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Reading material

» AMP, Structural Recursion with Locally Scoped
Names, preprint, 2010.
(Full version of “Nominal System T" POPL 2010 paper.)

» AMP, Alpha-Structural Recursion and Induction,
Journal of the ACM 53(2006)459-506.
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Outline

» The end.

» Motivation: structural recursion for data modulo
x-equivalence.

» Introduction to nominal sets.

NI NI NI NY

» Nominal restriction sets.

» A simply-typed A-calculus with name-abstraction
types.

» Families of nominal sets as a model of dependent
types.
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names Var : Set

data Term : Set where
V : Var -> Term
A : (Term X Term)-> Term
L : (Var . Term) -> Term

/_ : Term -> Var -> Term -> Term

(t / x)(Vx') =if x = ¥ then t else V x’

--(possibly open) A-terms mod
--variable

--application term
--A-abstraction

--capture-avoiding substitution

(t / QAW , ") = At / 2t , ¢/ x )t

t / DCE . t)) = L& .t/ 0t
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names Var : Set
data Term : Set where

V : Var -> Term

A : (Term X Term)-> Term
L : (Var . Term) -> Term

--(possibly open) A-terms mod w
--variable

--application term
--A-abstraction

/_ : Term -> Var -> Term -> Term

(t / x)(V x) =(if x = ¥ then t else V x’

(t / x)AG , t = A((t / x )T,
t /0 . t)) =LE . /)t

Set (5? abomic names
— 0t an induche daﬂuiype, buk dec/dade
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names Var : Set

data Term : Set where --(possibly open) A-terms mod a
V : Var -> Term --variable
A : (Term X Term)-> Term --application term
L :((Var . Term)) -> Term --A-abstraction

_/_ : Term -> Var -> Term -> Term --capture-avoiding substitution
(t / x)(Vx') =if x = ¥ then t else V x’

¢/ WG , ) = A / x)t, (& / x)t")

(t/ 0D@QE . ) =LE . (& /0t

't\jpez cg “fanckions ac daka” (as opposal to uswal compul—a)ok
’FIAV\J’I'JV\S)

(Cf. (PO.SWolsk\(;,x( Schirmann CESOP 10033)

L'ICAA‘O\, %O\”O?/f&(’/f ’(H-!N‘per ELICS 200% , TCFP 2009] ,

Chenoy [ LFMTP Zoo3],

Westbrdk ek al [ LFMTP 20097 .
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names Var : Set

data Term : Set where
V : Var -> Term
A : (Term X Term)-> Term

L :((Var . Term)) -> Term

_/_ : Term -> Var -> Term -> Term
(t / x)(Vx') =if x = ¥ then t else V x’
¢/ DWE , ) = A / x)t, (& / x)t")

¢/ 0@ Y = L& .t/ 0t)
‘@pe/c( ‘RAV\LP‘\OV\S ac daba”
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--(possibly open) A-terms mod
--variable

--application term
--A-abstraction

--capture-avoiding substitution
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names Var : Set

data Term : Set where --(possibly open) A-terms mod a
V : Var -> Term --variable
A : (Term X Term)-> Term --application term
L : (Var . Term) -> Term --A-abstraction

/_ : Term -> Var -> Term -> Term --capture-avoiding substitution

Et / x)(V x’) = if x = ¥’ then t else V x’
¢/ WG , ) = A / x)t, (& / x)t")
t / x)@E .t =LE . &/ 0t)

aclm’cVed e w
navne—alosi-tz(d';av\ “y

t atdr voln
. Fesh ML (Am e Sninwell) putterns m Volmes

—but makdnng thore i \mpue —does it SiF well
it O\Aw&—mwm{--.
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In my dreams: “nominal Agda”

names Var : Set

data Term : Set where --(possibly open) A-terms mod a
V : Var -> Term --variable
A : (Term X Term)-> Term --application term
L : (Var . Term) -> Term --A-abstraction

/_ : Term -> Var -> Term -> Term --capture-avoiding substitution

Et / x)(V x’) = if x = ¥’ then t else V x’
¢/ WG , ) = A / x)t, (& / x)t")
t /@& . ) =LE . &/ 0t

data _==_ (t : Term) : Term -> Set where --intensional equality
Refl : t ==

~wank Propositions as well as Simple MP“
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In my dreams:

names Var : Set

data Term : Set where
V : Var -> Term
A : (Term X Term)-> Term
L : (Var . Term) -> Term

_/_ : Term -> Var -> Term -> Term
t /W) =if x =
(t / x) (At

“nominal Agda”

--(possibly open) A-terms mod a
--variable

--application term
--A-abstraction

--capture-avoiding substitution

x’ then t else V x’
, 7)) = A(Ge / x )t (6 / x )t

--intensional equality
--is term equality mod «

t /@& . ) =LE . &/ 0t

data _==_ (t : Term) : Term -> Set where
Refl : t ==t

eg : (x ¥’ : Var) —>

(W x) /xHLkx.
eg x ¥ = {! 1}

vV x)) =L& .
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Structural recursion mod alpha
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Structural Recursion: recursive definitions of (total)

functions whose values at a structure are given functions
of their values at immediate substructures.

