ¢ CSP(Eg 3). This will
show that CSP(Eg 3) is not definable in C%_ ,. This, of course, implies the result for all CSP(Eg ) with
r> 3.

The structures we construct are sets of equations derived from 3-regular graphs of large treewidth. From
now on, fix a non-trivial finite Abelian group G, a 3-regular graph H, and a distinguished vertex u of H.
Let {aj,...,an} be the elements of G. We define, for each a € {a1,...,an}, a set of equations E, H" as
follows (note that E,H*" is a structure over the vocabulary of Eg 3):

For each vertex v € VT and each edge e € E¥ that is incident on v, we have m distinct variables z)°
where ¢ ranges over {a1, ..., an}. Since each vertex has three edges incident on it, there are 3m variables
associated to each vertex. For every vertex v other than u, let eq, ez, e3 be the three edges incident on v. We
then include the following equation in E,H" for all i, j, k € {a1,...,an}:

v,e1
i

x4+ x?’@ +a2? =i+j+k. (1)



For the distinguished vertex u, instead of the above, we include the following equation, again for all 4, j, k €

{a1,...,am}:

uel u,e9 u,es

+al e+ ap® =it j+k+a )

In addition, for each edge e € Ef let v1, v9 be its endpoints. We include the following equations in E, H
foralli,j € {a1,...,am}:
z]h° +x”2’ =i+ 3)

We refer to equations of the form (1) and (2) as vertex equations and equations of the form (3) as edge
equations.

Lemma 7. E,H" is satisfiable if, and only if, a = 0

Proof. To see that the system of equations EqgH"™ is satisfiable, just take the assignment that gives the
variable x;* the value i.

To see that E, H* is unsatisfiable when a # 0, consider the subsystem Sy of equations involving only
the variables 25 with subscript 0. Note that each such variable occurs exactly twice in Sy, once in a vertex
equation and once in an edge equation. Thus, if we add up the left hand sides of all the equations, we get
2> zy°. Note also that each variable 2, has a companion variable xg’e where v’ is the other endpoint of

the edge e and we have the equation zy“ + a:g’e = 0. Thus
2> apc = 22 © 4l = 0.
v,e

On the other hand, the right-hand side of all equations is 0 except for the one vertex equation for u, which
has right-hand side a. Thus summing the right-hand sides of all equations gives the sum a. Since a # 0,
this shows that the subsystem Sy and hence the system of equations E, H" is unsatisfiable. O

3.3 Winning strategy

Next we argue that any two systems defined this way are sufficiently indistinguishable. We start by showing
that the shape of the system does not depend on which distinguished vertex we pick, provided we pick them
in the same connected component.

Lemma 8. Ifu,v € V! belong to the same connected component of H, then E,H" = E,H u',

Proof. The case where v = v’ is trivial, so assume that they are distinct. It suffices to establish the isomor-
phism for the case when v and v’ are adjacent in H as the result then follows by transitivity.

Assume u and u’ are adjacent and let e be the edge connecting u to u’. We now define a map 7 from
E,H" to E,H" as follows:

e forany v ¢ {u,u'} and any edge f, n(x ’f) ;”f;

’ / ve'y _
e forv € {u,u'} andany e’ # e, n(z;" ) =z

o () = o, and n(z? ) = 24

To show that 7 is an isomorphism, we need to argue that it preserves all the equations in E, H*". Clearly, all
equations corresponding to vertices and edges of H other than the edge e are preserved as 7 is the identity
map on the corresponding variables. Consider now the vertex equations corresponding to the vertex u. The
edge e is incident on u and let f and g be the two other edges incident on w. Then, the equation

o+t e =it j+k+a



is mapped by 7 to
v ot et =it itk ta

which is, indeed, an equation of E,. H u
Similarly, a vertex equation for u':

u’ e

L

+a¥ 2 =i+ k

is mapped to
u’ e

e+t et =it + k.

Finally, the edge equation
ul

u,e
Tt

C=i+4j
is mapped by 7 to
G Tt =it
We have thus established that 77 maps equations to equations. Since 7 is a bijection, and the number of
equations in E, H* and in E, H u’ i3 the same, this proves that it is an isomorphism. O

Lemma9. [ftw(H) > k and H is connected, then EqH" =C" E,H" for any a € G.

Proof. Our aim is to exhibit a winning strategy for Duplicator in the k-pebble bijective game played on the
two structures A = EqH" and B = E,H". Since tw(H) > k, we know that in the £ cops and robber game
played on H, robber has a winning strategy and we show how Duplicator can make use of this strategy.

For each vertex v € V! let XV denote the set of variables x;’¢ for edges e incident on v. Similarly, for
each e € £, let X denote the set of variables involving e.

We say that a bijection f : A — B is good for a vertex v € V if the following conditions hold:

1. forallw e V, XV = XY,
2. foralle € EY, fX¢ = X¢;
3. forall z,y, if z +y = i is an equation in A then f(z) + f(y) = 7 is an equation in B; and

4. forall x,y, 2z, if x + y + z = 4 is an equation in A, then

o f(x)+ f(y) + f(z) =iisanequationin Bif z,y, 2z ¢ X?; and
o f(x)+ f(y)+ f(2) =i+ aisanequationin Bifx,y,z € X".

Observe that the identity is a bijection that is good for u. Also, observe that a bijection that is good for v
preserves all equations except the vertex equations for v.

Claim 10. Given a bijection f : A — B that is good for v, if there is a path in H from v to w avoid-
ing ui,...,uy then there is a bijection f' : A — B that is good for w such that f| xuy..uxw) =
Flcmueuxmey.

Proof. : Let the path from v to w avoiding u1, ..., ur be v = vy,...,v, = w. Foreachedge e = {v;, vi41}
along this path, write 2% for the variable :E;)”3 and $§+ for the variable = **"°. We then define f’ by

j
f(@57) = f(z5-,) and f' (xj+) =f (xjia); and f’ agrees with f everywhere else. In particular, since the

path from v to w avoids s, . . ., uk, f’ agrees with f on X"+ U .- U X"k, U



We now describe Duplicator’s winning strategy in the bijective k-pebble game. Duplicator responds to
Spoiler’s first move with the identity bijection. She maintains a board on the side which describes a position
in the £ cops and robber game played on the graph H. At any point in the game, if Spoiler’s pebbles are on
the position z1, ...,z in A and vy, ..., v, are the vertices of H to which these variables correspond, then
the current position of the cops and robber game has k cops sitting on the vertices vy, . . ., vg. If the robber’s
position according to its winning strategy is v, then Duplicator will play a bijection that is good for v.

To see that Duplicator can do this forever, suppose Spoiler lifts a pebble from z;. Duplicator responds
with a current bijection f that is good for v. Since the only equations not preserved by f are those associated
with the vertex v, Spoiler must place at least three pebbles on variables associated with v to win the game.
However, Duplicator responds to Spoiler placing the pebble on a new position z; by updating the position
of the cops and robber game. Suppose robber’s winning strategy dictates that the robber move from v to w.
Since robber’s move must be along a path avoiding the current cop positions, by Claim 10, Duplicator can
update the bijection f to a new f’ that is good for w without changing f on any of the currently pebbled
positions. It is now clear that Duplicator can play forever. O

3.4 Undefinability result

We are ready to state and prove the main result of this section:
Theorem 11. Let G be a non-trivial finite Abelian group. Then CSP(Eg 3) is not definable in C%_,

Proof. Suppose, to the contrary, that there is a k£ such that CSP(Eg 3) is definable in Ck_,. Let H be any
connected, 3-regular graph with tw(H ) > k and u any vertex of H. For instance, H could be a sufficiently
large brick graph. Let a be any element of G distinct from 0. Then, by Lemma 7, EcH* € CSP(Eg 3) and
E,H" ¢ CSP(Eg 3). But, by Lemma 9, Eg H* =C* E,H", a contradiction. O

4 Expressive Power of Counting Logics

The results of Section 3 show that the counting logic C%,  cannot express the satisfiability of systems of
linear equations over a finite field. Over the 2-element field Z», this problem is complete for the complexity
class @®L, for which we give a definition in Section 4.4 below. As we noted in the introduction, however,
C¥.,, and even its uniform fragment LFP + C are powerful enough to express other complete problems for
this class. For example, LFP 4 C can express that a given square matrix has non-zero determinant over any
finite field. This was first noted by Blass, Gurevich and Shelah [1]. In this section, we revisit this result and
discuss the (in)expressibility of these and other problems that are complete for GL.

