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Abstract

Three simple models of synchronous hardware are given; using linear discrete, branch-
ing discrete and branching real time. A simple notion of abstraction is introduced,
motivated by the need to ultimately view such models as scientific theories that make
empirical predictions. It makes the significance of design rules explicit.

Two abstractions from the branching discrete to the linear discrete model are
given. They shed some light on the roles of consistency, deadlock and determinacy.
The stronger of the two depends on a notion of dynamic type for processes which
ensures deadlock freedom.

A reasonably strong abstraction from the branching real to the branching discrete
model is given. This depends on a finer notion of type which is a reasonably physically
plausible formalisation of the timing properties of certain real components.
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1 Introduction

In this paper we investigate some issues involved in the formal modelling of hardware. It is
widely accepted that models at various levels of abstraction are required. When reasoning
about a system it is desirable to use the most abstract model possible. It is a truism that
actual hardware cannot be formally verified and therefore that our formal models must
be related to the real world by some scientific work, enabling empirical predictions to
be confidently made about the behaviour of actual hardware from the results of formal
reasoning. This appears to be most straightforward for reasonably concrete models. We
define a notion of abstraction between two models that has only enough structure to lift
an empirical understanding of the more concrete to the more abstract.

A model is typically only valid for circuits that satisfy certain design rules. It is often un-
clear, however, exactly what is guaranteed by a particular design rule. This can sometimes
be answered by a precise result in a more concrete model that is more widely valid. The
design rule, together with assumptions on the concrete models of primitive components,
can then be seen as necessary for a particular abstraction to exist.

These general statements are given some precise meaning by considering three models of
simple synchronous circuits and the abstractions between them. In §2 and §3 we give
a syntax suitable for describing circuits at the gate level and a standard linear discrete
time model. In §4 we discuss design rules and abstractions between models in general.



In §5-7 we give a branching discrete time model and an abstraction that depends on
the design rule ‘All cycles contain a sequential gate’. This involves a class of deadlock-
free parallel compositions. In §8 we recall the informal timing properties given in the
manufacturer’s databook [TI84] for certain 74LS devices. In §9-12 we give a branching
real time model and an abstraction that depends on the design rule ‘There are no long
sequences of combinational gates’ and a physically plausible formalisation of the timing
properties.

It should be noted that we are only attempting to explore a few of the issues involved in
relating abstract formal hardware models to actual hardware. In particular we consider
only very simple synchronous circuits and quite abstract models. Our more concrete
models have not been related to the concrete models in use, although they seem to be
physically plausible. Most proofs are deferred to Appendix A. A short version of this
work appeared at the 3rd Workshop on Designing Correct Circuits (DCC ’96) [Sew96].

2 Circuit Syntax

We take a simple syntax of circuits with terms that are either primitive components from
some set prim or the parallel composition of two terms:

circ == p | circ|| cire p € prim.

To each term we associate a pair of disjoint finite sets of port names, drawn from a
set N, representing the available input and output ports. These are given for primitive
components by a function sort : prim —(PgaN) x (PgnN) which is lifted to all terms via
a parallel composition of sorts:

sortc| ¢ e sort ¢ || sort ¢
where (i,0) |(i',0') ¥ (i — ) U (@ —0), (0 —)U (o' —1)).

We will consider only terms for which any input (resp. output) port is connected to at
most one other port, which must be an output (resp. input). This condition, of 1:1
directional connection, is captured by Dy, where

Dy(c") <= ifc| c is a subterm of ¢” then sort c and sort ¢’ are composable

and sorts (i,0), (i’,0') are composable iff i N = onNo = {}. Set union between
sets of ports will usually be elided. We will often refer to pairs of sorts of the form
(i1h1,01h9), (haia, h109), in which the sets are all supposed disjoint. The composition of
terms c, ¢’ with these sorts could be depicted as on the left below.

—_— - —

21 01
c OQ
hi ho

’_>
L> bk

h2 / hl

— elr gbar|—




For example the primitive components might include gates (parameterised by ports) such
as Noty,, Nandy,. and DType with

sort Forkgp. o ({a},{b,c}) sort Pwr, o {},{a})
sort Nandp. i ({a,b},{c}) sort Gnd, e {},{a})
sort CheckGnd, % ({a}, {})
sort Notgy, o ({a},{b}) sort DType e ({d, clr,ck}, {q, gbar})
giving
sort DType || Not,q = ({ck,clr}, {gbar})

which could be depicted as on the right above.

This syntax is quite an abstract description of the structure of circuits — for certain
problems, e.g. calculating capacitances between points, much more concrete geometrical
descriptions would be required. We will be concerned with abstractions between the
behaviours of terms in various models. We will not in this paper consider abstractions
between different levels of structural description.

Henceforth we identify circuits with terms of the syntax. We will appeal to notions of
the actual instances of a circuit ¢ and of the actual behaviour of these instances. By the
former we mean the physical objects that could be constructed following some ‘standard
practice’ and that correspond to c. We will not attempt to be more precise about what
this ‘standard practice’ is.

The choice of a binary parallel composition enables design rules, properties of ciruits
and proofs of abstraction results to be expressed compositionally in a straightforward
way. Parallel composition will be commutative and associative in all our models (up to a
restriction on sorts), as expected. The choice of 1:1 directional connection is appropriate
for the gate-based circuits we deal with. It would presumably not be appropriate for
circuits with transistor-based structural descriptions. Having explicit sets of port names
associated with each circuit simplifies our notation and definitions.

Definition A model M of the syntax will be a family of sets M;, indexed by the sorts
and a sort-respecting function [_JM : circ — M. We will generally elide the indexing.

3 L, a Linear Discrete Time Model

Work on formal hardware design commonly uses a linear discrete time model of circuit
behaviour, here denoted by L. In this model signals are modelled by functions from the
naturals (representing time) to a set V of values and a circuit with n inputs and m outputs
is modelled by a predicate over (n+m)-tuples of such functions. Composition is modelled
by existential quantification and conjunction. To avoid a mass of notation port names
and variables over signals will be identified — we suppose given some function [_]* which
for each primitive component gives a predicate over the variables in the sort thereof. This
is extended to circuits by

eldlr ¥ 3a1...an:N=V . []F A [¢]F



where sort ¢ = (i1h1,01hs), sort ¢’ = (igha, 09h1) and hihy = {a;y ...a,}. For example, we
might have the following, putting V' = bool = {t, f}:

[Forka ]S % Vt:N.b(t) = alt) A c(t) = a(t) Pwr. ] % vi:N.a()
[Nandg ]t % VE:N. c(t) = =(a(t) A b(t)) [Gnd J¢ % wi:N. —a(t)
[Noty]¢ % vt:N.b(t) = -a(t) [CheckGndJ¢ ¢ vi:N. =a(t)
[DType]¢ % wi:N. ( 1) = (clr(t—l—l):>((—uck(t)/\ck(t+1)):>d(t)|q())|f)

Many combinational primitives can be described by a sort ({ay...am},{b1...b,}) and
function f: V™ — V"™ and given linear discrete time semantics

[Combl]¢ = vi:N . B(t) = f(a(t).

Many sequential primitives can be described by a sort ({ai...am},{b1...b,}), an [:N
giving the size of the internal state, ‘next-state’ function f:V™ x V! — V! and ‘output’
function g: V! — V™. Their discrete time semantics is then

[Sea’21¢ = 3R:N- V. Vt:N . b(t) = g(h(t) A h(t+1) = f(@(t), h(t)),

leaving the initial state unspecified.

4 Design Rules and Abstractions

The model L is quite abstract. This simplifies reasoning about the behaviour of large
circuits but leaves the relationship between the model [c]* of a circuit ¢ and the actual
behaviour of instances of ¢ somewhat unclear. In particular:

e We would only expect [c]* to correspond to the actual behaviour of instances of ¢
for some c, i.e. those that satisfy design rules such as the following.

0. All connections are 1:1 and directional.

1. All cycles contain a sequential gate.

2. There are no long sequences of combinational gates.
3. No output is required to drive too many inputs.

These are informal but easy to make precise (indeed 0 has been as Dy, 1 will be in
§5 and 2 will be in §9). It is not clear exactly what is ensured by imposing these,
nor whether they are sufficient.

e We have not said how [c]* corresponds to the actual behaviour of instances of c.

These points can be addressed by considering more concrete models and the abstraction
relationships between them. We envisage a number of models, related to each other by
some mathematical notion of abstraction. We suppose that one of these models is related



to the actual behaviour of instances of circuits by some scientific work, giving us an
‘empirical understanding’ of it.

Abstract model (e.g. £)
‘ abstraction
Concrete model
‘ abstraction
Most Concrete model

‘ empirical understanding
Real world

We will not discuss the basis or nature of this empirical understanding beyond formulating
it in a way that focuses attention on the properties required of abstractions between
models. We suppose that there is some set Ob of observations that may be made of
the actual behaviour of instances of circuits. (We are not suggesting that it is feasible
to define Ob, but only that it suggests a clear intuition about the desired statements of
abstraction results.)

Definition An empirical understanding of a model M and design rule D (i.e. a subset
of circ) is a function 0bsaq: M — P(0Ob) such that if D(c) holds then the observations
in obs i ([c]™) may with confidence (based on scientific work) be predicted of the actual
behaviour of any instance of c.

For elements x of a model M we would like obsa(z) to be as large as possible, so that
we know as much as possible about the actual behaviour of instances of a circuit ¢ simply
from [c]™. There is a trivial empirical understanding of any model, taking obsaq(z) to
be empty.