» Godel (Tate) System T — structure = numbers,
structural recursion = primitive recursion for IN.

» Burstall, Martin-Lof et al generalized this to
abstract syntax trees.
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Structural recursion

E.g. for A-trees
Tr2 {t:=Va|Att|Lat}

(a € A, infinite set of atom[ic name]s)
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E.g. for A-trees
Tr2 {t:=Va|Att|Lat}

Given fi € A-X
f» € XXX-X
fs € AXX-X

exists unique f € Tr—-X s.t.

fra

fZ(ftrft,)

fs(a, ft)



E.g. for A-trees
Tr2 {t:=Va|Att|Lat}

Given fi € A-X
f € XXX-X
fs € AXX-X
exists unique f € Tr—X s.t.

fra

fZ(ftrft,)
= fa(a, ft)

Not very useful! (because L a is a binder)
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A-terms t € A = Tr/=,, A-trees mod «x-equivalence

ar—Va variables
t,t'— At application terms
at— La.t A-abstraction terms
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A-terms t € A = Tr/=,, A-trees mod «x-equivalence

ar—Va variables
t,t'— Attt application terms
at— La.t A-abstraction terms

La.t =La'.t[la’'la] ifa’ &fo(a,t)
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(capture-avoiding substitution)
is well-(and totally-)defined by:

= ifa =a;thent;elseVa

ACfE) (fE)
= La.(ft) ifa¢fo(ay,tr)




E.g. [—] € A— (Env— D)
(denotation in a suitable domain D)
is well-defined by:

Alp € Env) - pa

Ap € Env) — app([tlp, [t']p)
A(p € Env) - fun(A(d € D) - [t](pla — d]))

(where app € D X D —s D and fun € (D —¢ts D) —¢4s D are
continuous functions satisfying. . .)
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Eg. [—] € A- (Env— D)
(denotation in a suitable domain D)
is well-defined by:

= AMp €EEnv)—pa

A(p € Env) — app([tlp, [t']p)
= Ap € Env) - fun(A(d € D) — [t](p[a — d]))

M'\Aj/ is tvs (vew stndard ) Mmmm
W\W?//\W - W (XAOI,(L 5‘6 JOO\AV\A Van/aue;a ?
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Given fi € A-X
f» € XXX-X
fs € AXX-X
and finite a C A
satisfying. . .

exists unique f € A-X st

S 1)
= fi(a, ft) ifad¢a




Informal

Given fi € A-X
fr € XXX-X
fz € AXX-X
and finite a C A
satisfying. . .
exists unique f € A-X st

— fla

f(ft ft)
= fi(a, ft) ifad¢a

What conditions ensure that f respects a-equivalence and is total?
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Informal

Given fi € A-X
fr € XXX-X
fz € AXX-X
and finite a C A
satisfying. . .
exists unique f € A-X st

— fla

fa(ftft)
= fi(a,ft) ifada

La.t/ =
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Informal

Given fi € A-X
fr € XXX-X
fs € AXX-X
and finite a C A
satisfying. . .

exists unique f € A-X st

f1)
= fi(a,ft) ifada

a#Lla.t a# f;(a, ft) (?77)
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(In)dependence

An important question: what does it mean (abstractly)
for a name to occur in a mathematical object?
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(In)dependence

An important question: what does it mean (abstractly)
for a name to occur in a mathematical object?

Type Theory's answer is functional dependency: make
the object a function of names and instantiate the
function at a particular name.

Chalmers ProglLog 2010-10 13/40



(In)dependence

An important question: what does it mean (abstractly)
for a name to occur in a mathematical object?

Type Theory's answer is functional dependency: make
the object a function of names and instantiate the
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(In)dependence

An important question: what does it mean (abstractly)
for a name to occur in a mathematical object?

Type Theory's answer is functional dependency: make
the object a function of names and instantiate the
function at a particular name.

Often a more important question is: what does it mean
(abstractly) for a name to not occur in a mathematical
object?

Type Theory's answer is. .. ??