4.1 Counting quantifiers

Recall that the formulas of C%_ , are obtained from the atomic formulas by means of negation, infinitary con-
junction and disjunction, and counting quantifiers (3="x) for every integer n. The formula (3="z)(¢(z))
signifies that there exist at least n points of the universe that satisfy ¢(z). In the formulas below we will use
the notation

(E 2)(¢(2))

as an abbreviation for the infinitary formula

V @22)(p(2)) A (37 2) (0(2))

n>0



which says that the number of points that satisfy (z) is even. We also define

(0 2)(¢(2)) = ~(E 2)(p(2))

which says that the number of points that satisfy ¢(z) is odd. As a matter of fact, for every set of integers Q)
whatsoever, we could write the infinitary formula

V 3F"2)(0(2)) A =(3F"2)((2))
new

saying that the number of points that satisfy (z) belongs to (). Let us mention then, as a curiosity, that an
immediate consequence to this is that the infinitary logic C%_, is able to express non-computable properties
of finite structures. Of course, the uniform fragment LFP + C of C%_ , does not have this property as, in fact,
every property expressible in LFP + C can be checked in polynomial time.

4.2 Matrix multiplication and powering

Ann x n matrix A = (aij : 1 <i,j < n) over the 2-element field Zo, whose elements we denote by 0
and 1, is represented by the binary relation formed by the pairs (i, j) such that a;; = 1. In other words,
the matrix is represented by the set of positions that hold 1; the other positions hold 0. With some abuse of
notation, we will use A both for the matrix in the usual meaning and for the binary relation over {1,...,n}
that represents it.

Products and powers We define a formula prod(z, y, A, B) that defines the product of two n x n matrices
A and B over Z». This is:

prod(z,y, A, B) = (O z)(A(z,2) A B(z,y)).

The particular case in which A = B is denoted by square(z, y, A).
Next, for every non-negative integer r, we write a formula power,.(z, y, A) that defines the power A" of
the matrix A. For r = 0, the power A" is simply the identity matrix, which is defined by the formula

I(z,y) = (z=y).
For r > 1, we proceed inductively, so

1
prod(A, power, (A)).

power(A)

power,. 1 (A)

By carefully reusing variables, it is possible to write the formula power, (z,y, A) with four variables in
total. For concreteness, we define

power, 1 (z,y,4) = (O u)(A(z,u) A power,(u,y,A)), ifrisodd
power, . 1(z,y,4) = (O v)(A(x,v) Apower,(v,y, A)), ifriseven.

In total, we used four variables z, y, u and v.
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Repeated squaring It is also convenient to define the powering of matrices by a more efficient induction
known as repeated squaring. For r = 0, we use the same base case, and for larger powers we distinguish
the odd and even cases:

powery(A) = [
power;(A) = prod(A4, square(power'L(rH)/QJ (A))), ifriseven
power,(A) = prod(l, square(powerlwﬂ)m (A))), ifrisodd

Note that, by the same careful reusing of variables as we did for power,, it is possible to write the formula
power/. with five variables (the additional variable is for the O-quantifier in square).

The good feature of the inductive definition based on repeated squaring is that it takes only O(logr)
iterations to obtain power... In comparison, the inductive definition of power, requires r iterations. This
difference is important if we need to take powers that are exponential in n, the dimension of the matrix, as
we actually do below.

4.3 Non-singular square matrices

A square matrix is called singular if its determinant is zero, and non-singular otherwise. Equivalently, a
square matrix is non-singular if the columns are linearly independent. In the 2-element field, a column is a
linear combination of some other columns if and only if it is the sum of a subset of those. Therefore, the
number of non-singular n X n matrices over the 2-element field is

(2" —1)(2" — 2)(2" — 2%)(2" — 23) .- (2" — 2" )

because we have 2" — 1 choices of non-zero vectors for the first column, and more generally, 2" — 2¢ choices
of vectors that are not sums of any of the ¢ previous columns for the 7 4 1-st column. Let IV,, be this number.

Non-singular matrices over Zy Since the product of non-singular matrices is non-singular and the inverse
of a non-singular matrix is non-singular, the collection of non-singular n X n matrices over the 2-element
field forms a group of order N,,. Therefore, A is non-singular if and only if AN» = A. It follows that the
sentence below expresses that the n x n matrix A over the 2-element field is non-singular:

nonsingular,, (A) = (Vx)(Yy)(powery, (z,y, A) < A(z,y)).

Finally, if we want to define a sentence nonsingular(A) that defines the class of all finite structures that
represent non-singular square matrices A over the 2-element field, regardless of its dimensions, it suffices to
take
nonsingular(A) = \/ (matrix, (A) A nonsingular, (A))
n>1
where matrix,, (A) is the sentence saying that A is a square n x n matrix. In other words, this is the sentence
that says that the structure has exactly n elements:

(F2"z)(z = ) A ~(FZ" M) (2 = 2).

This shows that the collection of non-singular matrices over the 2-element field is definable in C¢_ . Let us
mention that all definitions are perfectly uniform and can be formalized in the uniform fragment LFP 4 C of
C¥ - For this, it is important to use the inductive definition of power/. based on repeated squaring because
in the definition of non-singular matrices we are taking a power with exponent V,,, which is 20(*) Note
that the log of this number is polynomial.
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Non-singular matrices over finite fields The discussion up to now can be generalized to arbitrary finite
fields. Let F' be a finite field with ¢ elements. An n x n matrix A = (a;; : 1 < i,j < n) over F'is
represented by ¢ — 1 binary relations R,, one for each a € F — {0}, where R, is the relation containing
the pairs (¢, j) such that a;; = a. In other words, R, is the set of positions of the matrix that hold a. The
positions that do not belong to any R, hold 0. It is not too difficult to define C% , formulas prod(z, y, A, B)
and power,.(z,y, A) defining the product and the power of matrices as we did for the 2-element field in the
previous section. It is important for this that the finite field is fixed.
The set of non-singular matrices over F' also forms a group. Its order is

@ =" —a)@" —¢*) (" ="

because we have ¢" — 1 choices for the non-zero vector of the first column, and more generally, ¢" — q'
choices of vectors that are not linear combinations of previous columns for the 7 + 1-st column. If we let
Ny, 4 be this number, then an n X n matrix A over F' is a non-singular if and only if ANma = A. Thus,
the collection of all non-singular matrices over F' is definable in C%_ , and in fact in its uniform fragment
LFP + C too.

4.4 Complete problems for &L

The complexity class GL is formally defined as follows. It consists of all languages L for which there exists
a non-deterministic Turing machine M running in logarithmic space such that, for every input = in L, the
number of accepting computations of M is odd, and for every input x not in L, the number of accepting
computations of M is even. It can be seen that NL C L. C P, but neither inclusion is known to be proper.
This class was introduced with the aim of classifying important problems of linear algebra [7].

Complete problems The problem GAP3, for Graph Accessibility Problem mod 2, is this:

GAP; : Given a directed acyclic graph G and two vertices s and ¢, decide whether the number
of paths that go from s to ¢ in G is odd.

It is not hard to see, using the standard reductions from logspace Turing machines to graph reachability
problems, that GAP5 is complete for ®L. The trick to make the digraph acyclic consists in adding a counter
of steps in a separate tape of the logspace machine.

We define two more problems:

NONSINGULAR> : Given a matrix A in ZSX”, decide whether A is non-singular.

FEASIBLE, : Given a matrix A in Zg"x” and a vector b in Z1*, decide whether the system of
equations Az = b has a solution z in Z5.

It was shown in [7] that the three problems GAP,, NONSINGULARy and FEASIBLE, are interreducible by
logspace reductions. It follows that all three are complete for @L. Thus, from the computational complexity
perspective, the three problems are equally hard (or easy).

From the descriptive complexity perspective, however, it follows from our results that the situation is
different. We showed in this section that the problem NONSINGULAR3, is definable in CZ_ . Moreover, it is
not hard to see that if A is the adjacency matrix of the digraph G, interpreted as a matrix over the 2-element
field, then the (u, v)-entry of the r-th power A" is the parity of the number of walks of length r that go from
u to v in G. In other words, if the number of walks of length r is odd, then the (u, v)-entry is 1, and if it is
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even, then it is 0. It follows that if A is the binary relation representing the adjacency matrix of a directed
acyclic graph G, the following formula of C,, defines GAP5:

\/ /\ power, (s, t, A),

SeEH res

where H is the set of all finite sets of natural numbers of odd cardinality. Here we use the fact that in a
directed acyclic graph, the only walks are paths.

