This is a HOmph speed
limit, with probability 98%.




Using a Bin(n,p)
model, | estimate
the probability of
heads is p = 25%

Using a Bin(n,p)
model, | estimate

the probability of
heads is p = 25% also!

But surely, the more data we

have, the more confident we
should be!




This is a HOmph speed
limit, with probability 98%.

N _/
N

Neural networks tell us
probabilities, but they don’t
tell us their confidence.

No one has worked out how
to extract confidences from
neural networks. But, in
Bayesian statistics, we do
know how to ...



SECTION 5. BAYES’S RULE

Data from a population sample of 10,000 people: Let’s rewrite this data as a probability model:
test +ve test -ve Let X = 1yave covip @and let Y = 1iastive
gotCOVID | 376 24 |
notgot COVID | 996 98,604 X ~ Bin(1,0.004)
if X == 1:
Y~ Bin(1,0.94)
else:

Y~ Bin(1,0.01)

What are these probabilities? PX=1|Y=1)

= [P(have COVID | test +ve) _ P(X=1DPY=1|X=1)
= [P(have COVID | test —ve) P(Y =1)
0.004 x 0.94

~ 0.004 x 0.94 + 0.996 x 0.01



How does Bayes’s rule apply to continuous random variables?

Let X = lhave covip By Bayes's rule,

LetY =1
e test+ve PX=1DPY=1|X=1)
PX=1|Y=1)=

P(Y = 1)

What is the probability | have COVID, i.e. X =1,ifY = 1?

Let X = Thave covip P(X =
Let Y = amount of viral RNA in a PCR test (CONTINUOUS) PX =1y =2.1) =

What is the probability | have COVID, for an amount Y = y?

This version of Bayes's rule doesn't make
sense for continuous random variables!



Bayes’s rule for random variables
Pry(y|X = x)

Pry(x|Y = y) = Pry(x) Py (y)

Reverend Thomas
Bayes, 1/01-1/61

Bayesianism
Whenever there’s an unknown parameter, you should

express your uncertainty about it by treating it as a
random variable.




SECTION 8. BAYESIANISM

| got x = 1 head out of n = 4 coin tosses.

@ Qé | propose the probability model X ~ Bin(n, 0).

| don’t know 0, so I’ll treat it as a random variable.
| shall assume © ~ U[0,1] i.e. Prg(6) = 1.

CRONCNO!

- You must have a prior
belief about every
unknown parameter.

What has the data told me about 07
What is my posterior belief Prg(0|X = x)?

Pro(01X = x) = Pr(a(@)ff)’:;((g@ _

The only logical way to
pdate your beliefs is
" by using Bayes’s rule.



SECTION 8. BAYESIANISM

| got x = 1 head out of n = 4 coin tosses.

® 0)3 | propose the probability model X ~ Bin(n, 0).

| don’t know 0, so I’ll treat it as a random variable.
| shall assume © ~ U[0,1] i.e. Prg(6) = 1.

CRONCNO!

CXONCNE!

0.0 0.5 1.0 0.0 0.5 1.0



You are entitled to your own personal prior beliefs.
You have to invent them before you see the data.
They are entirely your choice.

prior belief data . posterior belief
Prg(6) X Pro(0|X = x)

boed

0.0 0.5 1.0 0.0 0.5 1.0
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The data you see will affect
your posterior belief about the

parameter.
prior belief N data . posterior belief
PF@(@) X PF@(HLX'::X)
2

The next coin will be heads
with probability 25%

( we can measure
confidence by the
width of posterior
distribution

L
yox-Ye!
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0. Write out the likelihood of the dataset
Prx(x|® == 9)

1. Invent a prior distribution and write out its
likelihood, Prg(8)

2. Apply the Bayes update to find the
posterior distribution, i.e. the distribution of
(O]X = x)

3. Report the distribution of (B|X = x),
for example by plotting its likelihood
Prg(0|X = x)

X ~Bin(n,0)  Pry(x|0 =0) = )0%(1—6)"*
© ~ U[0,1] Pre(6) =1
Prg (@) Pry(x|0 = 0) xé'o\;élncv ol

PI"@(Q'X — X) =/ PI‘X(_X')
= K Prg(@) Pry(x|® = 6)

= k' 9%(1 — G)"

non- @ tovwy
into a coWtant

The constant k' must be chosen so that this is a valid
distributioni.e. [,x" 6%(1—60)""*df =1

Prg(0) Prg(0|X = x)

0.0 0.5 1.0 00 0.5 1.0



COMPUTATIONAL BAYESIAN METHODS

It’s useful to be able to generate samples from
the posterior distribution (0|X = x).

For example, we could generate samples 64, ..., 8,, and
then plot a histogram of their values.

