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Summary

This thesis aims to improve the performance of handwriting recognition systems by in-
troducing the use of discriminative training methods. Discriminative training methods
use data from all competing classes when training the recogniser for each class. We de-
velop discriminative training methods for two popular classifiers: Hidden Markov Models
(HMMs) and a prototype-based classifier. At the expense of additional computations in
the training process, discriminative training has demonstrated significant improvements
in recognition accuracies from the classifiers that are not discriminatively optimised. Our
studies focus on isolated character recognition problems with an emphasis on, but not
limited to, off-line handwritten Thai characters.

The thesis is organised as followed. First, we develop an HMM-based classifier that
employs a Maximum Mutual Information (MMI) discriminative training criterion. HMMs
have an increasing number of applications to character recognition in which they are
usually trained by Maximum Likelihood (ML) using the Baum-Welch algorithm. However,
ML training does not take into account the data of other competing categories, and
thus is considered non-discriminative. By contrast, MMI provides an alternative training
method with the aim of maximising the mutual information between the data and their
correct categories. One of our studies highlights the efficiency of MMI training that
improves the recognition results from ML training, despite being applied to a highly
constrained system (tied-mixture density HMMs). Various aspects of MMI training are
investigated, including its optimisation algorithms and a set of optimised parameters that
yields maximum discriminabilities.

Second, a system for Thai handwriting recognition based on HMMs and MMI train-
ing is introduced. In addition, novel feature extraction methods using block-based PCA
and composite images are proposed and evaluated. A technique to improve generalisation
of the MMI-trained systems and the use of N -best lists to efficiently compute the probabil-
ities are described. By applying these techniques, the results from extensive experiments
are compelling, showing up to 65% relative error reduction, compared to conventional ML
training without the proposed features. The best results are comparable to those achieved
by other high performance systems.

Finally, we focus on the Prototype-Based Minimum Error Classifier (PBMEC),
which uses a discriminative Minimum Classification Error (MCE) training method to
generate the prototypes. MCE tries to minimise recognition errors during the training
process using data from all classes. Several key findings are revealed, including the set-
ting of smoothing parameters and a proposed clustering method that are more suitable for
PBMEC than using the conventional methods. These studies reinforce the effectiveness
of discriminative training and are essential as a foundation for its application to the more
difficult problem of cursive handwriting recognition.
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Chapter 1

Introduction

1.1 Introduction

Handwriting is a natural form of human communications that has existed for centuries.
The use of handwriting is involved in many of our day-to-day activities, such as note
taking, form filling and letter addressing. During the past two decades, there have been
increasing demands for the applications to automatically process the content of these
handwritten documents, as a supplement to the tasks performed by humans. In connec-
tion with that, handwriting offers an attractive and efficient method to interact with a
computer, as witnessed from the recent advent of many hand-held devices that accept
handwriting inputs. These devices also require such applications to recognise the hand-
writing entries. As a result, research in handwriting recognition becomes increasingly
important as it provides a solution for these problems.

While the term character recognition is generally concerned with the problem of
recognising any forms of characters, handwriting recognition specifically aims at a more
difficult problem of recognising handwritten characters. The ultimate goal of handwriting
recognition research is to develop systems that can read any text with the same recognition
accuracy as humans, but at a faster rate [2]. Handwriting recognition is a difficult task
due to its large problem dimension, which is composed of several sub-problems and the
generally ambiguous nature of handwriting itself. There have been an extensive number of
handwriting recognition research projects trying to tackle different aspects of the problem.
The performance of handwriting recognition systems has improved dramatically over the
past decade, especially in some specific tasks, such as handwritten address reading and
the recognition of amounts on bank cheques [3]. However, the performance of general
handwritten word and sentence recognition is rather low and still not comparable to that
achieved by humans.

The focus of this thesis is to improve the overall recognition performance of the
handwriting recognition systems by introducing alternative training methods that en-
hance their ability to discriminate the characters. This chapter aims to introduce es-
sential background to the research (Section 1.2) and the motivation behind the study
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(Section 1.3). The research objectives are defined in Section 1.4, followed by the scope
of research in Section 1.5. Section 1.6 summarises the key contributions of this thesis.
Finally, the outline of this dissertation is presented in Section 1.7.

1.2 Research Background

A prerequisite of the character recognition and discriminative training concepts is essential
in order to thoroughly understand the motivation behind this research. The following
sections broadly explore these core topics and introduce some important terminology.

1.2.1 Handwriting Recognition Overview

The problem of handwriting recognition can be classified into two main groups, namely
off-line and on-line recognition, according to the format of handwriting inputs. The
off-line recognition systems recognise the characters after they have been written on a
piece of paper, scanned into the computer and stored in the image format. On the other
hand, the on-line systems can access dynamic information of handwriting strokes while
the characters are being written on a tablet or a digitiser. Although the recognition
processes of both systems are different in their details, they can be broken down into
four fundamental sequential stages: pre-processing, feature extraction, classification and
post-processing.