For the problem FEASIBLE, the situation is different. We show below how the results in Section 3 imply
that, when appropriately encoded into finite structures, this problem is not definable in C¥_ ..

Inexpressibility of feasible systems Let A = (a;; : 1 <i <m,1 < j < n)beamatrix in Z5"*" and let
b= (b;: 1 <i<m)beavectorinZj'. The system of equations Az = b is represented by a finite structure
as follows. The universe is the disjoint union of two sets R = {ry,...,ry} and C' = {cy1,...,c,} of sizes
m and n, respectively, indexing the rows and columns of A, respectively. The matrix itself is represented
by the set of pairs (7, ¢;) such that a;; = 1. Finally, the vector b is represented by the set of 7;’s such that
b = 1.

We show now that the constraint-satisfaction problem CSP(Eg 3), where G is the additive group of
Zy, reduces to FEASIBLE; by a quantifier-free reduction. Recall that an instance of CSP(Eg 3) is given
by a finite structure A with its universe representing the set of variables 1, ..., x,, and with two ternary
relations Ry and R, representing equations of the form

i +xj+x,=0 and z; +x; + w1 =1,

respectively. We build a structure C representing an instance Az = b of FEASIBLE3 as follows. First, if Ry
and R; are not disjoint, C is just a fixed unsatisfiable instance of FEASIBLE,. Otherwise, the set of columns
C of the matrix is {z1, ..., %, }, the universe of A itself. The set of rows R of the matrix is the set of triples
in Ry U Ry. The union R U C'is thus the universe of C. The binary relation representing the matrix itself is
the set of pairs

{((a,b,¢),d) e RxC:d=aVd=bVd=c}.

Finally, the subset of R representing the independent vector is precisely ;. It is obvious that this is a
quantifier-free reduction from CSP(Eg 3) to FEASIBLE;. Thus, FEASIBLE; is not definable in C¥_ .

S Logical Reductions

The goal of this section is to work out the most useful reductions between CSPs in the framework of logic.
Most constructions are more or less standard, but technical, except the reduction to the idempotent case,
which requires also a non-trivial twist.

5.1 Expansions by reduced definable relations

Recall that a structure D is an expansion of another structure B if every relation in B is also a relation in D.
Let us start with the rather trivial case of reductions to expansions.

Lemma 12. Let B be a finite structure, and let D be an expansion of B. Then, CSP(B) <4t CSP(D).
Proof. The transformation that expands every instance of CSP(D) by empty relations is a reduction from

CSP(B) to CSP(D). The empty relation is definable by the quantifier-free formula false. O
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It should be clear that, in Lemma 12, the converse reduction CSP(D) <+ CSP(B) need not be true.
There is an interesting case, however, where it holds. This is when D is an expansion of B by reduced
pp-definable relations. Before we prove this, we need a definition.

Let R C A® be a relation on A. We define an equivalence relation f on {1, ..., s} by setting (7, ) in
g if, and only if, a; = a; forevery (a1, ..., as) in R. We say that R is a reduced relation if f is the trivial
equivalence relation (i.e. equality). Note that the equality relation on A is not reduced.

Lemma 13. Let B be a finite structure, and let D be an expansion of B by reduced relations that are
definable in B by a pp-formula. Then, CSP(D) <.+ CSP(B).

Proof. Let o be the vocabulary of B. We prove the lemma for the expansion by one reduced relation R. The
general case follows by composing. Let 7 be the arity of R and let ¢(z1, ..., z,) be the primitive-positive
formula that defines R in B. The formula has the following form:

(3zy41) -+ () <R1(x111) A NRy(xpy ) Ao A Ra(xrg) A A Rs(x135)> ,

where Ry, ..., R are all the relation symbols of o, each Iji- is a sequence of indices in {1,...,m} whose
length matches the arity r; of R;, and x; denotes the projection of the tuple (z1,...,x,,) to the indices
indicated by /. We may assume that all variables z,1, ..., 2z, are distinct and disjoint from z, ..., z,.
Moreover, since R is reduced, we may also assume that all variables x1,...,z, are distinct. Given an
instance C of CSP(D), we need to define an instance A of CSP(B) such that A — B if and only if
C — D. First we define A abstractly, and then show how to define it in C through a positive quantifier-free
interpretation with parameters.
The universe of A is the set
CU(RC x {xri1,...,Zm}),

where z,11, ..., Ty, are the quantified variables in ¢, which we assume not to be members of C'. Intuitively,
we have a new copy of each quantified variable of ¢ for each tuple in RC. The interpretation of the relation
R; in A consists of RZ»C, together with a set of tuples defined next. For every ¢ = (c1, ..., ) in RC and for
every I} = (i1,...,ir,), add to R the tuple (21, ..., z,) defined by:

1. z = c¢;, if i;, is the index of a free variable of ¢, thatis, 1 < ¢ <,

2. 2z = (c,x;,) if iy is the index of a bound variable of ¢, thatis, 7 + 1 < i}, < m.
This defines the structure A. Let us prove it has the right property:
Claim 14. A — B ifand only if C — D.

Proof. Let h be a homomorphism from A to B. We claim that the restriction of A to C' is a homomorphism
from C to D. For every R; we have RZ-C - R;’* and RP = R?. Moreover, h is a homomorphism, so
h(RA) C RB. Thus h(RE) C RP. Let us now check that h(R€) C RP. Let then c be any tuple in RC.
Let d = h(c). We want to show that B |= ¢(d), so d belongs to RP. By the definition of A, for every
I]’: = (i1,...,ir;), the tuple (z1, ..., z,,) defined as before belongs to R2*. Now, if 4, is the index of a bound
variable of ¢, we view h((c, z;, )) as a witness for x;, when evaluating ¢(d) in B. On the other hand, if i,
is the index of a free variable of ¢, we view d;, = h(c;,) as the interpretation of x;, . This interpretation
is well-defined because, critically, RP is reduced so all m variables x1i,...,T, are distinct. Under this
interpretation for the free and bound variables, we have B = ¢(d) as was to be proved.

Suppose now that h is a homomorphism from C to D. We need to extend h to map from A to B. Fix
atuple cin RC, and let d = h(c). Then d belongs to RP so B = ¢(d). Let b1, ..., by, be witnesses to
the existentially quantified variables in ¢. We extend h by defining h((c,z;)) = b; forr + 1 < i < m. The
claim is that & is a homomorphism from A to B and that this follows directly from the definitions. O
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We need to show now that this reduction is indeed a positive quantifier-free interpretation with parame-
ters. This is more or less routine. Fix a pair of distinct variables pg, p; that will play the role of parameters.
For concreteness, we can think of pg and p; as distinct elements of C. Let ¢ = m — r and t = [log, q] + 1.
We can think of the universe of A as the subset of C"+**2 defined by the following formula with r + ¢ + 2
free variables yg, Y1, - - -, Yr+t:

(Wo=poAy1 =" =Yrqp+1) YV W0 =01 ARW1, -, Yr) NO(Yrt1, - Yrtt))s

where (yy41,...,Yr+t¢) is a formula that is satisfied by the set of numbers £ € {0,...,¢ — 1} when
encoded in binary; the bits are encoded by v, = po or Y.+, = p1. In other words, when ¢ is an exact
power of two, which we may as well assume by adding dummy variables, 1 is the following formula:

t—1
/\ (Yr+1+6 = Po V Yr414b = P1)
b=0
Intuitively, the set of tuples (yo, . . ., yr+¢) for which
Yo=PoNYL = """ = Yrtt

encodes C, and the set of tuples for which

Yo =p1 N\ R(yl» cee 72/7“) A ¢q(yr+1, cee 7y7“+t+1)

encodes RC x {2,,1,..., 2y, }. With the universe defined this way, the rest of the formal definition is easy
to work out. O

5.2 Expansions by definable relations

The hypothesis in Lemma 13 that all relations expanding B must be reduced is necessary, if we want to get
pqf-reducibilities. However, if we are satisfied with Datalog-reducibilities, we can relax it. Before we prove
this, we need a technical intermediate lemma.

Let R be a relation of arity s and recall the definition of §p, the equivalence relation on {1,...,s}
defined in the previous section. Let I be a set of representatives of the equivalence-classes of 6 i, ordered in
an arbitrary way, and define red(R) = pr;R. Note that red(R) does not depend on the choice of I. Besides,
for every i ¢ I there exists some j € I such that a; = a; for every tuple (a1, ..., as) in R. We call red(R)
the reduced version of R.