Abstraction relationships can now be defined to enable an empirical understanding of a
concrete model to be lifted to an abstract model.

Definition For models A and C, design rules D, and D,, and a relation Q C C x A we
say A, D, is an abstraction of C, D, along @ iff

Ve € cire . Dy(c) = (De(c) A [[C]]C Q [[C]]A)

It is then immediate that if C, D, is empirically understood by obs¢(-) and A, D, is an
abstraction of it along @ then A, D, is empirically understood by

obsaly) £ (obsc(x) | = Qy}.

In other words, given the data below (which is not a commuting diagram)

A
cire Q
LI C P(0Ob)

obsc(-)



we can calculate the best empirical understanding obs 4(-) : A— P(0b) of A, D,.

An abstraction result thus reduces the question of how [¢][4 corresponds to the actual
behaviour of instances of ¢ to the (presumably better understood) question of how [c]°
does. It lets us work only at the abstract level — typically [[c]]A will be easier to calculate
than [c] and having done so we know [c[¢ € {z € C | = Q [¢]* }. Note that there may
be many abstraction relations between two models. In general one would be preferred if
for ¢ such that D,(c) the set {z € C |z Q [¢]*} is small and/or easy to describe.

In the remainder of this paper we give two abstractions from a branching discrete time
model B to £ and one from a branching real time model R to B.

L, a linear discrete time model
<
<™ requiring ‘All cycles contain a sequential gate.’
B, a branching discrete time model
‘< requiring ‘There are no long sequences of combinational gates.’

R, a branching real time model

One of the former (<) is trivial. The others have similar developments. In each case we
formalise a design rule (1 and 2 respectively) and recall the informal reason why imposing
it ensures that circuits behave correctly. This involves properties of the behaviour of
primitive components. We introduce more concrete models (B and R respectively) in
which these properties can be expressed. The desired abstraction relations are stated and
the proofs that they are indeed abstraction relations make the informal reasoning precise.
We thus give a precise understanding of what is ensured by imposing design rules 1 and
2.

5 Design Rule 1: ‘All cycles contain a sequential gate.’

Simple gates can be divided into two groups, the combinational (e.g. Nand,., Noty,) and
the sequential (e.g. a latch or a DType in certain environments). The behaviours of these
gates have the following informal property:

In any clock period any values may be applied to the inputs of a gate.
Further, for sequential gates the values on outputs in a given clock period (1)
are independent of the inputs in that clock period.

Consider the circuits below.

Y DType || Notgq o Notpg || Notgq || Forkgpe
ek {>Q

— eclr gbar|—




The first, ¢, obeys Design Rule 1, as the only cycle contains a sequential gate — the
DType. This, together with property (1), suggests that in each clock period there can be
consistent values on the internal ports ¢ and d. We would thus expect [¢]* to correspond
to the actual behaviour of instances of ¢. On the other hand the actual behaviour of
instances of ¢/ may not correspond to any element of £, let alone [¢']*, as ¢/ does not
obey Design Rule 1.

In the rest of this section we make Design Rule 1 precise. In §6 and §7 we formalise
property (1) and make the above informal reasoning precise.

The informal statement of Design Rule 1 is global, referring to all cycles within a circuit.
It is more convenient to have a definition that is inductive on the structure of circuits. To
state this we introduce a simple notion of type. The types of a circuit with sort (i, 0) will
be relations T' C 7 x o, thought of as giving the admissible direct (i.e., via combinational
gates) connectivity within the circuit. More precisely, for a circuit ¢ and a € 7, b € o, if ¢
has type T and —(a T b) then there will be no direct connection from a to b within ¢. The
types i X 0 and {} correspond to purely combinational and sequential circuits respectively.
We write TF for the transitive closure of a relation 7.

Definition If T,T" are types for sorts (i1h1,01h2), (ishg, 02h1) then they are composable
if =3¢ . a (TUT)* a, in which case T || T" % (T UT)* N (i1ia x 0102).

We suppose that each primitive component is given some type. The rules for typing
circuits are those below.

c:T T

WT, T' composable

——p: T given
p:T

For example if Notg, :{(a,b)} and DType:{(clr, q), (clr, gbar), (ck, q), (ck,gbar) are given
then DType || Notgq :{(ck, gbar), (clr, qbar)} .

Design Rule 1, ‘All cycles contain a sequential gate’, can now be expressed:
Di(¢) <= Dylc) and c is typable.
For example D;(DType || Notyq) holds whereas Dy (Notp || Notgg || Forkgs.) does not.

We will use the following fact about composable types.

Lemma 1 If types T,T" for sorts (i1h1,01hs), (isha,00h1) are composable then the set of
ports hihgo102 can be ordered ci . ..cp such that Vp,q €1...n.p < q= —(cg (TUT")*T

p)-

Proor Trivial. O

6 B, a Branching Discrete Time Model

In order to express property (1) we introduce a more concrete model.

The model £ abstracts from many aspects of circuit behaviour — real time, voltages,
impedances etc. In particular it abstracts from the internal states of circuits. This might



be contrasted with the behaviour of a simulator which maintains a state, calculating a/the
state for a succeeding time step from the current state and inputs. Work on concurrency
has considered a variety of models that abstract from internal state to different extents,
from linear time (or trace based) to branching time (or bisimulation) — see [Gla90] for
an overview. In this section a branching time model is given. We assume familiarity with
transition systems, bisimulation and SCCS [Mil83, Mil89].

Definition A transition system S over labels L is a pair of a set S (of states) and a
family of relations LN CSxS|leL. We write — for Uje L—l>. Strong bisimulation
~ over S is the largest equivalence relation over S such that if s ~ ¢ and s—s' then
3ttt ~ S

Definition For a set V the model BR(V) consists of the transition systems BR(V);o,
where these are the strong bisimulation quotients of sufficiently large' transition systems
over the labels 10 — V. Parallel composition is basically SCCS synchronisation and hiding,
i.e. for s,s' of sorts (i1h1,01hs), (i2ha, 02h1) the transitions of s || s are given by

a . C N
s—§ §' 5§

T Ya € hihsy . a(a) = B(a),
s | s'—33 I g

where the composition « || 5:i1i20109 =V of a:ijhiorhe =V and B:ighooshy —V is de-
fined by

(]| B)(a) = afa) for a € i101
(]| B)(a) = Pla) for a € iz0s.

Given «:j—V and (:j' — V for disjoint sets of names 7,7’ we write af for their source
tupling.

Definition The branching discrete time model is B 1o BR(V') with a sort-respecting
semantic function [_]® supposed given for primitive components. B;, is thus a transition
system with labels that give a value for each port in ¢ U 0. The transition labels will be
ranged over by «, 3, vy, u, v.

SCCS notation will be used for examples, taking (Act, X, 1,-) to be the free abelian group
over N x V and writing states with sort (i,0) as processes with sort (in the sense of
[Mil83]) In; x Out,, where

&
&

Ing X (an)v, | 7€V}

X (oo | € V™).

&
&,
—~
—
S
i
~—
<
=
X

Outg

I
~
—

S
—
~
<
=

X

Parallel composition is just s || 8" = (s X §') | Inj i, X Outy,. The isomorphisms between
Ing (resp. Outy) and the set of functions from @ to V' (resp. b to V) will be elided.

!i.e., containing the denotations of all primitive components and closed under parallel composition



For example we might have

d — d
[Forkgp.]? ) fix XY chool GabeCe + X [Pwr,]5 i/ fir Xaag : X
def S def
[NandgJP < fiz X. > z.yebool 4abyCo(zng) + X [Gnd, ]2 & fir Xar: X
[Notqp]? def fix XY chool agbog : X [CheckGnd,]? def fir X.a¢: X
def
[[DType]]B = Zmyz DI?JZ
def _
where D, = Zw’,m’,y’ebool clryycky dyqrabar—,e @ Dy
and Z=(w = ((mrzrz') =y 2)|f).
The transition system [Not,,]® could be depicted as below.
abr agby
@
For the general combinational and sequential primitives we take
[[Combég]]g e fix X. Z avbf
vevVm™
[[Seq’jg]]B o Z P; where Ps Z )t Pro,s)-
sevi eym

This [[Seq(};g]]lg is only nondeterministic at the first state so we are not using much of the
expressive power of the branching time model. Modelling arbiters or faulty components
would make more use of the expressiveness of the model.

The set of infinite traces of a state s will be written itr(s). We elide the isomorphism
between the sets of infinite traces for sort (i,0) (i.e. subsets of N— 40— V) and the

predicates on the variables (of type N— V') in 0. For the above examples of primitive
components itr([p]®) = [p]*.

It is well known that it is not necessary to use as fine an equivalence as bisimulation in
order to be sensitive to deadlock and be a congruence for parallel composition. Bisimu-
lation is chosen to make the definitions in the next section and the relationship with the
real time model simple. We will give abstractions from B all the way to the linear time L,
skipping over intermediates such as failure equivalence classes of transition systems. One
can argue that B is closer than £ to the behaviour that might be exhibited by a stochas-
tic circuit simulator. £ abstracts from the internal states of circuits, whereas we might
expect a simulator to maintain them — in a given state, (perhaps randomly) choosing a
succeeding state and valuation for ports from those allowed by the primitive components
in that state. Such a simulator would therefore detect (probabilistically) the deadlocks of
the example in §7.4. One might also argue that a proper treatment of nondeterminism
will be essential when we get to very concrete physical models.