Pre-processing is essential to prepare handwriting inputs to be suitable for later
recognition stages. Examples of the pre-processing stage include the processes to identify
text regions within the handwritten documents, eliminate imperfections, and segment the
texts into isolated characters. The goal of the feature extraction stage is to obtain a
compact description (a feature vector) that can be used to uniquely represent the char-
acter. Classification is the main decision making stage in which the extracted features
are classified into one of several categories. Modern handwriting recognition research is
dominated by the use of statistical methods for classification, i.e. statistical classifiers, as
seen in a recent survey [4]. Post-processing typically forms a verification step, such as the
use of language models and contextual information to verify the recognised characters or
words.

A good handwriting recognition system should have the ability to cope with vari-
ations in the writing styles while being capable of distinguishing similar yet different
characters. All the aforementioned stages are equally important for the recogniser to
achieve this property. This thesis focuses mainly on the classification stage in order to
improve the performance of the overall system. The appropriate features for the proposed
classifiers are also taken into account.
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1.2. Research Background

1.2.2 Non-Discriminative and Discriminative Methods

In order to classify the unseen samples efficiently, some training algorithms are required to
train the classifiers according to the presence of the training samples. We can broadly di-
vide the classifiers into two groups based on their training approaches: non-discriminative
and discriminative classifiers. Although discriminative training is thoroughly explained
in Chapter 2, a brief concept of both methods is presented in this section for basic under-
standing of the subject.

Non-discriminative classifiers, sometimes referred to as generative [5] or informa-
tive [6] classifiers, aim at building a model to represent the training samples in each class.
Given the unseen character, classification is done by choosing the model that best explains
the data. Examples of non-discriminative classifiers are Hidden Markov Models (HMMs)
and Gaussian Mixture Models. These classifiers usually rely on non-discriminative train-
ing methods such as Maximum Likelihood (ML) estimation in which the model of each
class is trained separately by using the samples that belong to the class.

Discriminative classifiers, on the other hand, only centre on the classification deci-
sions, and hence do not attempt to construct a model over the training samples. They
focus directly on determining the class decision boundaries, which is equivalent to learning
a direct mapping from the training samples to their class labels. Examples include neural
networks and Support Vector Machines (SVMs). The training process requires simulta-
neous considerations of the training samples of all competing classes through the use of
discriminative training methods, which involve the optimisation of some discriminative
training criteria.

This thesis focuses on applying the discriminative training criteria to the non-
discriminative classifiers with the aim of improving their recognition performance. The
motivation for this is described in Section 1.3.

1.2.3 Parametric and Non-Parametric Techniques

In statistical pattern recognition, we need to estimate the probability densities from the
training samples and use them as if they are the true densities. Various approaches to
density estimation can be categorised into two groups: the parametric and non-parametric
techniques. The parametric techniques require an assumption of the correct functional
form of the underlying probability density. The training process uses the available train-
ing samples to estimate parameters of the function. In contrast, the non-parametric
techniques tries to estimate the probability density from the entire sample set without
specifying its functional form in advance. In this thesis, we demonstrate the applications
of discriminative training to both techniques.

23



Chapter 1. Introduction

1.3 Research Motivation

There are two key motivating factors for this research. These consist of recent advances in
handwriting and speech recognition research and the demand for handwriting recognition
applications in other non-English languages.

A number of classification techniques in handwriting recognition have been influ-
enced by the speech recognition community. Examples include HMMs, recurrent net-
works [7] and a hybrid of neural networks and HMMs. The HMMs, in particular, have
played an important role in handwriting recognition, as seen from an increasing number of
their applications [3]. Training of HMMs in these applications relies on the conventional
ML training method, although the recent development in speech recognition has demon-
strated an improvement in the recognition performance of the HMMs when discriminative
training is applied. We take advantage of this recent development and introduce discrim-
inative training to the handwriting recognition problems. Nevertheless, discriminative
training is an ongoing research area, and many of its aspects have not been explored.
Some of its important findings are revealed in this research.

Most handwriting recognition research centres around the English or Latin charac-
ters, with sparse applications in other languages such as Arabic, Chinese and Hangul.
The Thai language (an official language used in Thailand) is among the other Asian lan-
guages that receive an increasing demand for such applications, as seen from a dramatic
growth of the reports on Thai language processing [8] and the number of computer and
Internet users in Thailand [9]. In addition, the Thai characters pose a unique challenge for
automatic handwriting recognition on the grounds that there are several groups of Thai
characters which have similar shapes, and vary only in small details. In this research,
the Thai handwriting recognition problem serves as one of the main applications that is
benefited from our proposed methods. Other recognition tasks based on Latin characters
are also investigated throughout the dissertation.