[Pr, (=) ‘ff’% (9'\ Pr, (x‘®=e'3) AD
&

The maths version of

, - N N Prg(6) Pry(x|0 = 6)
Bayes’s rule isn’t Pro(O1X =x) = Pry (x)

any help for this. / = Kk Prg(8) Pry(x|0 = )

Pr (@ e (",@’@) =K' 0*(1—-6)"~
X
__@/ /“j‘// The constant Kk’ must be chosen so that this is a valid
- 0 o distribution i.e. f k' 0*(1—-0)"*do =1
f(( (0" P, (x(®>0') 0
@ X
’
6 \

This integral is usually impossible to solve.
And even if we could solve it, how do we
sample from this distribution?



SECTION 6.1. COMPUTATIONAL METHODS

What’s the chance that a randomly thrown
dart will hit the mystery object 4?

A ':
Nl /"
e )

Let X be the location of a
randomly thrown dart, and let
X1, -, Xy be some throws.

The probability of hitting A is

n
1
PY €A~ ~ ) Ty
i=1

# Let X ~Nu=1,0=3). What is P(X >5)72
[Eize=1@@@@)i

X = np.random.normal (loc=1, scale=3,

1= 005
np.mean(1i)



Expectation
For a real-valued random variable X

(Zxx Pry(x), ifX isdiscrete
EX = <f

X

x Pry(x) dx, if X is continuous



Law of the Unconscious Statistician
For a random variable X and a real-valued function h

(Zx h(x) Pry(x), if X is discrete

En(X) = <fx h(x) Pry(x) dx, if X is continuous
\




Law of the Unconscious Statistician
For a random variable X and a real-valued function h

(Zx h(x) Pry(x), if X is discrete

Eh(X) = <fx h(x) Pry(x) dx, if X is continuous
\

Monte Carlo integration

ER(X) ~ %Z:h(xi)

where x4, ..., x,, is a sample drawn from X



!

Lex h(o° 17(€A

| i} €A
O f x4A Let X be the location of a

randomly thrown dart, and let
X1, -+, Xy be some throws.

g Mett @rlo,
:') The probability of hitting A is

~ S i) C
ﬁl«()()"’ "Z’k(i P(XEA)z%zlxiEA
i=1
/ £ E Luen ]

= h(0) = Lyen

£Y ¢ O« PO+ 1
P (Y2)
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Trinity College integratio

b n _
Jzah(x) dx ~ ; h(x;) b m -

where Xx; is the midpoint of interval i

Let’s instead approximate this integral using Monte Carlo. Let X ~ U|a, b].

Monte Carlo integration By Monte Carlo,

n
1
Eh(X) = —z h(x;) where x4, ..., x,, sampled from X
—— N i=1

/

b b 1
f h(x) Pry(x) dx =j h(x) P— dx

xX=a xX=a

>



COMPUTATIONAL METHODS

% If we want [ER(X) but the maths is too
complicated, we can approximate it using
X1, ., X Sampled from X

** This formula for expectation also tells us
how to estimate probabilities, since
P(X € A) = Elyey

*%* For computational Bayes, we need
something a bit fancier: weighted samples



“One way to do )

SECTION 6.2. COMPUTATIONAL BAYES

0. Write out the likelihood of the dataset
PI‘X()C|® — 0)

1. Invent a prior distribution for ® and
generate a sample (64, ..., 8,,) from it

2.  Compute weights w; = Pry(x|0 = 6;),
then rescale weights to sum to one

3.  Reason about (O|X = x) indirectly, using
E[r(O)|X = x] = Z;w;h(0;)

M ATRT
(j. N'l"f F(‘x (Il®:®)
1. Wrihe ()f@ (a

2. Use Bopds cule
o Prg (0l X=%)

3. ug @,



Example
| got x = 1 head out of n = 4 coin tosses. |
@ ) propose the probability model X ~ Bin(n, 0). |
é don’t know O, so I'll treat it as a random variable,
® ~ U[0,1].

CRONJO]

Plot a histogram of the posterior distribution of 0.

Likelihood of the dataset:
kelihood of the dataset: Bin(n, 6) Pry(x]|® = 0) = (Z) 6*(1—-o)~*

Invent a prior distribution for ® and
generate a sample (64, ..., 6,,) from it:

Osamp = np.random.uniform(0,1, size=1000)

Compute weights w; = Pry(x|® = 0,),
then rescale weights to sum to one:

w =4 * Bsamp**1 * (1-Osamp)**3
Ww=w/ np.sum(w)

Reason about (®@|X = x) indirectly, using
E[h(®)|X = x] = Z;w;h(6;)



Example
| got x = 1 head out of n = 4 coin tosses. |
@ ) propose the probability model X ~ Bin(n, 0). |
); don’t know O, so I'll treat it as a random variable,
K ® ~ U[0,1].