7 Abstraction from B to £
There may be many abstraction relations between two models, with differing strengths

10



and requiring different design rules. For example there are the following natural ones
between B and L.

Definition For s € B and z € L of the same sort

s=<z iff dtr(s)

=z
s<"x Gff itr(s) ==z

and s is nonterminating.

For an abstraction result along < no design rules or properties of primitive components
are required.

Theorem 1 If for all primitive components p we have [p]® < [p]* then L,Dy is an
abstraction of B, Dy along <.

PROOF Trivial induction on circuits using the fact that for states s, s’ of composable
sorts in B we have itr(s|| ') = itr(s) || itr(s). O

For an abstraction result along <™ we impose Design Rule 1 and a formalisation of
property (1).

7.1 Interpretation of types in B

Types can be interpreted in the branching time model, formalising property (1) and
generalising it to arbitrary circuits:

Definition If 7" C i X o we say a state s € B;, inhabits T if for all a € 1, if

s_ykg/““ﬁ@
where  a:{a} =V Br{b|—(aTb)}—-V

az:(i —{a}) =V Bo:{b|aT b=V

then for all o :{a} — V there exists 5,:{b | a T b} =V such that $U % Phis could

be depicted as below, in which 0y = {b | =(a T'b)} and 03 = {b | a T b}.

V_.{a}/ ......... b

_ Ji—a 09|, 3

For combinational circuits with type ¢ x o this definition is similar to strong consistency,
saying that for all inputs there is an output. For sequential circuits with type {} it is a

form of receptivity, saying that for any output that can occur all inputs are permitted.

More precisely, suppose s—*s' % 1f 5 inhabits ¢ x o then Ve . a5 . §'%P% and if s

inhabits {} then Vo . ALY

Note that if T C T’ C ¢ X 0 and a nonterminating state s inhabits 7' then it also inhabits

T’ but that states may not inhabit unique minimal types. For example the state with
sort ({a},{b,c}) defined by

ﬁl’ X. Z al'gc(zxory) ' X
z,y€Ebool

11



inhabits {(a,b)} and {(a,c)} but not {}. Note also that determinacy (in any of the senses
of §7.5) and nontermination are not implied by inhabitation.

The formalisation of property (1) for a primitive component p:T is that [p]® inhabits T
and is nonterminating. This holds for the examples given.

In this definition and henceforth we implicitly identify the units of discrete time with the
period of some global clock.

Remark This notion of type does not seem to fit into the interaction category frame-
work of Abramsky [Abr94], essentially because the interpretations of types are all dis-
tinct and composability is not an involution on types. Consider compositions of sorts
(i1h1,01hg), (igha,09h1). If A is a set of types for one of these we define AL to be
{T' | VT € A . T,T' are composable} and note that for a type T the set {T}* may
not be a singleton.

7.2 Abstraction Result

The important property of states inhabiting certain types is the following.

Lemma 2 If states s,s' of sorts (i1hy,01h3), (igha,09h1) inhabit composable types T, T’
then s || s inhabits T || T'. Further, if s and s’ are nonterminating then so is s|| s'.

PROOF Sketch: consider a € i172. By Lemma 1 the set {c € hihy | a (T UT")* ¢} can be
linearly ordered c; . .. ¢, such that p < ¢ = —¢, (T UT")" ¢,. For any particular transition

Al a1 Y .
s||s'—*5]| 8 — and new value at a the values at c; ...¢, can be chosen successively. O

Theorem 2 If for all primitive components p: T we have [p]® <™ [p]* and [p]® inhabits
T then L, Dy is an abstraction of B, Dy along <™.

PROOF An easy induction on the structure of ¢ using Lemma 2 shows that for all circuits
¢, if ¢:T (so Di(c) holds), then [¢]® is nonterminating, inhabits 7' and has the infinite
traces [c]~. O

7.3 Consistency

Design rules Dy and Dp are expressed almost directly on circuits. An alternative is to
express design rules as conditions on the models of circuits. It has been noted (in e.g.
[CGM87, BNWV92]) that some circuits have ‘inconsistent’ denotations in £. For example

[Pwr, || CheckGnd,]* = f

(the more usual Pwr, || Gnd, is outlawed by Dg).This is particularly problematic when
using logical implication as an implementation relation, all specifications being satisfied
by such a circuit. Accordingly it has been suggested (in [Mel93, §4.2.2]) that a finer
implementation relation that requires ‘consistency’ is used, i.e. ¢ implements Spec iff
([e]* # £) A ([e]* = Spec). This can be equivalently viewed as imposing a design rule

Den(c) = [J“#f

12



— the model is only regarded as valid for circuits ¢ such that Dy, (c). In our setting with

-

distinguished inputs and outputs it is more natural to use, for ¢ of sort (@, b), the stronger
condition (suggested by Fourman)

Dacon(c) <= Va.3b.[c]"

This is strictly weaker than D; (assuming for all primitives p:T that [p]* = itr([p]®),
[p]? inhabits T and [p]® is nonterminating). Tt does not rule out all pathologies, for
example D gy, holds of Notyg || Notg, || Forkgpe.

7.4 Deadlock

We give another pathological example circuit to illustrate the difference between £ and
B. Take a primitive component Q with sort ({a}, {b}) and semantics

[Q]® 4/ fix X.aby : X + agbe : (fiz Y.aghe 1 Y + aghy : Y)
def

[Qrc = ar([Q1°)

Intuitively Q behaves like a wire from a to b until it receives a value f, thereafter behaving
like an inverter. Consider a circuit Q || Forky,.. Then

[Q|| Forkye]? = fix Z&G:Z+:0
[Q| Forkpe]© = Vt:N. c(t)

the first of which could be depicted as

Note that Dgjeon(Q || Forkpe.) holds, however D;(Q || Forkye.) cannot — the only types
inhabited by [Q]?,[Fork..]® are {{a,b)}, {(b,a), (b,c)} respectively and compositions of
components with these types do not satisfy D;.

The deadlocks of behaviours such as [Q || Forky..]® can be interpreted in two ways. In
one they are regarded as symptoms of the fact that this is not a circuit that we expect the
model B to be valid for, so [Q || Forky,.]® may be nonsense. This is the view we adopted
for the abstraction result, where deadlocks were viewed as arising from the existence of
feedback loops containing no delay elements. In the other view the model is taken to
be valid until the occurrence of a deadlock. This allows the failure of the validity of the
model (perhaps due to some violation of constraints on the environment of a component)
to be encoded within [_]5.

Note that D; is not a necessary condition for deadlock freedom, e.g. [Notg, || Noty,]? is
nonterminating. We surmise that it is necessary in the following sense.

Conjecture 3 If =D(c) then there is some choice of []® for the primitive components
such that for each p:T [p]® inhabits T and is nonterminating but [c]® is terminating.
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7.5 Determinacy

The branching time model admits various intuitive definitions of determinacy. These
differ widely so it seems worthwhile to discuss them briefly for reference.

Definition A state sy with sort (i, 0) is:

1. SCCS-determinate iff so—s*s—ss' A s—ss" = s = 3", i.e. if the state after a
transition is determined by the state before and the values on inputs and outputs.
This is the standard concurrency-theoretic definition. (Recall that we are working
up to strong bisimulation.)

2. early-determinate iff so—*s = AlB:0=>V . da:i >V . sa—ﬁ>, i.e. if in any state
there is a unique tuple of values that can appear on the outputs.

3. late-determinate iff so—*s = Va:i =V .lG:0—> V. sa—ﬁ>, i.e. if in any state, for
any values on the inputs, there is a unique tuple of values that can appear on the
outputs.

4. w-late-determinate iff Va:N— V. 3b:N— V. SOMM ---, taking ¢ = @ and 0 = b.
e., if for any infinite sequence of values on the inputs there is a unique infinite
sequence of values that can appear on the outputs. This is purely a property of
the infinite traces of sy . A slightly weaker determinacy property, Va . 3515 .

SOMM -+, is introduced in [BNWV92].

Proposition 4 The only implications between the above, assuming that sy is nontermi-
nating and inhabits type © X 0, are 1 =4 = 3 < 2.

PROOF Straightforward. a

For example, [Q]®, [Forky..]® and [Q | Forky..]® are SCCS-determinate and w-late-
determinate. [Q]® and [Forky,]? are also late-determinate. [[Combgg]]g is SCCS-
determinate, late-determinate and w-late-determinate; depending on f it may also be
early-determinate. [[Seqf 9]% may not be determinate by any of the definitions, depending
on f and g, although afﬂ ter the first transition it will be determinate by all four.

We expect that for any typable circuit ¢ composed of standard components (e.g. instances
of Combé ; and Squ g) with standard branching time models (e.g. [[Combg 5]]8 and [[Squ, g]]B)
[c]? will be SCCS-, late- and w-late- determinate after its first transition. For these circuits
the only source of nondeterminacy is under-initialisation. More interesting components,
e.g. arbiters, and/or more interesting models of standard components, e.g. models of
components that may fail, would introduce nondeterminacy at all transitions.

Given nonterminating SCCS-determinate states s and s’ it is standard that itr(s) = itr(s')
iff s = s’. Tt follows that for nonterminating SCCS- (or w-late-) determinate states
the predicate ‘inhabits 77 can be expressed simply in terms of their infinite trace sets.