A reduced structure is a structure all whose relations are reduced. To every structure B we can associate
a reduced structure, called the reduced version of B, whose universe is the universe of B itself and whose
relations are the reduced versions of the relations of B. Note that the vocabularies of a structure and its
reduced version may be different. Note that the polymorphisms of B and its reduced version are the same.

Lemma 15. Let B a finite structure and let D be the reduced version of B. Then CSP(B) <gatalog CSP(D)
and CSP(D) <, CSP(B).

Proof. We start with the reduction CSP(D) <, CSP(B). Let o be the vocabulary of B and let ¢’ be the
vocabulary of the reduced structure D. Hence, for every symbol R in o we have a symbol R’ in ¢’ of the
arity of red(RB). Let C be an instance of CSP(D). We define an instance A of CSP(B). The universe of
A is C itself. The interpretation of the r-ary symbol R in A is defined as follows: let § = 05 for R = RB
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and let I be a set of representatives of the 6-classes, ordered in an arbitrary way. Then, R* is defined by the
formula
wR($1, - ,l’r) = R,(X]) AN /\ T = xj.
(4,5)€0
It is clear that C — D if, and only if, A — B. Moreover, the reduction is positive quantifier-free.

We proceed now with the reduction CSP(B) <gatalog CSP(D).

Let A be an instance of CSP(B). We define an instance C of CSP (D). The universe of C is A itself.
For the relations, the basic idea is to project every relation R to the coordinates of a set of representatives I
of the #-classes, where § = 0. However, before we do that, we need to close each R” under all equalities
implied by the equivalences (i, j) € 6. We do that using Datalog-definable intermediate relations.

So, let £ be the binary relation on A defined by the following Datalog program:

E(z;,x;) : — R(x1,...,2y)

E(z,y) : — E(y,z)

E(l’,Z) - E(l’,y) A E(y>z)7
where the first rule is introduced for every symbol R in o and every (i, j) € @pa. It is obvious that F is an
equivalence relation on A; reflexivity follows from the fact that (i, j) € 0pa in the first rule, symmetry is

enforced by the second rule, and transitivity is enforced by the third. Next, for every r-ary symbol R in o,
let R’ be the relation defined by

R/(X[) L R(y17' "7y5) /\E(‘Tlvyl) /\ e /\E(xs,ys),

where [ is a set of representatives of the f-classes ordered in an arbitrary way. This defines C, and we
defined it by a Datalog program interpreted on A. It remains to argue that this Datalog-interpretation is
indeed a reduction.

Claim 16. If h is a homomorphism from A to B and (a,a’) € E, then h(a) = h(d’).

Proof. We proceed by induction on the stage on which (a, a’) enters the relation E. If it enters in the first
stage, then there exist R in o, (i,j) € Oza, and a € R? such that a; = a and a; = a’. Since h(a) € RA
and (i, j) € Og, it follows that h(a;) = h(a;), so h(a) = h(a’). The inductive cases follow trivially from
symmetry and transitivity of equality. O

Claim 17. A — B ifand only if C — D.

Proof. Suppose that A — B and let i be a homomorphism. We claim that A itself is also a homomorphism
from C to D. Suppose ¢ € R'C. Then there exists a and a’ in R such that a; = ¢ and (a;, a,) € E for
everyi € {1,...,s}. Now, h(a') € RB because h is a homomorphism. But also h(a) = h(a’) by the claim
above because (a;, a;) € E for every i. But then

h(c) = h(ar) = h(a); = h(a'); € pr;(RB) = red(RB) = R'®.

Thus A is a homomorphism from C to D.

Suppose now that C — D and let i be a homomorphism. For every a € A, let a” be a fixed represen-
tative of the E-equivalence class of a. Let g(a) = h(a”) for every a. We claim that g is a homomorphism
from A to B. Suppose a € RA. Then (a¥); € R'C, so h((a®);) € RP. Note that

g(a)r = h(a")r = h((a”)1) € R =red(R®) = pr;(RP).
But then g(a) € RB by the definition of # and I. So g is a homomorphism. O

This completes the proof of the lemma. O
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5.3 Reductions through reducts

By combining the preceding lemmas, we obtain the following result which is the analogue of Theorem 3 for
logical reducibilities.

Theorem 18. Let A and B be finite structures. If Pol(A) C Pol(B), then CSP(B) <gatalog CSP(A).

Proof. Let B’ be the reduced version of B. By Lemma 15, we have CSP(B) <datalog CSP(B’). Let B”
be the expansion of B’ with the relations of A. By Lemma 12, we have CSP(B’) <, CSP(B"”). Suppose
now that Pol(A) C Pol(B). Note that B” is an expansion of A by reduced relations. Moreover, since the
polymorphisms of a relation and its reduced version are the same, it follows from Pol(A) C Pol(B) that
every relation RB’ of B’ is invariant under every polymorphism of A. Therefore, by Theorem 2 every RB'is
pp-definable in A. By Lemma 13 we have CSP(B’) <, CSP(A). Composing we get CSP(B) <datalog
CSP(A). O

5.4 Powering, subalgebras, and homomorphic images

In this subsection we show how the basic algebraic constructions of powering, subalgebra and homomorphic
images can be handled by Datalog-reductions. We start with homomorphic images.

Let B be a finite structure and let B be its corresponding algebra. Suppose B’ is an algebra that has a
homomorphic image A = h(B’) that is a reduct of B. Note that A = B = h(B’), i.e. the universes of A and
B are the same and are the image of the universe of B’ under h. We define a new structure B’ = pre(B, h),
the preimage of B, whose universe is B’ and whose relations are the preimages h~!(RB) of the relations
RB of B.

Lemma 19. Let the algebras B and IB', and the structures B and B’ = pre(B, h) be as above. Then
1. CSP(B) <, CSP(B'); and
2. B is a reduct of Alg(B’).

Proof. 1. We argue that CSP(B) = CSP(B’) by arguing that B and B’ are homomorphically equivalent.
The homomorphism from B’ to B is just 4, and this is easy to check. As a homomorphism from B to B’
we take any inverse of h; that is, any function f : B — B’ such that f(b) belongs to h~'(b) for every
b € B. Such a function exists because A is onto B. It is a homomorphism because if b is a tuple in RB,
then h(f(b)) = b, so f(b) € h~1(RB).

2. It suffices to show that every operation of B’ is a polymorphism of B’. Let f’ be an m-ary operation
of B', and let f be the corresponding operation of .A. Suppose that al, ... a™ are m tuples that belong to
h~!(R®B). Then the tuples h(al),..., h(a™) all belong to RB. We apply f component-wise and we obtain
the tuple

(f(h(ay),....h(a]")),. ... f(h(ap),.... h(a]"))).

Since f is an operation of A, and A is a reduct of 3, it is a polymorphism of B, so this tuple belongs to RB.
Now, by the choice of f, this tuple is the same as

(h(f'(ad,...,a)),...,h(f'(a}, ... a™))).

We conclude that the tuple
(f'(al,...,al),..., f'(ak,...,a™))

belongs to h~!(RB). This proves that f’ preserves every relation of B’ O
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Let B be a finite structure and let B be its corresponding algebra. Suppose B’ is an algebra that has a
subalgebra A C B’ that is a reduct of B. Note that A = B C B/, i.e. the universes of A and B are the same
and are a subset of the universe of B’. We define a new structure B’ = ext(B, B’), the extension of B, with
universe B’ and the same relations as B.

Lemma 20. Let the algebras B and BB', and the structures B and B’ = ext(B, B’) be as above. Then
1. CSP(B) <,q¢ CSP(B’); and
2. B is a reduct of Alg(B’).

Proof. 1. The structures B and B’ are homomorphically equivalent. Indeed the identity mapping on B is a
homomorphism of B to B/, and any mapping h : B’ — B that is the identity on B C B’ and maps elements
from B’ \ B to any element of B is a homomorphism from B’ to B.

2. Let f’ be an operation of 5’ and let f be the corresponding operation in A. Then f preserves every
relation of B because A is a reduct of B. But then, trivially, f’ also preserves every relation of B’ because
the relations in B’ and B are the same. 0

Let R be an r-ary relation on the set A”. Then the flattening of R, denoted fla(R,n), is the rn-ary
relation on A that contains all tuples (1, . .., Z,) such that ((z1,...,%n), -, (T—1)pt15- -+ Trn)) € R.
Let B be a finite structure and let BB be its corresponding algebra. Suppose B’ is an algebra that has a direct
power A = B’" that is a reduct of B. Note that A = B = B'", i.e. the universes of .4 and B are the same
and are the n-th power of the universe of B’. We define a new structure B’ = fla(B, n), the flattening of B,
whose universe is B and whose relations are the flattenings of the relations of B.