Theory of nominal sets provides a nice mathematical
notion of “name non-occurrence”, called freshness.
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Introduction to nominal sets
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Preliminaries on
name-permutations

» A = fixed infinite set of (atomic) names (a, b,...)
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Preliminaries on
name—permutations

» A = fixed infinite set of (atomic) names (a, b,...)
» S(A) = group of finite permutations of A
(rr, /... .)
» 7t finite means: {a € A | w(a) # a} is finite.
» group: multiplication is composition of functions
7t/ o 7r; identity is identity function t.
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Preliminaries on
name—permutations

» A = fixed infinite set of (atomic) names (a, b,...)

» S(A) = group of finite permutations of A
(rt, /.. ..)

» action of &(A) on a set X is a function
(—):(—) € 6(A) X X - X satisfying for all
xe X

» ' (mex)=('om)-x
> Lex =X
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Preliminaries on
name—permutations

» A = fixed infinite set of (atomic) names (a, b,...)

» S(A) = group of finite permutations of A
(rt, /.. ..)

» action of &(A) on a set X is a function
(—):(—) € 6(A) X X - X satisfying for all
xe X

» 1t/ (reox) = (' om)-x
> Lex=x

» swapping: (ab) € S(A) is the function mapping
a to b, b to a and fixing all other names.
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are sets X with with a &(A)-action satisfying

Finite support property: for each x € X, there is a
finite subset @ C /A that supports x:

a,a'¢a = (aa) -x=x

Fact: in a nominal set every x € X possesses a smallest
finite support, written supp(x).




are sets X with with a &(A)-action satisfying

Finite support property: for each x € X, there is a
finite subset @ C /A that supports x:

a,a'¢a = (aa) -x=x

Fact: in a nominal set every x € X possesses a smallest
finite support, written supp(x).

- (Va)  =V(r(a))
E.g. action { - (Att')) =A(m-t)(m 1)

- (La.t) =L(m(a)).(mr 1)
respects a-equivalence of A-terms and has finite support property:
supp(t) = fo(t), free variables of t (exercise!).



Category of nominal sets, NMom

» objects are nominal sets

» morphisms are functions f € X — Y that are
equivariant:

7 (fx) = f(7 )
forall t € &(A), x € X.
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Nom

Fact. Nom is equivalent to the Schanuel topos, a

well-known Grothendieck topos classifying the geometric
theory of an infinite decidable object.




Nom

Fact. Nom is equivalent to the Schanuel topos, a

well-known Grothendieck topos classifying the geometric
theory of an infinite decidable object.

Finite products: X; X - -+ X X, is cartesian product of
sets with & (A )-action

T (x1,000,x0) = (7T X1, 000,70+ Xp)
which satisfies

supp((x,...,x,)) = supp(x1) U -+ Usup(x,)
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Nom

Fact. Nom is equivalent to the Schanuel topos, a

well-known Grothendieck topos classifying the geometric
theory of an infinite decidable object.

Exponentials: Y* is the set of functions f € X - Y
that are finitely supported w.r.t. the & (A)-action

mof=Mx€X)-m-(f(r7"-x))

(Can be tricky to see when f € X = Y is in YX.)
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Nom

Fact. Nom is equivalent to the Schanuel topos, a

well-known Grothendieck topos classifying the geometric
theory of an infinite decidable object.

Subobject classifier: () = {0,1} with trivial
S (A)-action: 7T-b = b (so supp(b) = ).

(Nom is a Boolean topos: QO =1+1.)

Natural number object: N = {0,1,2,...} with
trivial &(A)-action: 7t -n = n (so supp(n) = Q).

Coproducts are given by disjoint union.
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The nominal set of names

/A is a nominal set once equipped with the action
T-a=r7(a)

which satisfies supp(a) = {a}.
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/A is a nominal set once equipped with the action
w-a=7(a)

which satisfies supp(a) = {a}.
A is not IN! Although A € Set is countable, A € Nom satisfies

Nom |= (Vf e AN)Y(Faec A)a g fN




/A is a nominal set once equipped with the action
w-a=7(a)

which satisfies supp(a) = {a}.
A is not IN! Although A € Set is countable, A € Nom satisfies
Nom |= (Vf e AN)Y(Faec A)a g fN

However

Nom [£= (3c € ALY (VF € AN) ¢(f) ¢ FN

Nom does not satisfy the Axiom of Choice




For each nominal set X, we can define a relation
# C A X X of freshness:

a#x = ad& supp(x)

Equivalently, a # x iff (a b) - x = x holds for cofinitely many b.

Chalmers ProglLog 2010-10 19/40



For each nominal set X, we can define a relation
# C A X X of freshness:

a#x = ad& supp(x)

In IN, a # n always.

In A, a#biff a #b.

In A, a#tiff a & fo(t).

InX XY, a#(xy)iffattxand a#y.

v

\4

v

v

v

In YX, a # f can be subtle!
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