However, none of the above notions of determinacy are preserved by parallel composition.
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8 Informal Timing Properties

In the remainder of this paper we consider Design Rule 2: ‘There are no long sequences of
combinational gates’. Imposing this ensures that, loosely speaking, the timing behaviour
of actual circuits will be correct, e.g. that setup and hold times will be met. To obtain
a convincing abstraction result depending on Design Rule 2 we must, therefore, consider
the timing properties of primitive components. The basic problem is to state properties
of the real-time behaviour of circuits that:

e For primitive components are expected to hold of standard device physics models,
and are loose enough to admit manufacturing variations.

e Are strong enough to admit a strong abstraction result to a discrete-time model.
e Are composable (for circuits satisfying the design rule).

The abstraction result given below (Theorem 3) should be regarded only as an approx-
imation to the kind of result desired — as will be discussed in the conclusion, the first
condition has been relaxed slightly in order to obtain a reasonably tractable proof.

For simplicity we suppose that primitive components are elther purely combinational, of
the form Comb’ o OT purely sequential, of the form Seq e We will give these timing
properties based on those informally specified in the databook [TI84] for two particular
TTL devices, a 74LS00 NAND gate and a 74LS171 D-type (with ‘clear’ input tied to V.
and ‘clock’ tied to a global square-wave clock). In this section we recall these informal
specifications.

8.1 Combinational Primitives

We assume that combinational primitives have a maximum propagation delay of ¢, > Ons
and a minimum propagation delay of Ons. Informally:

If the inputs of a combinational primitive are stable for an interval of
length ¢, or more then its outputs will be stable, and have the correct (2)
values, for the subinterval starting ¢, later.

This can be depicted by the timing diagram below, for a primitive with sort (d, 5} In
these diagrams a double line denotes a requirement or guarantee of a stable signal, hatched

lines denote ‘don’t care’.

| tp |

Sl

S

For a 74L.S00 NAND the databook [TI84] specifies maximum propagation delays tprg =
15ns, tppr = 15ns for low-to-high and high-to-low input transitions. For our results to
be relevant to actual circuits constructed using these devices we would therefore require
tp, > max (tpru,tprr) = 15ns. [TI84] does not specify a minimum propagation delay.
Our choice of Ons is uncontroversial.
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8.2 Sequential Primitives

We assume that sequential primitives have minimum setup and hold times ¢, and ¢ (for
the data inputs w.r.t. clock edges) and maximum and minimum propagation delays s,
and tpminseq (from clock edges to data outputs). We take a clock period ¢, and suppose
that these quantities are non-negative and satisfy tpminseq < tpseq tpseq +tp +tsu < tc and
0 <t < tpminseq- Informally:

If the inputs of a sequential primitive are stable from %, before to
after a clock tick (and similarly for all preceding clock ticks) then the
outputs will be stable, and have the correct values, from %), after to
te+tpminseq after that clock tick. Moreover, the values on the outputs in
a given clock period are independent of the values on the inputs in that
clock period.

The first clause can be depicted by the timing diagram below, for a primitive with sort
(@,b).

| >tsu 12> 14|
a SO DOOKOOGOMN
> tpminseq

! < tpseq [

This is based on the specification in [TI84] of an edge triggered D-type from a 74LS171
device, tying the ‘clear’ input to V.. and the ‘clock’ input to a global clock with period
tc.. There tg, = 20ns and t;, = d5ns. Two propagation delays tprg = 25ns, tpgr = 30ns
are given so we could take #,5., = 30ns. The minimum propagation delay t,,inseq 15 nOt
specified. We require t5, < tpminseq, for example tpinseq = 5ns, which seems reasonably
plausible. We take for example a clock period t. = 100ns. We take such a D-type to be a
new primitive component DType’, with sort ({d}, {q, gbar}) and discrete time semantics

[DType'Ts % wi:N. q(t +1) = d(t) n gbar(t + 1) = —d({)
[DType']? def ZDy where D, def Z dyqygbar—y : Dy
y y'Ebool

. def def
(i.e. DType' = Seqﬁ},{q,qu} for f(y,y/) = ' and g(y') = ¢/). We draw a DType’ as

below.

clr qgbar —
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8.3 Informal Timing Reasoning

Intuitively, circuits built from these primitives will work correctly if the total propagation
delay between any sequential component output and input is small enough. There are
no edge-triggered primitive components so no edges or hazards can be significant. The
timing for an example circuit for a single clock period is shown below.

k times

LI>Q_>4|>QL
ipligin ipliplin

N . | -

P tpseg | Hpminseq|
provided at a : M : [><><
S0 B, 1
required at a ><><><><><><] [>Q<><><><><
| te | ta1>0l
required at b OCROUROURRRRNL___: MO0
| te i

From this we need k& < (t. — tpseq — tsu)/tp and expect that any circuit with no path of
more than this many combinational primitives will operate correctly. We take some K : N
satisfying 1 < K < (t. — tpseq — tsu)/tp (for example 1 < K < 3) and another condition
given later.

9 Design Rule 2: ‘There are no long sequences of combina-
tional gates.’

To express Design Rule 2: ‘There are no long sequences of combinational gates.” (where
a sequence is long if it contains more than K gates) precisely we use a finer notion of
type that records the maximum lengths of sequences of combinational primitives. It is
again defined inductively on circuit structure, making the definition a little complex but
easy to reason about. For checking the design rule a direct characterization on a graph
representation of circuits might be more appropriate.

Definition N,,+, Ll is the naturals extended by a negative infinite element * with addi-
tion and maximum operations defined by

+‘* n I_I‘ * n
x x x * * n
ml|* m+n m | m max (m,n)



The operations + and U are both associative and commutative. They have units 0 and
* respectively and + distributes over LI. We extend Ul to a partial function from subsets
of N, to N, in the obvious way. It is convenient to use matrices over N, defining +,
pointwise and a matrix product o by (A o B)g. = UpAgp + By -

Definition The refined types associated with a sort (i,0) are functions
R:(ixoUiUo)—{*0... K}

with, for a € 4 and b € o,

e Ry, encoding the maximum path lengths of combinational primitives between input
a and output b

e R, encoding the maximum length from input a to anywhere
e R encoding the maximum length from anywhere to output b.

These must satisfy Ry, # 0 and R, # * # Ry,.

Definition The refined type of a combinational primitive is R°°™", where
ROmb — 1 REmb —1  and R{OMP =1.
The refined type of a sequential primitive is R*%, where
R = x, RX9=0 and R, =0.

For compositions ¢ || ¢ we first say what it means for two refined types to be composable
— intuitively that the composition of any circuits with those refined types will contain no
path of combinational primitives of length > K. Consider sorts (i1hi,01h2), (i2ha, 02h1)
and refined types R, R’ for them. Let j = i1i20100h1hs and define G,0:j x j—N,;
H,J:5—N, by

Gw =|Rayp ,ifa€ithy b€ orhy H, =|R, ,ifaé€ith Jy =Ry, ,ifb€ orhs
;b ,if a € igho A b € 09hy Rg ,if a € igho Rg) , if b € 02h
* , otherwise x , otherwise x , otherwise

Owp =0 ,ifa=0b
* , otherwise
n times
—f
Let C d:efl_lnzlGo...oG, A d:ef(CI_IO)oH and B d:efJo(CI_IO). We say that R, R’ are
composable if C exists, C, A, B contain no element > K and Ve¢ € h1hy . A. + B, < K.
The refined type R || R’ is then given by

(RIR)w Y Cwy (RIR). Y 4, and (R|R), Y B,

The rules for typing circuits are below.

c:R ¢:R
- oo p combinational Wp sequential W R, R composable
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Design Rule 2: ‘There are no long sequences of combinational gates’, can now be expressed:
Definition Ds(c) <= Dy(c) and c is typable in the system above.

For simplicity this is slightly stronger than necessary — it forbids all long paths of com-
binational primitives, not just those which feed to sequential primitives. These refined
types above are related to the types of §5 as follows.

Definition If R is a refined type for sort (i,0) then T'(R) C i X o is given by

aT(R)b <= Rg # *.

Proposition 5 If refined types R, R’ are composable then types T(R),T(R') are compos-
able and T(R||R') = T(R) || T(R').

10 Timing Disciplines

In this section we discuss the timing disciplines that a circuit may be required to obey.
This simply generalises the informal calculation of §8.3 to arbitrary circuits. We have not
yet given a real time model and so cannot yet state what it means for a real time model
of a circuit to obey a timing discipline.

Definition A timing discipline A is a function from the port names N to non-empty
subsets of the interval [0,%.) (for our simple circuits we will only use open sub-intervals
of [0,%c)).

Intuitively such a A defines, for each port a, a part A(a) of each clock period for which the
value on that port will be or must be constant. If we were using a richer model of values
this would have to be replaced by a more interesting condition, e.g. that the value on a is
above or below certain thresholds in each interval, rather than simply constant. For later
convenience we take clock ticks to be at {(k + 1)t. — t; | k:N}. A timing discipline may
thus refer to intervals containing clock ticks.

A circuit may be placed in contexts that require it to obey different, indeed incomparable,
timing disciplines. For example, suppose K = 3 and consider the circuit ¢ = Notyq || Not g
in the two contexts on the left below. In these, ¢ must obey the timing disciplines depicted
on the right.
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m{ - M_E - provided at a ><><] [><><
required at b : ><><><><><><>QQ<><I : [><><

i te |

4.I>O+ _ — |tp|tp|tp| tsu [th|

JU_E """""" M_E provided at a >Q<>Q<><><I [><><
required at b3 JO0G0COO00O___ 3 10

I te I

Definition For 0 < k < K let §j, be the interval (t. —tp, — to, — (K — k)tp,t.). If Ris a
refined type for sort s = (i,0) then ¢d(R) is a set of timing disciplines given by A € td(R)
ifVaei.Vbeo.