Lemma 21. Let the algebras B and IB', and the structures B and B' = fla(B, n) be as above. Then
1. CSP(B) <,q CSP(B’); and
2. B'is a reduct of Alg(B’).

Proof. 1. Given an instance A of CSP(B), we need to define an instance A’ of CSP(B’) such that A — B
if, and only if, A’ — B’. First we define A’ abstractly, and then show how to define it on A through a
positive quantifier-free interpretation with parameters.

The universe of the structure A’ is Ax {1,...,n}. For every k-ary symbol R in the vocabulary of B, we
have a corresponding kn-ary symbol R’ in the vocabulary of B’. The interpretation of R’ in A’ is defined
as the set of all tuples

((x1,1),...,(x1,n), ..., (g, 1), ..., (zk,m))
such that (z1, ..., zy) belongs to R4,

First we prove that this structure has the right property. If A — B and h is a homomorphism, then clearly
the mapping h’ : A’ — B’ defined by the condition h/((z,%)) = h(x);, where h(x) = (h(x)1,...,h(2)s),
is a homomorphism. Conversely, if h is a homomorphism from A’ to B’, then the mapping h'(z) =
(W ((z,1)),...,h'((x,n))) is a homomorphism from A to B.

Next we show that this reduction is positive quantifier-free. Fix a pair of distinct variables pg, p; that
will play the role of parameters. For concreteness, we can think of pg and p; as distinct elements of A.
Lett = |logyn| + 1. We can think of the universe of A’ as the subset of A**! defined by the formula
¥(yo,y1,- - -, yt) with t+1 free variables that is satisfied by the tuples (yo, y1, - - - , y¢) for which (y1, ..., y¢)
encodes a number from {0, ...,n — 1} in binary; the bits are encoded by y; = pg or yp, = p; for 1 < b < ¢t.
The interpretation of the relational symbol R’ of arity kn is given by the formula

n k—1
k—1)n+1 . i j i i .
YRy ") = Reb Y AN A Bin@ ) =5 - 1),
j=1i=0
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where bin(y)"*7 ... 4™/} = j — 1 abbreviates the expression

g = by A Ay = by

and by ... by is the binary representation of j — 1.

2. Since A is a reduct of B, every relation of B is invariant with respect to all operations of A = B’".
Now it is straightforward that every relation in the flattening of B is invariant with respect to every operation
of B. O

5.5 Reductions through varieties

Finally, we are ready to state and prove the analogue of Theorem 5 for logical reducibility.

Theorem 22. Let A and B be finite structures. If the variety generated by Alg(A) contains a reduct of
Alg(B), then CSP(B) <gatalog CSP(A).

Proof. Let A = Alg(A) and B = Alg(B). Suppose that some algebra A’ of var(A) is a reduct of B. By
the HSP-theorem [8, Theorem 9.5] A’ is a homomorphic image of a subalgebra of a direct power of A. Let
Ay, As, and Ay, be the direct power, its subalgebra, and the homomorphic image, respectively. We have that
A’ = Ay, Let n be such that A, = A", an let h be a homomorphism from A to Aj,.

We use the three intermediate structures

1. A =pre(A,h),

2. A, =ext(As, Ap),

3. Ay =fla(A,,n).
Using the fact that A" = A}, is a reduct of B = Alg(B), now we apply Lemmas 19, 20, and 21 in sequence
to obtain

1. CSP(B) <,qt CSP(Aj) and A, is a reduct of Alg(Aj),

2. CSP(A;) <pqf CSP(A,) and A, is a reduct of Alg(A,),

3. CSP(A,) <pqf CSP(Ay), and A is a reduct of Alg(A¢).

The last condition means that Pol(A) C Pol(Ay). It follows from Theorem 18 that CSP(A f) <datalog
CSP(A). Composing, we get CSP(B) <gatalog CSP(A). O

5.6 Reduction from the idempotent case

To every finite structure B we associate a new structure, the singleton-expansion of B, by adding one unary
relation {b} for every b € B. In other words, if B = {b1, ..., by}, then the structure (B, {b1},...,{b,}) is
the singleton-expansion of B. Note that the polymorphisms of the singleton-expansion of B are exactly the
idempotent polymorphisms of B, that is polymorphisms f satisfying the identity f(z,...,x) = x. Indeed,
every singleton set {b} is preserved by any idempotent polymorphism of B, and any polymorphism of B
that preserves every singleton set {b} must by idempotent.

Lemma 23. Let B be a finite structure, and let D be the singleton-expansion of B. Then CSP(B) <4t
CSP(D) and if B is a core with at least two points, then CSP(D) <., CSP(B).
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Proof. Since D is an expansion of B, the reduction CSP(B) <4+ CSP(D) follows from Lemma 12.

Let us now prove that CSP(D) <., CSP(B). Given an instance C of CSP(D), we need to define an
instance A of CSP(B) such that A — B if, and only if, C — D. First we define A abstractly, and then
show how to define it on C through an existential-positive interpretation with parameters.

The universe of the structure A is the disjoint union of C' and B. For every relation symbol R of arity
in the vocabulary of B, the interpretation of R in A is defined by cases: if the sets PbC are pairwise disjoint,
we let RA = A", Otherwise, we let R be the set

RP U [ w(R®),
uelF

where F' is the set of mappings v : C' — A such that the following two conditions are satisfied:

1. u(y) € PE U {b} foreveryb € Bandy € PF,
2. u(y) =y forevery y € C — U,z PC.

This defines the structure A. Before we show how to define A by an existential-positive interpretation, let
us show that it has the property we want:

Claim 24. A — B if, and only if, C — D.

Proof. If the sets PbC are not pairwise disjoint, then clearly C 4 D. In this case, every relation in A is the
full relation and in particular it is reflexive. But then A /4 B since otherwise B would also be reflexive and
hence not a core with at least two elements.

Suppose in the following that the sets PbC are pairwise disjoint. Let h be a homomorphism from C to
D. Note that h(y) = b forevery y € PEC; this remark will be of use later. Let g be the unique extension of
hto A = B UC such that g(b) = b for every b € B. We prove that g is a homomorphism from A to B. Let
x € RA for some relation symbol R, and we aim to show that g(x) € REB. Since x € RA, either x € RB,
orx € u(RC) for some u € F. In the first case, g(x) = x and hence g(x) € R® as required. In the second
case, x = u(y) forsomey € RC. Lety = (y1,...,¥,) and let us analyze the components 7; distinguishing
by cases whether they belong to some PbC or not. Suppose first y; € PbC for some b. Then h(y;) = b by the
remark above. Also u(y;) € PC U {b} by the definition of F. Continuing, if u(y;) € PE then g(u(y;)) = b
again by the remark above, and if u(y;) = b then g(u(y;)) = g(b) = b by the definition of g. Therefore
g(u(yi)) = h(y;). Suppose next that y; ¢ PC for all b € B. Then u(y;) = y; by the definition of F, and
g(u(y:)) = h(y;) again. It follows that g(u(y)) = h(y). Since y € R and h is a homomorphism from C
to D, we have h(y) € RP. It follows that g(x) € R® because g(x) = g(u(y)) = h(y) and RP = RB.
This proves that g is a homomorphism.