CRONJO]

Plot a histogram of the posterior distribution of 0.

E (1@€wa (M)
£ ( h (@) (a\ad‘“\ where k(e)}jéébid

N

~ 2 ) "
~ Wb 16;’(&" . 5uM Q'P
€z (h b'“‘
for @, at ke

-
~

[: @.cbin

Reason about (O|X = x) indirectly, using
E[h(®)|X = x] = Z;w;h(6;)

Z wy LT the ""07“3..“ ehot b

Ar
— i 9
7 o
Fof ech bie,
T womt » '(t‘&a bow

o peight  P( @b det)

plt.hist(6samp, weights=w)




SECTION 8.3. BAYESIAN READOUTS

Prior distribution for ®

l

——

Posterior distribution for ® We could report the point with highest likelihood,
the MAP or maximum a-posteriori estimate
_/\ Jf\\ We could report a 95% confidence interval [10,hi] such that
: ., & 95% WN2.5% P(O < lo| data) = 2.5%
How should we report this 2.5% P(© > hi | data) = 2.5%

distribution?



We could report a 95% confidence interval [10,hi] such that

ZM P(® < lo | data) = 2.5%
= P(® > hi | data) = 2.5%

. .C7/
2-S% : 175 How can we compute 1o and hi?
! Via the computational Bayes estimates:
e 0 S 0 of - (] _y P(0 < lo | data) = Zwi 1g,<1o
. [

R &
P(O® > hi | data) = z wilg.shi
i




prior belief N data . posterior belief
PF@(@) X PF@(@'X = x)

heads is 25%, and my confidence
interval i [3%, 72%]

/i\@ 3 | estimate the probability of

boed

0.0 0.5 1.0 0.0 0.5 1.0

The next coin will be heads
with probability 25%

< | estimate the probability of
heads is 25%, and my confidence
interval is [12%, 51%]

|
e®e®

@e@00
®6 o

0.0 0.5 1.0 0.0 0.5 1.0



SECTION 8.5. BAYESIAN PREDICTION

| proposed the probability model: Y ~a 4+ [ sin(Zn(t + qb)) + yt + N(0,02)

20 1 + + kO . + +

10 A

2010 2015 2020 2025 2030 2035 2040 2045 2050

What will be the temperature in t* = Jan 2050?
I’ll fit the model using maximum likelihood, and report my estimated value

P=a+pfsin (27T(t* + qS)) + yt*

The actual observed temperature will actually have noise. I'll report my estimated distribution
Y* ~ N(P,52%)

I'm not even certain about P, because I’'m not certain about my parameter estimates.
| should report my uncertainty about P = o + f sin(Zn(t* + q[))) + yt*.




QUESTION. How should | compute and report my
uncertainty about P?

I'm not even certain about P, because I’'m not certain about my parameter estimates.
| should report my uncertainty about P = o + f8 sin(Zn(t* + c;[))) + yt*.




CONFIDENCE INTERVALS FOR PREDICTIONS

1. The fundamental tenet of Bayesianism is that we should represent our parameter uncertainty by
treating our parameters as random variables.

2. The parameters I’'m uncertain about are 8 = (a, 5,v, ¢, 0). | shall use a random variable 0,
taking values in R>, to represent this uncertainty.

3. What distribution should | use for ®? The Bayesianist view is that it’s entirely up to me what prior

| choose to use, and that | must choose my prior without looking at the data.
| might choose for example @ ~ N(10,12)°C if I'm confident that a should be around 10;
| might choose a ~ N(10,8%)°C if I'm uncertain.

4. For Computation Bayes, we first generate a large number of possible parameters 64, ..., 6,, from
the prior distribution, then we compute a weight w; for every 6;,i € {1, ..., m}

5. For every one of these parameter choices 8;, there’s a corresponding value for P, call them
P1) - Pm

6. |thus have a collection of possible values for P, each with an associated weight. | can use these
weights to find a confidence interval for P.

I'm not even certain about P, because I’'m not certain about my parameter estimates.
| should report my uncertainty about P = a + f sin(Zn(t* + gb)) + yt*.




At t* = Feb 2050, | get
this confidence interval:

At t* = Mar 2050, | get ﬂ(\b

this confidence interval: =

At t* = Apr 2050, | get /-\h
this confidence interval: P

At t* = Jan 2050, | get i j
this confidence interval: P

P -
| can show all my
confidence intervals as a - -
ribbon plot: -— /
l : | } > date

I'm not even certain about P, because I’'m not certain about my parameter estimates.
| should report my uncertainty about P = o + f8 sin(Zn(t* + c;[))) + yt*.