Ag€{0p|0<k <K — Ry}
A AbE{5k|Rb§k§K}
A Rab#*/\Aa:(sk/\Ab:(skl:>k+Rab§k,

The example ¢ above has sort ({a}, {b}) and refined type R, where
Ry =2  R,=2 and Ry=2.
We have td(R) = {A!, A%, A3} where

Al=5y A2=4¢, A=
Al =6, A2=65 A} =4

For any typable compositions we can find a timing discipline that can be agreed upon by
both components.

Proposition 6 If R, R' are composable refined types and A € td(R || R') then there exists
A’ € td(R) N td(R') such that Vd € iyiz0109 . A, = Ay

Proposition 7 For any refined type R the set td(R) is a non-empty set of timing disci-
plines.

11 R, a Branching Real Time Model

In order to express timing properties (2) and (3) of primitive components we must use
a real time model. We take R to be BR([0,t.) — V'), recalling the definition of BR(-)
from §6. Thus R;, is again a transition system quotiented by strong bisimulation but now
with labels from 70 —[0,¢.) — V instead of io — V, giving the values on ports at each time
in a clock period. It is a hybrid of linear real and discrete branching time. This makes
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it easy to formalise a clean abstraction result and the required properties of primitive
components. It is, however, rather ad-hoc. In principle we would prefer a continuously
branching model. We will not make essential use of the reals (although we should note
that we do not use induction over time). Using ‘small-step’ discrete time, with many units
per clock cycle, would make little difference to the results given here although it would
be more awkward to relate to yet more concrete models.

By choosing clock ticks at {(k + 1)t. — ¢, | k:N} we can treat successive clock periods
almost independently. Below we depict the intervals of the first two transitions, together
with two of the time intervals of the form ;. Dotted vertical lines indicate clock ticks,
which occur ¢;, before the end of each transition.

[ Ktp | sy lth

0K

do

0 L

| tpseq | ltpm nseql

—tp 0 te — thte 2t,

Transition labels, i.e. functions j —[0,t.) — V for sets of ports 7 C N, will be ranged over
by U,V,W, A, B. The resolution of the overloaded V will hopefully be clear from context.

We say what it means for transitions U,V :i0 —[0,t.) — V to obey a timing discipline A
on certain ports 5 C 70, be equal on j and be abstractly equal on j:

Definition U obeys A on j, written Uif‘, if there exists some absf(U) 1§ — V such that
Veej. Vie Ale) . U(e)(t) = absjA(U)(c).
U=V Y vYeej. U)=V(o)

U=tV Y U2 vS aabs(U) = absH(V)

Subscripts and superscripts will be omitted when clear from context.

12 Abstraction from R to B

An abstraction relation between R and B must satisfy two criteria — it must be reasonably
strong, to enable us to make interesting predictions about the behaviour of a circuit from
[c]?, and the abstraction result must be derivable from physically plausible assumptions
on primitive components. In the first subsection we define a relation <a between R
and B, parameterised by a timing discipline A. The relation < between R and B, for
which we shall give an abstraction result, is defined in terms of <A and a notion of
a ‘resonable’ timing discipline. An alternative characterization of < is given using a
partial equivalence relation = over R and a function abs®() from R to B. In the
second subsection we briefly consider a linear real time model LR, giving some linear
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time consequences of <a. In the last two subsections we give an interpretation of the
refined types in R, formalising some plausible timing properties of primitives, and prove
an abstraction result along < that depends on them.

12.1 Abstraction Relations

The relation < is defined as follows.

Definition If ) is a sort-respecting relation between R and B, s € R;, and t € B;, then
s EA(Q) tiff for all AB:io—[0,t.) =V

1. sg/\A¢:>B¢

bs(AB
2. AB| r s 8 = 3¢ APy g Qv

bs(A /
3. AB| nt" LB)t' = 3B, s . s2B g AB' ~Bnrs Qt

Definition <A is the greatest fixed point of Ea. It contains all pre-fixed points of Ea.
Proposition 8 <a s well defined and contains all pre-fized points of Ea.

Loosely, in any state accessible by supplying inputs obeying A, any real transition can
be matched by the unique corresponding discrete one and any discrete transition can, for
any corresponding real inputs, be matched by a real one. More precisely, s <a t if for the
first clock period:

1. If s has a behaviour with input signals A:i—[0,¢.) =V and output signals
B:0—[0,t.) =V and, for each input a € i, A(a) is stable during A(a), then for
each output b € o B(b) is stable during A(b).

2. If s has a behaviour with signals AB:i0—[0,t.) — V leaving it in state s’ and, for
each port ¢ € 70, (AB)(c) is stable during A(c), then ¢ has a behaviour with values
abs(AB):i0—V leaving it in a state t'. Moreover, s’ <a t'.

3. If t has a behaviour with values a3 : 70 — V leaving it in a state ¢’ then, for any input
signals A:1—[0,t.) — V that are stable during A and satisfy abs(A) = « there are
output signals B':0—[0,t.) = V that are stable during A and satisfy abs(B) = 8
such that s has a behaviour with signals AB’ leaving it in a state s’. Moreover
s <At

In the proof of the abstraction result we will show that if ¢ is a circuit with refined type
R and A is a timing discipline associated with a context in which such a circuit may be
placed (i.e. A € td(R)) then [c]® <a [c]B. This statement is a little heavy, requiring the
definitions of refined types and td(_). When working with a discrete time model, say [c]?,
of a circuit ¢ it will often suffice to show that there is some timing discipline for which
the real time model [¢]® has well defined abstract behaviour that is equal to [c]®. We
therefore pick out a large class of timing disciplines and define the abstraction relation <
as the union over these of <.

Consider the (pathological) timing disciplines depicted below for sort (@, b). The left is
unresonable in that the input signal is not realisable — there is insufficient switching time
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allowed. The right is unreasonable in that the output signal is not observable — it is not
required to stay constant for long enough to observe.

provided at @ H provided at @ ><><><><]:I><><><>Q<><><><

required at b
I

required at b
I I

te I

Accordingly:

Definition A timing discipline A is reasonable for sort (i,o0) if it allows a significant
switching time ¢4, between clock periods for inputs and ensures that outputs are constant
for at least a noticeable time %41, 1.e. taking for simplicity each A, to be an open subset
of [0,%.):

Va €1 .A, = (t,t') for some t,t' such that t' —t < t, — tg,

Vb e o. Ay = (tt') for some t,t such that t' — ¢ > tspau

For the following proposition we require t, — (t5 + tsy + Ktp) > tsy and tp, + sy > tomairs
e.g. tsyw < 30ns, tsman < 25MS.

Proposition 9 For any refined type R the set td(R) contains only reasonable timing
disciplines.

Finally we can state the abstraction relation.

Definition For s € R and ¢t € B of the same sort

s <t iff dreasonable A .s <a t.

The abstraction result will thus be of the form Ve € circ . Da(c) = [c]® < [¢]® under
some restrictions on [p]” for primitives p.

We conclude this subsection by giving a different characterization of <a, showing that
s <A t if the behaviour of s is closed under small variations of input signals (up to small
variations of output signals and resulting states) and moreover a discretization of the
behaviour of s is bisimilar to ¢.

Definition If Q) is a sort-respecting relation on R and s,s’ € R;, then s Fa(Q) s’ iff for
all AB:i0—[0,t.) =V

1. s£>§/\A¢:>Bi/\VA’:A.HB'ZBay-SML;gIAgQ‘g,

Sy

9. §ABY Al = Bl AVA ~A.3B ~B,5.s285,50%

Definition =A is the greatest fixed point of Fa. It is a partial equivalence relation
containing all pre-fixed points of Fa.

Definition We define abs®(_): R — B by

abs® (s)Lsabs®(s')  iff 3IU. s—Lys’ A Ul nabs(U)=p
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Proposition 10 =Zx is well defined and is a partial equivalence relation containing all
pre-fized points of F.

Proposition 11 s =4 s = abs®(s) = abs™(s')

Proposition 12 s <p t <= s>~ s abs™(s) =t

12.2 LR, a Linear Real Time Model

When considering the real time behaviour of circuits one might naturally consider a linear
real time model LR, modelling signals by functions from the non-negative reals to V' and
circuits by predicates over such functions, i.e. with [¢]*® C 10— R>o =V for ¢ of sort
(2,0). The set itr(s) of infinite traces of a state s € R;, can be considered as such a
predicate, eliding the isomorphism between N— i0 —[0,¢,) =V and io = R>q — V that
‘glues together’ the signals in each clock period. We can thus give linear time consequences
of the relation <. This will lend support to our claim that < is a suitable abstraction
relation.

It is straightforward to give plausible naive linear real time semantics to the components
Comb(’;g and Seq{’;g:

:> —
(VE' € (t+tp, ") . B(t)) = £(7)).

Definition A signal a:R> — Vobeys a timing discipline A if it is constant within A(a)
in all clock periods, i.e. if there is some function f:N— V such that Vn:N . Vi:R>q .
t —nt. € Ala) = a(t) = f(n). When it exists, f will be unique and denoted abs®(a).