Suppose next that f is a homomorphism from A to B. Note that B is an induced substructure of A,
so the restriction of f to B is a homomorphism from B to itself. Since B is a core, this restriction must
be an automorphism 7 of B. We may assume then that f is the identity on B; otherwise we start with the
homomorphism obtained from f by composing it with 7! on B. Now we define the map h : C — B as
follows: if y € PC for some b € B, then h(y) = b; otherwise, h(y) = f(y). Since we are assuming that
the sets PbC are pairwise disjoint, the map h is well-defined. We claim that / is a homomorphism from C to
D. First note that if y € PC, then h(y) € PP by definition. Now, let y € R for some relation symbol R,
and we prove h(y) € RP. Define u: C — Aby u(y) = bify € P for some b, and u(y) = y otherwise.
Since the sets PbC are disjoint, this is well-defined. Note that uw € F. Lety = (y1,. .., ¥y,) and let us analyze
the components y; distinguishing by cases on whether they belong to some PbC or not. Suppose first that
y; € PC for some b. Then u(y;) = b by the definition of u, and f(u(y;)) = b because f is the identity on B.
Also h(y;) = b by the definition of h. Therefore h(y;) = f(u(y;)). Suppose next that y; ¢ PC for any b.
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Then u(y;) = y; by the definition of u, and h(y;) = f(y;) by the definition of h. Again h(y;) = f(u(y;)).
It follows then that h(y) = f(u(y)). Now, u(y) € R® because u € F andy € RC. Hence f(u(y)) € RB
because f is a homomorphism from A to B. Thus h(y) € RP because RP = RB. This proves that & is a
homomorphism. O

We need to show that this reduction is indeed existential-positive. Fix a pair of distinct variables pg, p1
that will play the role of parameters. For concreteness, we can think of pg and p; as distinct elements of C.
Let ¢ = |B| and t = |log, q] + 1. We can think of the universe of A as the subset of C**! defined by the
following formula with ¢t 4 1 free variables yg, y1, - - - , Y¢:

Wo=poANy1="=y)V W =p1 AVY1,---,Yt)),

where ¥ (y1, . . ., y¢) is a formula that is satisfied by the set of numbers k € {0,...,q— 1} when encoded in
binary; the bits are encoded by y, = pg or y, = p;. This is the same technique as in the proofs of Lemmas 13
and 21. Intuitively, the set of tuples (yo, . .., y:) for which yo = pg A y1 = - -+ = y; holds encodes C, and
the set of tuples for which yo = p1 A ¢¥(y1,...,y:) encodes B. Now we define the interpretation of the
relation symbol R by the following formula:

EV RV \/ bur,

veG

where G is the set of mappings v : {1,...,r} — Bx{0,1}, and {, ¢ and 6, are formulas to be described
soon. Note the similarity of this formula with the abstract definition of R* that we gave:

RBU | J u(RO).
ueF
The formula ¢r(y',...,y",p) encodes the set RPB as a finite disjunction of conjunctions of equalities
encoding the tuples of RB. This is easy to work out. The formula 0., r(y',...,y",p) encodes the set

u(RC) as follows:
(Fz1) - (Fzr)(R(21, ..oy 20) NT1L A T3)

where
T, = /\ yé :po/\y{ =... :y*g/\Pb(zj)/\Pb(y{)
JES1
T, = Nw=prvl=pu A Ayl =ps
JES2
where b1, . .., b; denote the bits of the binary encoding of b in a fixed numbering of B, and where S is the

set of j such that v(j) = (b,0) and Sy is the set of j such that v(j) = (b, 1). Finally, the formula £ is defined

\/ (Elz)(Pln (Z) N Pb2 (z)),

b1 #ba

where b; and by range over B. This completes the definition of R”. Note that ¢ is used to make R = A"
whenever the sets PbC are not disjoint. 0
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6 Omitting types and definability

Let A be an algebra. A congruence of A is an equivalence relation « that is invariant with respect to all
operations of A. In other words, for any (n-ary) operation f of A and any a1, ..., an,b1,...,b, € A such
that (a;,b;) € a we have (f(a1,...,ay), f(b1,...,by)) € a. The congruences of .4 form its congruence
lattice con(A). A prime quotient in this lattice is a pair of congruences «, (3 such that « < 3, a # (3, and
for any v with a < v < [ we have either « = ~, or § = ~. The fact that «, 8 is a prime quotient will
be denoted by v < 3. For any a € A we denote by a® the equivalence class containing a. The set of all
equivalence classes is called the quotient set, A/,. The fact that « is a congruence allows one to define the
action of any operation of .A on the quotient set:

feaf,...an) = (flat,...,an))*

The quotient set endowed with all the operations f is called the quotient algebra A/, of A. It is not hard
to see that .4/, is the homomorphic image of .A under the homomorphism that takes a € A to a®.

6.1 Unary and affine types and modules

Tame congruence theory [19] allows one to assign to each prime quotient of the congruence lattice con(.A)
of a finite algebra A one of five types. The type reflects the local structure of the algebra, which can be one
of the following:

1. afinite set with a group action on it,
2. afinite vector space over a finite field,
3. atwo-element Boolean algebra,

4. atwo-element lattice,

5. atwo-element semilattice.

In the sequel we also refer to type 1 as the unary type and to type 2 as the affine type. We use tame congruence
as a black box extracting properties we need from existing results, and we do not therefore need a precise
definition of the types. The type of a prime quotient < (3 is denoted by typ(c, (3), while typ(.A) denotes
the set of types appearing as types of some prime quotient of A. If 2( is a class of algebras, typ(2() denotes
the set | J 4o typ(A). If i & typ(2d), we say that 2 omits type i. Otherwise, we say 2 admits type i.

Lemma 25. Let A be a finite idempotent algebra. If var(A) admits types 1 or 2 then it contains a finite
idempotent reduct of a module.

Proof. By a result from [6], if var(.A) does not omit type 1 then it contains a finite set, that is an algebra all
of whose operations are projections. So, suppose that var(.A) omits type 1, but does not omit type 2.

Since var(.A) does not omit type 2, there is a finite algebra 5 € var(.4) and a prime quotient &« < [ €
con(B) such that typ(a, #) = 2. Note first that taking 3/, instead of 3 we may assume that v = 0, the
equality relation, because it follows from tame congruence theory that typ(c/., 3/,) = typ(c, 3) for any
v < a. Next we note that since B is an idempotent algebra, every congruence class of [ is a subalgebra.
Take a non-trivial 3-class, and let C be the corresponding subalgebra. The restriction of 3 to C' is the total
congruence 1.

A congruence 6 centralizes 11 modulo e if for any term operation f(Z1,...,Tn, Y1y Yn, 21y - -5 2k)
any ci,...,cx € A, and any ai,...,al, a?,... a2, b},... bt b3,... b2 in A such that (a},a?) € 0,
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(b}, b?) € n, the following implication holds:

1771

1 131 1 £ 2 2 1 1
flag, ... ap,b1,...,b,,c1,...,c6) = flaf,...,a;,by,..., by c1,...,¢k)
\
1 132 2 £ 2 2 72 2
flag,... apn,b1,....0,¢c1,...,ce) = flaf,... a5, b1,...,b0;,,¢c1,...,Cp).

It is known that typ(n, #) € {1, 2} if and only if 6 centralizes itself modulo 7 (see [19, Theorem 7.2]).

In our situation we have that (3 centralizes itself modulo 0 in B. Therefore, 1 centralizes itself modulo
0 in C. This implies typ(C) C {1,2}, and, since var(A) omits type 1, we obtain typ(C) = {2}. By
Theorem 9.6 of [19] there is a ternary term operation d that is Mal’tsev on C, that is d satisfies the identities
d(z,y,y) = d(y,y,z) = x. Therefore C generates a congruence permutable variety, and by a result of [18]
it is an idempotent reduct of a module. O

Recall from Section 3 the definition of the structure Eg , for every finite Abelian group G and every
integer r > 1.

Lemma 26. Let M be a finite module, let G be the Abelian group underlying the ring of M, and let A be
an idempotent reduct of M. Then A is a reduct of the algebra of Eg . for every r > 1.

Proof. Let E = Eg ,. Every m-ary term operation of .A can be represented in the form
f(l'lv'--,xm) =rix; + "'+Tm55m7
and, as f is idempotent, vy + --- 4+ r,, = 1. Take m tuples ay,...,a,, in the relation Ré in E, where

a; = (a1, ...,a;4) fori € {1,...,m}. Check that the tuple

(f(au, e ,aml), ey f(alj, ey amj))

also belongs to RY:

f(all,...,am1)—|—-'-+f(a1j,...,amj)
= (7«1@11 +"'+7”jam1) + - 4+ (Tlalj +"‘+Tm(1mj)
= rl(an—i—--'—l—alj)—|—~-+rm(am1+'~+amj)
= ra+---+ra
= a.

Therefore, every relation of E is invariant under every operation of A. That is, A is a reduct of the algebra
of E. O

6.2 Unary and affine types and definability

We can bring together the results of Section 5 and the previous subsection to establish the following theorem.

Theorem 27. Let B be a finite structure and let BB be its algebra. If var(B) admits types 1 or 2 then there
exists a non-trivial finite Abelian group G such that CSP(Eg ;) <datalog CSP(B) for every r > 1.