TIP. Use all the unknowns when you apply  SRRCAMNEASRIGEOLR

) ) ; :
Bayes’s rule, even if you’re only interested Mg Bayesianism is that we should represent our parameter uncertainty by
in some of them. rs as random variables.

2. 84 The parameters I’'m uncertain about are 8 = (a, 5,v, ¢, ). | shall use a random variable 0,
taking values in R>, to represent this uncertainty.

3. What distribution should | use for ®? The Bayesianist view is that it’s entirely up to me what prior

| choose to use, and that | must choose my prior without looking at the data.

| might choose for example @ ~ N(10,12)°C if I'm confident that a should be around 10;
| might choose a ~ N(10,8%)°C if I'm uncertain.

4. For Computation Bayes, we first generate a large number of possible parameters 64, ..., 8,,, from
the prior distribution, then we compute a weight w; for every 6;,i € {1, ..., m}

5. For every one of these parameter choices 0;Nhere’s a corresponding value for P, call them
P1s ) Pm

6. |thus have a collection of possible values for |

weights to find a confidence interval for P. TIP. In large datasets, you can run into underflow

problems when you compute the likelihood and when

you rescale weights. See the log-sum-exp trick
(exercise 8.2.4 in notes).

I'm not even certain about P, because I’'m not certain about my parameter estimates.
| should report my uncertainty about P = a + f sin(Zn(t* + qb)) + yt*.




QUESTION. Can we just take the
parameters of a neural network to be

random, and use Bayesian methods?
Surely that would give us confidence
intervals for the probability!




SECTION 6.3. IMPORTANCE SAMPLING

Let X be a random variable, let h be a real-valued function. Then

1 n
Eh(X) ~ Ez 1h(xl-) where x4, ...,x, isasample drawn from X
=

50 -
h(x) ‘ ‘ E hoX) = 3.21 Example: X ~ U[0,1], spiky h function
0 A —- -

50 -

10 samples
E h(X) = 3.05
0 A: s = 2= =
| I |1
20 1 50 samples
E h(X) = 2.31
O__MM_“_
O 11 | 1 o O A VA 1]
50 -

100 samples
E h(X) = 2.52 It may take very large n
0 _M_ togeta good approximation




SECTION 6.3. IMPORTANCE SAMPLING

50
h(x)

50 -

50 -

Let X be a random variable, let h be a real-valued function. Then

1 n
Eh(X) =~ Ez 1h(xl-) where x4, ...,x, isasample drawn from X
=

i true answer
E h(X) =3.21
i VW \ e 'S

50 -

10 samples
E h(X) = 3.05

50 samples
E h(X) = 2.31

100 samples
E h(X) = 2.52

Can we Sfea,o( c—lnfnjs vp Wich brased 5avv\p/';y2

i true answer
=3.21
- _a A

=5 extra ;«MP&J hare

10 samples
E h(X) = 3.23

50 samples
E h(X) = 3.62

E?

[0 T [ . |11
i 100 samples
E h(X) = 3.42
T S e —— —a




SECTION 6.3. IMPORTANCE SAMPLING

Let X be a random variable, let h be a real-valued function. Then

1 n
Eh(X) ~ EZ 1h(xl-) where x4, ...,x, isasample drawn from X
=

Let X be a random variable, let i be a real-valued function, and let X be any distribution. Then

1o i N
Eh(X) = EZ 1h(xi)i ~ where X1, ..., X, isasample drawn from X
=

‘\ the ” SQMP("V\j digEr hofon
(of"CCfl‘a’\ @\/

bioed Sm(fvj

This works for any sampling distribution X.
But it will only be useful if we choose a sensible sampling distribution!



Importance sampling

Let X be a random variable, let h be a real-valued function, and let X be any distribution. Then

A N Pry(x;)
ER(X) ~ Ezg h(xi) Prg(x;)

where x4, ..., x,, isasample drawn from X

Why docs ths wovh 7

E k()() = f‘)[x) Prx(ﬂ)c‘x

by definim & expectation

fh(x) fir_f) Pry () dx

Poed &
6(1)
. 1/ T h'J nw m
¢ h 2o n TR T et
="
= L S hap RED by Slypnre F 9
" : Pfg(:(;)



Importance sampling

Let X be a random variable, let h be a real-valued function, and let X be any distribution. Then

1o Pry (x; .
Eh(X) = —Z h(x;)) —/——= 5 x (%) where x4, ..., x,, is a sample drawn from X
n i=1 rz(x;)

Computational Bayes is based on importance sampling. It’s
based on using samples from the prior distribution (®) to

get estimates for things derived from the posterior
distribution (®|data).

Pr(®|data )(Oi) _K Prg(0;) Pr(data|8;)
Pre(6;) Pro(6;)
To see how to estimate k, see notes section 6.2.

Correction factor: = k Pr(data|f;) by Bayes’s rule
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