The linear real time semantics of Seqé g can now be stated in terms of a timing discipline
A, where

Vp eEl.m. Aap = (tc —tp — tsuatc)
Vq el.n. Abq = (tpseq - thatc)

[[Squ]]ma o (@ obeys A = b obeys A)
A (@b obeys A = Fh:N— V! . vn:N.
abs®(b)(n) = g(h(n)) A h(n+1) = f(abs®(@)(n), h(n))).

These seem, however, to be too weak to obtain a useful abstraction result, for example
one based on the following linear time analogue of <a.

Definition Suppose P € LR, and Q € L;y,i.e. PCi0— Ry =V and Q Cio—-N—=V.
We say P <Z” Q iff:

1. Yab:io = R>9 = V. (a obeys A A P(ab)) = b obeys A.

2. Va:i—-Rsg = V.VB:0+N=V.aobeys A =
(3b. P(ab) A abs™(b) = B A b obeys A <= Q(abs™(a)p)).

Proposition 13 If s € R;, and t € B;, then s <a t implies itr(s) <ir itr(t).
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The branching time models and relation <A have an additional advantage in that they
give a direct understanding of the behaviour of circuits for finite durations, i.e. where
they are supplied with input signals that only obey the relevant timing disciplines for a
finite number of clock periods. Further, they appear to be technically simpler to work
with. The author initially attempted to give a good abstraction result between LR and
L. Tt turned out to be much more natural to formalise the required real-time properties
of components in R rather than in LR.

12.3 Interpretation of Refined Types in R

For an abstraction result along < we need to find conditions on the real time behaviours of
circuits (i.e., an interpretation of the refined types in R) under which <A is a conguence
for (refined-typable) parallel composition. Equivalently, by Proposition 12, under which
=A and absA(_) are congruences. There are two problems. Firstly, consider a composition
of circuits as below. For its real time model to satisfy the first clause of the definition of
<a we must show that, if A is obeyed during a clock period on a and @', then A must
be obeyed on b and b'. However, from the first clause of the definition applied to the
subcircuits we cannot infer that A is obeyed on ¢ and ¢

—>a b—>
c c
|—>

I

_Jlda o,

Our proof that it is obeyed will be based on the following property of a state s € R;, in
the branching real time model, taking U :i0 —[0,t.) =V and a type T C i X o.

If 5 has a transition s— s’ that obeys the timing discipline on all inputs
that are directly connected to an output b (i.e. on {a € i |a T b}) then (4)
U obeys the timing discipline on b.

(See Lemma, 19, Corollary 20 and Corollary 21 in Appendix A.)This is essentially the
combination of property (2) and the first sentence of property (3), generalised to arbitrary
circuits and without the part dealt with by the definition of #d(_). Secondly, consider
s <at, s <at' and a discrete transition of t|| ¢/, i.e. t—i, '+ and p =hihy V- By
the definition of < we have s——+3 and s'——+&' with U ~pih, V. To show s||s" <a t]t,

. UV, s
however, there must be a transition s || s’ 1Y | §" so we need U =p,,p, V. Our proof of
this will be based on the property:

If 5 has a transition s—Zss' that obeys the timing discipline then, for any

input a, the signal on @ may be changed slightly without doing more than (5)
slightly change the signals on the outputs that are directly connected to

a (i.e.on {b€o|aTb}) and slightly change the resulting state.

(See Lemma 22, Corollary 23 and Corollary 24 in Appendix A.)This is an amplification
of the second sentence of property (3), generalised to arbitrary circuits. In the rest of
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this subsection we make these precise, giving an interpretation of the refined types in the
branching real time model B. We first state the properties for a single clock period and
fixed timing discipline A. We then define a modified form of bisimulation, strengthening
= by incorporating these properties at every clock period. This will be a congruence for
parallel composition.

Definition If ~ is a relation on R;, and T' C 7 X o then s € R;, inhabits 1-step type T
for ~ if

1. Vb€ 0.5 AUlfciiarny = Ubgy
2. Va€i. VU, U :i0—[0,t) = V. s A\ULAU gy U'

=
Ull
", " s—=s" ~ s a U = U' A
n
U =igoa U n
U" ~,, U

where ip oy {a}, 04 d:ef{b €o0|-aTb} and op d:efo—oA.
3. YU:io—[0,t.) = V. s-Zss! A Ul = s ~3s

Clauses 1 and 2 formalize properties (4) and (5) respectively. Clause 3 ensures that
inhabitation of refined types will be preserved by all transitions that obey the timing
discipline.

The interpretation of refined types in R and the relation ~, which will turn out to be a
partial equivalence relation, used above must be defined simultaneously. We need a partial
equivalence which is finer than the bisimulation = defined above and also preserves
refined types.

Definition If ~ is a relation on R, T C i X 0 and s,s' € Rj, then s Gra(~) s’ iff
1. s Fa(~) ¢
2. s,s' both inhabit 1-step type T for ~.

Definition ~7a is the greatest fixed point of Gr a. It is a partial equivalence relation
containing all pre-fixed points of G A.

Proposition 14 ~7a is well defined and is a partial equivalence relation containing all
pre-fized points of Gr .

These relations are congruences for parallel composition in the following sense.

Proposition 15 If s ~7a 8, 8’ ~pia 8 and T,T' are composable in the sense of §5 then
(sll8") ~1ya (8118'). Further, abs™ (s ') = abs™(8) || abs™(§').

PrOOF Sketch: Both parts are proved by coinduction, making use of some composability
results for states inhabiting 1-step types. These results are proved by induction along the
internal and output ports, ordered using Lemma 1. O

Corollary 16 If s ~pa s <a t, 8 ~pa s <a t' and T,T' are composable then
(slIs") ~ya (s11s") <a (E]T).
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PROOF By Proposition 12 s =x s, s' =a s, abs®(s) = t and abs®(s') = t'. By
Proposition 15 abs®(s||s') = ¢||t' and s || &' ~ A 88" Tt then suffices to note that
VT, A .~pACEA. ]

Finally we can interpret the refined types in R.

Definition If s € R;, and R is a refined type for (i,0) then s inhabits R iff VA € td(R) .
§ ~T(R),A -

12.4 Abstraction Result

The following proposition is used only implicitly, within the proof of the abstraction result.
We state it anyway.

Proposition 17 If s, s’ inhabit composable refined types R, R' then s || s’ inhabits R|| R'.

PrROOF Consider A € td(R|| R'). By Proposition 6 w.l.g. A € td(R) N td(R'). By
Proposition 5 T(R), T(R') are composable and T(R || R') = T(R) || T(R'). As s, s inhabit
R, R" we have s ~p(gya s and 5" ~p(piy o s'. By Corollary 16 s||s" ~p(ry7(r)a 515
hence s|| s’ inhabits R || R'. 0

And state the abstraction theorem.

Theorem 3 If for all primitive components p: R we have VA € td(R) . [p]® <a [p]®
and [p]® inhabits R then B, Dy is an abstraction of R, Dy along <.

PROOF We first show by induction on circuits that if ¢: R then VA € td(R) . [c]® <a [¢]?
and [c]® inhabits R. The base case is trivial. For c|| ¢/ suppose that c: R and ¢’: R". By
assumption R, R’ are composable so by Proposition 5 T'(R) and T'(R’) are composable and
T(R||R)=T(R)||T(R'). Consider A € td(R|| R'). By Proposition 6 w.l.g. A € td(R)N
td(R'). By induction [c]® ~p(gy a [c]® <a [c]® and [¢]R ~ppya [€]% <a [¢]5. By
Corollary 16
[e 1 TR ~rrry a lel €17 <a el €17,

It then suffices to note that, by Propositions 7 and 9, <A C<. |

This can be composed with the earlier result to give an abstraction from the real branching
time model to the discrete linear time model.

Corollary 18 Given []* and []®, if there exists [_]° such that for all primitive com-
ponents p: R

o [p]® <™ [p]”
e [p]? inhabits T(R)
o VA € td(R) . [p]® <a [p]?
e [p]® inhabits R
then L, Dy is an abstraction of R, Dy along < o <™.

PROOF Immediate from Theorem 2, Theorem 3 and Proposition 5 (which entails that
Ds(c) implies D1 (c)). O
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13 Conclusion

We have given a simple framework for understanding the significance of abstract hardware
models and design rules in terms of abstraction results to more concrete models, in which
important properties of component behaviour can be expressed. This was instantiated
by two abstraction results for models of some synchronous circuits, making use of two
natural design rules.

From the concurrency-theoretic point of view the abstraction results can be seen as inter-
esting uses of bisimulation-based semantics and as uses of two notions of type (capturing
some properties of dynamic behaviour) supported by delicate rely-guarantee condition
reasoning. Expressing properties such as our inhabitation of refined types in R would
perhaps be a useful test example for real-time process calculi and logics over them.

There are some obvious defects in the work. In particular:

e The required real time properties of primitive components (i.e. that [p]?® inhabits
R or R%4 for combinational or sequential p) have not been shown to hold of
accepted component models. In fact, requirements such as

The values on the outputs of a sequential primitive in a given clock
period are independent of the values on the inputs in that clock period.

(part of property (3)) might not be expected to hold ezactly in a real time/voltage
model. More subtle formalised properties than our interpretations of refined types
would then be needed for an abstraction result. It is not clear whether the proof of
this result could follow the same form as the one given, particularly for the analogue
of (the key) Proposition 15.

e The model R is rather ad-hoc. The hybrid of linear real time (in each clock cycle)
and branching discrete time (with branching only at the ends of clock cycles) was
chosen to simplify the statement and proof of the abstraction result. We would
prefer a model that allows branching at all times.

e The circuits considered have been extremely simple and the primitive components
rather complex (and not heavily used in current VLSI design).