Proof. Since CSP(B) = CSP(core(B)), where core(B) is the core of B, we may assume that B is a
core. Let D be the singleton-expansion of B and let D be its algebra, which is idempotent. By Lemma 23,
we have CSP(D) <datalog CSP(B). Moreover, if var(B) admits types 1 or 2, so does var(D) because
D is a reduct of B (see [19, Chapter 5]). By Lemma 25, the variety var(D) contains a finite idempotent
reduct A of a module. Let G be the Abelian group underlying the ring of the module. Then G is non-trivial
and finite. Moreover, A is a reduct of the algebra of Eg , for every 7 > 1 by Lemma 26. It follows that
CSP(Eg,) <datalog CSP(D). Composing we get the result. O
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We have seen in Section 3 that CSP(Eg 3) is not definable in C%, , when G is non-trivial. Since defin-
ability in C¥, , is preserved downwards by Datalog-reductions, this yields the following corollary:

Corollary 28. Let B be a finite structure and let B be its algebra. If CSP(B) is definable in C¥,, then
var(B) omits types 1 and 2.

Corollary 28 can be seen as a strengthening of the result of Larose and Zadori [26] that if the complement
of CSP(B) is definable in Datalog then var() omits types 1 and 2. Larose and Zadori also conjectured
the converse, namely that if var() omits types 1 and 2 then the complement of CSP(B) is definable in
Datalog. By Corollary 28 this conjecture would imply that every CSP(B) is either definable in Datalog or
not definable in C¥_ ,, which can be seen as a definability dichotomy.

Another consequence of Corollary 28 is that graph 3-colourability (i.e., CSP(K3)) is not definable in
since its algebra has no operations other than the projections and therefore admits type 1.

CUJ

oQw?

Corollary 29. Graph 3-colourability is not definable in C%,_ ..

While this has previously been proved directly [11], our result gives a new proof that gives an algebraic
explanation for why the problem is not definable.

7 Testing omitting types

Finally, we consider the question whether or not the variety generated by a given algebra or by the algebra
of a given relational structure omits the unary and affine types. If the conjecture by Larose and Zadori is
correct this question is equivalent to checking definability in C' , of a given algebra or relational structure.
More precisely, we consider three decision problems. In ALGEBRA OF TYPE 2 we are given a finite set A
and operation tables of idempotent operations f1, ..., f, on A, and the question is whether var(.4), where
A= (A;{f1,..., fn}), omits the unary and affine. In RELATIONAL STRUCTURE OF TYPE 2 we are given
a finite relational structure A, and the question is whether var(Alg(A)) omits the unary and affine types.
In RELATIONAL STRUCTURE OF TYPE 2(k) we are given a finite relational structure A, |A| < k, and the
question is whether var(Alg(A )) omits the unary and affine types. The problem ALGEBRA OF TYPE 2 was
shown solvable in polynomial time in [15], and it easily follows from this result (see [6]) that RELATIONAL
STRUCTURE OF TYPE 2(k) is also solvable in polynomial time.

Theorem 30. RELATIONAL STRUCTURE OF TYPE 2 is NP-hard.

Proof. In [6] it is proved that the following problem: given a relational structure A decide whether or not
the variety generated by the algebra of A omits the unary type—is NP-hard. Here we actually prove that
RELATIONAL STRUCTURE OF TYPE 2 is NP-hard even if the input structures give rise to varieties omitting
the unary type.

Recall that the NOT-ALL-EQUAL SATISFIABILITY problem (NAE) [32] is equivalent to CSP(B) where
B is a 2-element relational structure with universe {0, 1} and one ternary relation

R=1{0,1}3\ {(0,0,0),(1,1,1)}.

This problem is known to be NP-complete and we reduce it to RELATIONAL STRUCTURE OF TYPE 2.
Let C = C1 A ... A Cy be an instance of NAE. A divisor of an algebra is a homomorphic image of its
subalgebra. It follows from Proposition 4.14 of [6] and Corollary 3.2 of [34] that if a variety generated
by an idempotent algebra does not omit the unary or affine type then some divisor of the algebra does not
omit the corresponding type. We construct a relational structure A such that the algebra Ac = Alg(A¢)
is idempotent, has no divisors of the unary type, and has a divisor of the affine type if and only if C is not
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satisfiable. This implies that the variety generated by A admits the unary or affine type if and only if C is
not satisfiable. Let V denote the set of variables occurring in C. Set A9 = {0,1}, A, = W, U AY U AL,
v € V, where W, = {agy, a1y, gy, asv}, A9 = A9, U AY U AY UAY, AL = AL uAl UAl UAL,
AV = {0%,05)}, Al = {12, 12-61)}; and A = Ao U,y Av. Foreach 1 < i < g, let {u,v,w} be the
variables occurring in C;, and define a 6-ary relation R; as follows

0 1 1 0
SR o | |

R; = UllolxrHuf 1] xR Jul|o]xRSJul|1]|xR!],
gy Gly A2y A3y 1 0 0 1

Goy A1y A2y A3y
Aow OGlw 2w A3w

(columns of the matrices represent tuples of the relation) where

Rl =1 0% 0, 1% 17 1% 17 0% 07 0% 07 19 17
I?w lj@w 1?10 1]ﬁ'w O?w Ojﬁw 1?w 1?11) O?w Ojﬁw O?w ij

Finally, set A to be the singleton-expansion of the structure (A; Ry, ..., R,) and denote by Ac the algebra
Alg(Ac).

First we focus on the set Ay = {0,1}. It is easy to see that this set is a relation definable in A¢ by
the primitive positive formula 3y3z3udv3IwR(x, y, z, u, v, w). Therefore it is the universe of a subalgebra
Ag of Ac. The following two claims prove that Ay omits the unary type and that it omits the affine type if and
only if C is satisfiable. Denote the tuples (0,1, 1), (1,0, 1), (1, 1,0), (0,0,0), (0,0, 1), (0,1,0),(0,0,1),(1,1,1)
by a°,...,a" respectively.

Claim 31. Algebra Ag omits the unary type. Moreover, it omits the affine type if and only if it has a term
operation f satisfying one of the following two conditions

0\ /1\ /0 0 0\ /1\ /0 1
il (ol.[o]]=(o] o f|[2]|.[2].[0)]=](1]. @)
1/ \1/) \o 1 1/ \o/ \o 1

Proof. We first prove the second part of the claim. Post’s description of clones on a 2-element set [30]
implies that Ag is not of the unary or affine type if and only if it has either a semilattice term, that is, a
binary operation f; satisfying one of the following groups of equalities: f1(0,0) = f1(0,1) = f1(1,0) =0,
f1(1,1) =1, and f1(0,0) = 0, f1(0,1) = f1(1,0) = f1(1,1) = 1; or a majority term, that is, the ternary
operation fo such that f2(0,0,0) = f2(0,0,1) = f2(0,1,0) = f2(1,0,0) =0, f2(1,1,1) = fo(1,1,0) =
f2(1,0,1) = f2(0,1,1) = 1. As is easily seen, if Ay has a semilattice or a majority term then setting
flz,y,2z) = fi(z,y) or f(x,y,z) = fa(x,y,2) we get the required operation f. Conversely, the same
description implies that if Ay admits the unary or affine types then every its term operation is linear, that is
of the form rix1 + ... 4+ rpx, + a where addition and multiplication are operations of a 2-element field.
Moreover, as Ay is idempotent, we also have that a = 0 and r; + ... + 7, = 1. An operation satisfying
either of the conditions (4) cannot be represented in this form, and so .4 omits the unary and affine types if
it has such an operation.

To prove the first part of the claim we find a term operation of A- whose restriction on Ag is an affine
operation. Let 2’ be an affine operation on Ay (there is only one such operation). Its component-wise action
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on the set {a”,... a7} defines an affine operation h” on the set {0,...,7}. Let also + denote addition
modulo 2. It is straightforward to verify that the operation

W (x,y,z), ifx,y,z € A,
Ap'1 4,5,k v ifx = a;,y= Ajy, Z = Qfy, OT T = Qjy,
Y € {Ojv, 1jv}7z c {Okv, lkv}, or
T c {Oiva 1iv}ay = Qjy, 2 € {Okv’ 1kv}’
orx € {Ow, 1@}, Y € {Ojv, 1jv}a Z = Qy,
(514 52+ 83)21/783%3, if z = (s1)},y = (52)33)7 z = (s3);2, and
S81,82,83 € {0, 1},t1,t2,t3 € {Oé,ﬂ},
9(z,y,2) = 82,,(1-7]»7“1], if 2 = ajp,y = ajy, 2 = sh,, 0T T = a;y,
Yy = sz-v,z = gy, Or T = s,y = ajy,
Z = agy, where s € {0,1},t € {«, 5}

€, lf{xayVZ} ZA'U and {xayVZ} ZAOs
and (z,y) € 6,
Y, if {xayv Z} Z Av and {iC,y,Z} Z Ao,
and (z,z) €0,
Z, otherwise.
is a polymorphism of A, and therefore a term operation of A¢. It is an affine operation on Ay. O

Claim 32. C has a solution if and only if a term operation f exists satisfying one of the conditions (4).