We conclude by mentioning some related work, pointing out some differences without
attempting a full survey or discussion.

In [Win87] Winskel considers abstraction between two models of the steady state be-
haviour of transistors. An abstraction result is given in terms of an adjunction between
partial orders of specifications. Related work is presented in [Mel93, Chapter 7], where
Melham shows that for circuits satisfying a design rule Wb (defined inductively on circuits
but also using the more concrete semantic function) two steady state transistor models
agree. When we get to more concrete timed models, such as the R defined here, it is not
clear what a good class of specifications of circuits should be. It seems more straightfor-
ward, therefore, to work only with the models of circuits, whose significance is given by
abstraction results along particular relations, as we have done.

In [Her88, Her89] Herbert takes a linear small-step discrete time model and considers the
implementation of certain flip-flops using gates. The timing properties of components
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differ from those expressed by inhabitation of refined types — the latter are composable,
even for cyclic networks of sequential primitives, but would not suffice to show correctness
of a flip-flop implementation using combinational primitives. Related work by Hanna and
Daeche is presented in [HD86], where the authors consider a specification of a D-type
flipflop and show that it can be implemented using NAND gates. The D-type specification
seems to be similar to the linear real time models [[Squ, g]]ma of §12.2 (albeit with a more
sophisticated treatment of the clock input, i.e. not assuming a global clock).

In [Fou95] Fourman considers a discrete time model of sequential circuits. Starting with
a lattice B of four values that may appear on a wire (1, 0, under-driven and over-driven)
circuits are modelled by functions of type (N— B) —(N— B) satisfying certain conditions.
This allows a property of ‘non-zero delay’ to be stated. It would be interesting to have a
precise connection between this and the inhabitation of types in B5.

In [Han94] Hanna considers the steady state analogue behaviour of devices, giving a ver-
ification of a transistor implementation of a Not gate. He also mentions the possibility of
proving design rules correct. This notion of correctness is given in terms of the commuta-
tion of certain behavioural abstraction and structure reification functions. The proof of
Theorem 3 essentially shows such a result, where the behavioural abstraction function is
the abs®(_): R — B defined in §12.1 and the structure reification function is the identity
(we have considered analogue and digital behaviour of a single representation of circuit
structure).
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their comments on drafts of this work, Stuart Anderson for suggesting the case study that
was its original stimulus, and an anonymous referee. I acknowledge support from SERC
studentship 90311819, ESPRIT BRA 6454 ‘CONFER’ and the EPSRC grant ‘Action
Structures and the Pi Calculus’.

A Deferred Proofs

This appendix contains the proofs of propositions required for the abstraction from R to
B. It is divided into two parts. The first contains composability results for 1-step types
and so also for the relations ~ra, giving a proof of Proposition 15. This is the larger
part of the formalisation in R of the informal timing reasoning. The second contains
the remainder — the proofs that the various coinductive relations used are well defined,
results about the timing disciplines associated with refined types, the characterisation of
< using 2 and abs®(_) and the relationship between < and <4".

A.1 Proofs of 1-step type composability results

In order to prove Proposition 15 (the composition result for the interpretation of refined
types in the real time model) it is convenient to use slightly more abstract definitions.
In this subsection we take an arbitrary set V of values and a branching time model

S i) BR(V). We suppose that for each port name a € N there is a partial equivalence
relation ~, over V. This is lifted to functions from sets of ports to values as follows. If
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A B, CCNandU:A—=YV, V:B—YV then

Ux~cV iff Yee CNANB.U(c) =~ V(c)
Ule iff U~cU
U=cV iff YeeCNANB.U(c)=V(c).

In each case if the subscript is omitted (and A = B) then it is taken to be A.

Definition If ~ is a partial equivalence relation on S;, and T" C i X o then s € S,
inhabits 1-step type T for ~ if

1. Vbeo. SLSI A U\l/{aei|aTb} = U\l/{b}
2. Va€i.VUU :io=V. 558 AULAU (U’

=
UII
", " s—=s" ~s' A U = U A
U” =igoa U n
UII ~ U

where ip oy {a},04 d:ef{b €o|-aThb}, op o 04.
3. YU:io—V . s-Lss' a Ul=5s ~5s

In the following we consider states s € Sy hy,01hs)s L € S(inhy,00h,) that inhabit 1-step types
T, T' for ~,~' respectively. We suppose that T and T" are composable.

Two lemmas (19 and 22) are shown using the 1-step type assumptions (using clauses 1 and
2 respectively). They are shown by induction along the hidden ports of a composition,
ordered as in Lemma 1. For each there are two immediate corollaries. These are used to
show a composability result for 1-step types and thereby prove Proposition 15.

Lemma 19 If s—0s', t—t', U =p,p, V, i1 C i1, ia1 C iz, Uly,, and Vi, then Ulp
and V|, where D def {d € h1hg0109 | Va € iyig . a (TUT")Y d = a € 11091}

PROOF By Lemma 1 D can be ordered as dy, . . ., dy, such that p < ¢ = —dy (T UT")" dp.
We show by inductionon k € 0...n that Ul; ui4y..4,3 a0d Vi, Uf4y...q, - The base case
k = 0 is immediate. For k + 1 suppose that dj | € hooy (the reasoning for dy | € hioy is
symmetric). It follows from the definition of D that

{a € i1h | aTdk+1} C i1 U{do...dk}

so by induction Ul {ac;, p,|aTdy,,}- BY clause 1 of the definition of 1-step types Ulq, . 3
80 Uliy ufdo..dpyr)- For Vit dgpr € ho then V=g v Uso Vg 3. I digyr € 01 then
vacuously V], 1. In either case Vi) Uido..dpyr)- a

Corollary 20 If s—2ss', t—st', U =p,p, V, Ul;, and V1, then Ul and V.
PRrROOF Take 411 = 41 and 491 = io, giving D = hi1hy01 0. O

Corollary 21 If s-ss', t-5t, U =pp, V. b € o1, Ulbgacijaeromip and
V‘L{aEiz‘a(TUT’)+b} then UJ/{b}
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PROOF Take iy = {a €4y | a (TUT')" b} and ig; = {a € iz | a (TUT')" b} and note
that this ensures b € D. O

Lemma 22 If
. sihs', tL)t', Ul and V|

o 111 C 11 is empty or a singleton

U:ipg—=Vand U ~;,, U

he C{c € hihy |Ya € i1y . —a (TUT')" ¢} is such that if c € h and d € hihy —h<
then =d (TUT") " ¢

o U=,V
o U hihs V
then with additional notation

e he ={c1...cn} d:efhth —h<. By Lemma 1 w.l.g. p < q= —c, (TUT")" ¢,.

def .
® 712 = %1 — 1?11

® 011 def {b€ oy |Va€irths . —a (TUT)T b} and o012 d:efol — o011
® 09 def {b € oy |Va € irths . ma (TUT)T b} and o9 dZefOQ — 091
it follows that for all k € 0...n there exist Uy, Vi, Sk, tr, such that
. sﬂwk ~ s' and titk ~ ¢
o Uk =ipshcon U, Up =iy, U and Vi, =iy 0, V
o Uy~U and Vjy =~V
® Ui =n_ufer,oer} Vi
PROOF By induction on k.
Base case k = 0: Case i11 = {}: take Uy def U, sg d:efs’, Vo v and to defy

Case i1 = {a}: by the definition of 1-step type (clause 2) for s there exist Uy, sy such
that

U '

® 5355~ S
!
L4 UO =411 U

® Up =i1sh {bcorhs|-aTt} U
° U() ~U.

By the assumption on h. and the definition of 011
(i12h<011) N (i1h101h2) g i12h1{b S 01h2 | —Q T b}
. def def .. . ..
50 Uy =ipheon, U. Taking Vo = V and tg = t' the remaining conclusions are trivial.
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Inductive step k + 1:

Suppose c11 € hi. We apply the definition of 1-step type (clause 2) for s with premises
® Cpy1 €01y
. s%sk
o Ukl
® Ur ~¢ 1) Vi

giving the existence of Uy, 1, spy1 such that
. sUk—>Hsk+1 ~ Sk
® Ukt1 ={cpy1} Vi
® Ukt+1 =i,U(h1 —cpy1)U{bERs01 |1 T} Uk
o Upy1 = Uy.

. d d . .
Taking Vi1 def Vi and tg1 def tr the conclusions are straightforward from the above and
the observation that

110h<011 C 141 U (h1 — Ck+1) U {b € hooy | g1 T b}

For ciy1 € ho the reasoning is similar. O
Corollary 23 If

. si>s’, tlnf’, Ul and V]

o U~pn, V
then there exist Uy, Vy, sg, ty such that

. sﬂhso ~ s" and t&ﬁo ~

* Uo =pnn Vo

e Uy=;, U and Vo =, V

e Uy~U and V= V.
PrROOF Take i1; = {}, he ={} and k =n. O
Corollary 24 If

. sihs’, tlﬁ’, Ul and V|,

o U=ppn, V

e aciy, Utithiothy =V and U ~(,, U’
then with additional notation

® 011 def {b€ oy |—a (TUT)" b} and o012 d:efol — o011
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d d
® 09 def {b€oy|—a(TUT)" b} and o :efOQ — 091
there exist U", V", s",t" such that

Ull VH
o s—s" t—t", " ~ s and t" ~ ¥

o U =pp, V"

« U =y U’

o U =3 _ayuo, U

o V=0,V

e U'~U and V"~V

Proor By Corollary 20 U| and V. The result follows from Lemma 22 taking i;; = {a}
and he = {c| —a (T UT")" c}. 0

Lemma 25 If in addition ~" is a partial equivalence relation over Slivis,010,) Such that
s1~ 89 Aty ~ te = s1 ||t ~" so|| ta then s ||t has 1-step type T | T" for ~".

ProoOF Clause 1 follows from Corollary 21, clause 2 follows from Corollary 24 and clause
3 from Corollary 20. O

Finally we return to the concrete definitions to re-state and prove the proposition.
Proposition 15 If s ~pa st ~qia t' and T,T' are composable then

1. st~ ya s 1Y

2. abs®(s||t) = abs™(s') || abs™(¢').
PROOF Part 1: Let Q e {s||t, s'||t' | s ~ra &', t ~pa t'}. We show below that

Q C FA(Q). Lemma 25 entails that if » @ ' then r, 7' both have 1-step type T'|| T” for Q
so then Q C Gr17,a(Q), which suffices.

Consider s/t Q s'||t' and a transition s || t-Yss | t1 with W, ;,. Suppose W' ~; ;, W.

By the definition of parallel composition there exist U,V  such that
si>31, tlnfl, U =ppn, Vand U||V = W. By Corollary 20 U] and V|]. By
s ~ra s and ¢ ~pia t there exist U, V') s, ¢} such that

. s’i)s'l ~7A §1 and t'Lnf’1 ~ria
o U=, Wand V' =, W

o U’ =h1 U and V' =hs 1%

e U'~Uand V' ~V.

It follows that U’' =~ ,, V', U']l and V'] so Corollary 23 can be applied to give the
existence of U7, VY, sh, t such that
Ul 1%
o 5’55l ~pa st and ' —th ~pia t]
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i U{ —h1ih2 Vll
[ ] U{ =i U’ and Vll =iy V’
o Ul >~ Uand V] ~, V
UI Vl
so s | "L gr |18 with U | V! =i, W' and UL || V! =, W. By Proposition 14
t 2|
st @ sy |85

Part 2: Let Q d:ef{absA(s £), abs®(s") || abs®(t') | s ~ra §', t ~pia t'}. We check that
Q is a strong bisimulation.

Consider abs®(s || t) Q abs™(s")| abs®(#') and a transition

abs®(s') || abs™ (') abs™(s}) || abs™ ().

By the definition of abs™(_) there exist U’, V', s}, ¢ such that
. s’l)s’l, t’1>t’1, U'| and V']
o U ~pp, V'
o abs®(U'| V') = a.
By s ~7a s and t ~gva t' there exist U, V, sq,t; such that
o s Lss) ~ora s} and tVst) ~opra th
o U=;p, Uand V=5, V'
e U~U'and V=V’

It follows that U], V| and U ~,5, V so by Corollary 23 there exist Uy, Vi, sa,t2 such
that

. Sﬂ>82 ~rA $1 and tLtQ ~TiA

o Ui =mn V1

[ ] U1 =i U and Vl =iy vV

e Uyj~Uand Vi =V
SO absA(UI | V1) = a and absA(s I t)i>ab5A(82 I t2) @ absA(s'l) I absA(t'l).
Now consider a transition

abs® (s || t)—>abs®(s1 || t1).

By the definition of abs®(_) there exist U, V such that

° si>31, tlnfl

L] U =hihs V

e (U|V){ and absA(U V) =a.
By Corollary 20 U] and V| so by s ~pa s" and t ~pra t' there exist U', V', s/, t| such
that
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U’ V!
o s'—s| ~pa 81 and t'—t] ~pa by
[ ] U’ =i1hi U and V’ =isho vV
e U'~U and V' ~ V.

It follows that U'}, V'] and U’ ~,,, V' so by Corollary 23 there exist U7, V{, s}, t, such
that

. s'ﬂ>s'2 ~ra 8y and t’L{)t’Q ~pia B
i U{ “hiho Vll
e Ul =;, U and V| =;, V'
e Ul ~U"and V{ >V’
so abs® (U} || V/) = o and

abs®(s') || abs™ (') —Zsabs® (sh) || abs®(th) Q7' abs®™(s1 || t1).

A.2 Proofs of other propositions

Proposition 8 <a is well defined and contains all pre-fized points of Ea.

Proposition 10 =24 is well defined and is a partial equivalence relation containing all
pre-fized points of Fa.

Proposition 14 ~pa is well defined and is a partial equivalence relation containing all
pre-fized points of Gr .

PROOF (of Propositions 8, 10 and 14) It is immediate that Ea, Fa, the functional Zpa
defined by

Zra(~) e { s | s inhabits 1-step type T for ~ }
and Gra are all monotone. It follows that <A, Za and ~pa are well-defined and contain

all pre-fixed points of €A, Fa and Gra respectively. Moreover it is straightforward to
show

Fa@Q ") = Fa@!
QCFA(Q) = QoQCFA(QoQ)
QCoral@Q = Q'Cgra(Qu@™)
QCGra(Q) = QoQCGra(QURQoQ)
from which it follows that = and ~7A are symmetric and transitive. O

Proposition 5 If R, R' are composable then T(R),T(R') are composable and T(R|| R') =
T(R)||T(R).
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PROOF For any matrix A:i x j — N, we define a relation T'(A) C i x j by
aT(A)b iff Agp # *.

It is straightforward to check for matrices A, B that T'(AoB) = T(A)T(B) and T(AUB) =
T(A)UT(B). Furthermore, if A, | m € M is a family of matrices and U,enr Ay, is defined

then T(UpmerAm) = UmemT(Arp). Now suppose that C def Up>1G™ is defined. By the
above observations T(R || R') = T(R) || T(R'). Now suppose that T'(R) and T'(R') are not
composable, i.e. for some a

a(T(R)UT(R'))" a.

It follows that for some n (G™)q4q # *. Now, no element of G is equal to 0 so no element of
G™ can be. Hence (G™)4, > 1 and the set { (G™)7, | m € N} is unbounded, contradicting
the assumption that U,>1G" is defined. O

Proposition 6 If R, R' are composable refined types and A € td(R || R') then there exist
A" e td(R) N td(R') such that

Vd € 11120109 . A:i = Ad
PrOOF We confuse the interval §;, and the natural number k, regarding timing disciplines
as functions from N to N,. We define A’ by
d .
A,c :ef Jc U |_| (Aa + Cac) U |_| (Jd + Cdc)a lfC S h1h2

a€iyio d€hihs
Ac, if ¢ € 11907 09.

This sets the starts of the timing disciplines on internal ports to the earliest possible
times. As R, R’ are composable we know:

0. Ve € hihy . Ac+ B. < K.
From A € td(R || R') we know:
1. Va €id1i2 . 0 < Ay < K — A,
2. VbE 0109 . By < Ay < K
3. Va € i1ia . Vb€ 0102 . Coyp # * = Ay + Cop < Ay
We check A’ € td(R), for which we need:
4.¥c€h . 0< U | | (Aa+Ca)U || (Ji+Ca) <K -R,

ac€iiio dehyhs

5 Vee hy . R. < J.U |_| (Aa+cac)u |_| (Jd+cdc) <K
a€iiio d€hihs

6. VaEilhl.VbGOth.Rab;A*:}Agﬁ-RabSAlb

From the definitions of A and B, using the fact that, as R, R’ are composable Vc . C,. = *,
one can show

T.Ve€j. Ac=H,U| | Ceq+ Hy
d#£c
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8.Vcej.Be=J.U| | Jo+ Cec
e#c
4 and 5 follow from 0,1,7,8 by simple inequational reasoning. For 6 we consider cases of
a and b. If @ € 41 it is trivial, noting that R, < Cup. If @ € hy and b € ho it is trivial,
noting that C., + Cyp < Cpp. The remaining case, a € hy and b € hy, follows from 2,3,8
by simple inequational reasoning. O

Proposition 7 For any refined type R the set td(R) is a non-empty set of timing disci-
plines.

PrROOF If R is a refined type for sort (i,0) define a timing discipline A by
def

A, = | o, ifcei
0g, ifc€eo
dg, otherwise.
It is clear that A € td(R). O

Proposition 9 For any refined type R the set td(R) contains only reasonable timing
disciplines.

PROOF Immediate from the definitions of #d(_) and reasonableness. 0
Proposition 11 s =x s’ = abs®(s) = abs™(s')

PROOF It suffices, and is straightforward, to check that { abs™(s), abs™(s') | s =a s} is
a strong bisimulation. O

Proposition 12 s <a t <= s s abs™(s) =t

PROOF For the implication s <a t = s = s it suffices to check that {s,s' |3t . s <a t A
s' <a t} is a pre-fixed point of Fa. For the implication s <a t = abs™(s) = t it suffices
to check that { abs®(s),t| s <a t} is a strong bisimulation. For s =a s A abs™(s) =t =
s <a t it suffices to check that {s,abs™(s) | s =a s} is a pre-fixed point of Ex. These
are all straghtforward. O

Proposition 13 If s € R;, and t € By, then s <a t implies itr(s) <im itr(t).

PrOOF Straightforward. O
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