Proof. Note that if a term operation f exists satisfying the first condition of (4), then for each constraint C;
with V; = {u, v, w} we have

f(GOua Ay, a3u) S Az
f(a0v7 A1y, (131)) S Aqb)
f(aOUM Alw, (Igw) S AZ)

where (a, b, c) is a solution for C;. Therefore, C has a solution. If f satisfies the second condition then we
consider the values

f(al)u’ A2y a3u) S AZ
f(a()v’ a2y, a3v) S AZ
f(a()wa a2w7a3w) € AZ;

Conversely, suppose C has a solution ¢: V' — {0,1}. Let - denote the semilattice operation on Ay

(0-1=1-0 = 0), its extension to the set {a’, ..., a"}, and the corresponding operation on {0, ..., 7}. Set
z, ifx =y,
0, ifr=0o0ry =0,
@(v)?;.j)v, ifz € {a;} UAY UAL,y € {aj}U Agv U A]lv,
flx,y,2) = fl(z,y) = andi-j € {4,5,6,7},
(i-j)vs ifz € {an} UAY UAL ye{aj}UAd UAL,
andi-j€{0,1,2,3},
x, otherwise.

26



We prove that f is a term operation of Ac, that is, it preserves all the relations of Ac. Since f is

idempotent, it preserves all unary relations from I'. Denote the set of tuples {b | <a ) € R} by D;;. To

b
show that f preserves R; we just have to prove that f/(a’,a’) € {a°,...,a"}, and if f’(a’,a’) = a* then
J'(Dit, Djt) € Dy However, this follows straightforwardly from the definition of g. O

The next step is to show that all the remaining homomorphic images of subalgebras from .4 omit the
unary type and omit the affine type whenever .4y omits the affine type.

Claim 33. If a subset of A is a subalgebra of Ac, then it is either a singleton, or is one of A, Ag, or C U D
where C C W,, and D C A U Al for some v € V are such that if |D N {04y, 1 }| > 2 for some i then
A% UAlL CD.

Proof. We have shown that Ay is a subalgebra; in a similar way it can be shown that W, U A% U A} for any
v € V is a subalgebra. Take a subset B C A. Suppose first that B ¢ Ag, B € W, U A% U AL, for any
v € V,say, B={by,...,b}. Then let k-ary operation gg(z1,...,)) be such that

.,bk):CEA\B,

, ) = x1, otherwise.

gB(b1, ..
gB(x1,...

We have to prove that gp preserves all relations from A¢. Operation gp obviously preserves unary
one-element relations, but destroys B. For any x1,...,x; € R; where x; = (21j,...,%¢;), none of
(zy1, ..., x) equals (by,...,bg). Hence, gp(x1,...,X)) = x; which means gp preserves R;.

Further, suppose that |(A% U AL )N B| > 2,but A U Al ¢ B forsomev € V andi € {4,5,6,7}.

Letc,d € (A9 UAL )N Bande € (A UAL)\ B. There are 12 possibilities of what ¢, d, e might be. We
d=0]

consider one of them, namely, ¢ = 05, , i€ = 15,. The other 11 cases are quite similar. Define the
operation g. 4 .(z,y) as follows
e, ifx=c,y=d,
0%, ifoAilu,yGA?uUA}u,ueV,J:%y;
gc,d,e(fva y) = 1 if A0 A0 U AL 174 .
) re iu’ye iuU iu’ue ,.T’)(fy,
x otherwise.

Operation g, 4 . obviously preserves all the singleton relations. Let us show that it preserves the relations
Ry. For c,d € A we shall write ¢ = difc = s§,,d =, orc = sfu,d = tZ}, for some s,t € {0,1},
u,v € V,and i € {4,5,6,7}. Furthermore, for c,d € A U Al we shall write ¢ ~ d if ¢,d € {0%,1%} or
c,d € {Ogj, 1Zﬁv} forsomev € V. Letg = gcde(X,y), X,y € Ry. If (x1, 22, 23) or (y1, Y2, y3) do not equal
(a,a,b) ifi =4, (a,b,a) if i =5, (b,a,a) if i = 6, and (b,b,b) if i = 7, then g = x. If (z1, x2,x3) and
(y1,y2,y3) are equal to the corresponding triple, then x4 = x5 = ¢, y4s = y5 = yg. Therefore (g1, g2, g3)
equals the same triple as (z1, z2, 3), (Y1, Y2, Y3); 94 = g5 = 965 (94, 95, 96) = (T4, T5, T6) When z; ~ y;,
j € {4,5,6},and g; = 0%, if z; € Al,, g; = 1§, if z; € AJ, when z; £ y;, j € {4,5,6}. In both cases
g € Ry. O

Claim 34. Each subalgebra B of Ac omits the unary type, and if a term operation f exists satisfying one of
the conditions (4), it also omits the affine type.

Proof. We show that for any congruence 1 of B the quotient-algebra 3/, has a non-trivial term operation
(that proves that it omits the unary type), and that if .4y omits the affine type then 3/,; also does.

For any v € V let 7, denote an equivalence relation on B, = W, U A2 U Al whose blocks are
{agp}, {a1v}, {age}, {asu}, Ay, U AL, A2, U AL, AQ U AL, A% U AL . Note that every relation R; can
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be viewed as the ‘graph of a mapping’ from the set {0, 1} to the sets B,. Therefore the action of any
polymorphism of such a relation on {0, 1} and on B, must be co-ordinated. In particular, this implies that
7y is a congruence of the subalgebra B, with universe B,, and that if subalgebra Ay has a semilattice, or
majority, or affine operation, then 3, /,,, also has such an operation. Moreover, this is also true for B/,,, for
any subalgebra B of B,,.

Since B is idempotent, each of its congruence classes is a subalgebra. Let 7, denote the restriction of 7,
onto B. For every congruence 7 of B either 7;, C 7 and then 5/, is isomorphic to a certain divisor of A3,
or 17, 1 and then, by Claim 33, 7 is not the total relation on one of the sets A? U A} . In the former case
the operation g (see the proof of Claim 31) witnesses that such a divisor has a non-trivial operation, and if
an operation f satisfying one of the two conditions (4) exists then the divisor omits the affine type. In the
latter case it suffices to prove the result for subalgebras with universes A?U U A}v, on which 7 is not the total
relation. So, the only subalgebras to check are A4, A U A} .

1) By Claim 33 A?U U Azlv has no non-singleton subalgebras. Since it is idempotent, this implies that
it has no proper congruences. The following operation witnesses that this subalgebra omits the unary and
affine types:

s, ifx=si,y€ A?U U A}U,
h(z,y) = orx € A andy € {0%,1% },

x, otherwise,

since it is semilattice on the set {0%,, Oﬁj}

2) A is simple. Indeed, since each congruence class is a subalgebra, by Claim 33, each class of any
congruence 7 is a subset of one of the sets Ag, W, U A% U AL, v € V. We show that if 7 is not the equality
relation then it is the total relation.

For each ¢,d € W, U A% U Al define an operation h g as follows

¢, ifr=cy=1,
hc,d(x7y) = 17 ife = d7 Yy = 1,
x, otherwise.

This operation is a polymorphism of A¢. Indeed, since h. 4 is idempotent, it preserves all unary relations
from Ac. Seth = h.4(x,y) where X,y € R;. As heq(x,y) = xif 2,y € Ay, we have (hi, ho, h3) =
(wl, x9, wg). Further, since y4, y5, yg # 1, (h4, hs, h6) = (.%'4, Ts, x6). The equality

() -6)

implies that if (¢, d) € 7 then (¢, 1) € 7, a contradiction with the above.
To prove that 0, 1 cannot belong to the same class of 7 it suffices to consider operation

apy, ifzr=0,y=an,
hoi(z,y) =4 1, ifx =1,y =ai,
x, otherwise.

Finally, operation h constructed above guarantees that A¢ omits the unary and affine types.

With this, the Theorem is proved.
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