1.4 Research Objectives

This research introduces the use of discriminative training methods to the handwriting
recognition problems, with the aim of improving the recognition performance of the non-
discriminatively optimised systems. Three objectives in conjunction with this main goal
are summarised as follows:

1. To explore the effectiveness of discriminative training in the HMM-based handwrit-
ing recognisers, with an emphasis on the discrimination training criterion called
Maximum Mutual Information (MMI) because it has been under-researched in pre-
vious work. Some of the important aspects and limitations of MMI training are also
investigated, which include its performance under a highly constrained environment
(such as the system based on tied-mixture density HMMs, TDHMMs), its opti-
misation algorithms and the set of optimised parameters that provides maximum
discriminabilities.
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2. To derive a high-performance Thai handwriting recognition system based on the
HMMs and MMI training. This includes an investigation of various feature extrac-
tion methods and the introduction to the novel techniques, namely block-based PCA
and composite images. The optimisation algorithm recently proposed for MMI train-
ing in speech recognition [10] is evaluated. Other useful techniques for efficiently
computing the likelihoods and improving the generalisation of MMI training are
also studied.

3. To investigate the use of discriminative training in the prototype-based classifier,
which is a representative of the non-parametric techniques, for the handwriting
recognition problems. We concentrate on the discriminative training criterion,
known as Minimum Classification Error (MCE). The aim is to indicate the im-
portance of various parameter settings in the system, and propose a method to
overcome inconsistencies which occur during its training process.

1.5 Scope of Research

This research focuses mainly on the classification stage in handwriting recognition (see
Section 1.2.1), with an assumption that the handwriting data have been pre-processed
and segmented into isolated characters. It is inevitable that the feature extraction process
has to be taken into account when designing the recogniser. Most of our experiments
rely on the feature extraction methods proposed in the previous literature which yield
reasonably effective results on our recognition tasks. Nevertheless, the features for the
HMM-based Thai handwriting recognition systems are thoroughly examined due to a lack
of their grounded studies. The present study is sufficiently comprehensive to justify the
effectiveness of the proposed methods, by comparing the results derived from our systems
with those generated by other high-performance classifiers.

In this thesis, we limit our study to the recognition of isolated characters, both on-
line and off-line. This can be applied to a wide range of applications such as automatic
recognition of the handwritten entry in the forms and recognising the handwriting inputs
in the hand-held devices. Thai handwriting is, by its nature, also written in isolation.
Moreover, isolated character recognition provides a suitable framework to explore the ef-
fectiveness of discriminative training. As soon as we thoroughly understand its properties,
we should be able to proceed to a more difficult task of cursive handwriting recognition.
It is anticipated that the discriminative training techniques reported in this thesis may
be of general use to improve the performance of such a system.

1.6 Research Contributions

The main contribution of this thesis is the development of high-performance handwriting
recognition systems based on discriminative training methods, which are proven effec-
tive and can improve the recognition performance of the non-discriminatively optimised
systems. Other significant contributions are presented in Chapters 4, 6, and 8, each of
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which respectively covers each topic of the research objectives in Section 1.4. These can
be briefly summarised as follows:

1.6.1 Discriminative Training in HMMs

• MMI training in the HMM-based on-line handwriting recognition is implemented
and shows some improvements in the recognition performance when compared to
ML training.

• The effectiveness of MMI training in a highly-tied system is demonstrated. The
structure of such a system is different from most applications of MMI training in
the literature.

• Three optimisation algorithms for MMI training are evaluated.

• A set of the HMM parameters that yields maximum discriminabilities is revealed,
providing a guideline for parameter optimisation in MMI training.

1.6.2 Thai Handwriting Recognition and MMI Training

• A database of Thai handwritten characters is constructed.

• A high-performance system for Thai handwriting recognition based on the HMMs
and MMI training is introduced, and various feature extraction methods are evalu-
ated.

• Novel techniques to improve the recognition performance based on block-based PCA
and composite images are introduced.

• An optimisation algorithm proposed by Povey [10] for MMI training is successfully
applied to our recognition problem and has demonstrated a fast convergence rate.

• A technique to improve the ability of MMI training to generalise the unseen data and
the use of N -best lists to efficiently compute the likelihood statistics are presented.

1.6.3 Discriminative Training in Prototype-Based Classifiers

• MCE training in the prototype-based classifier, namely the Prototype-Based Mini-
mum Error Classification (PBMEC), is implemented and successfully used in off-line
handwriting recognition.

• We reveal that the values of smoothing parameters in the initialisation and MCE
training processes of PBMEC have a significant impact on the recognition perfor-
mance, thereby providing a useful guideline for parameter settings.

• A novel method for prototype initialisation in PBMEC that overcomes an incon-
sistency between the criteria used in the initialisation and recognition processes is
introduced.
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• The potential applications of discriminative training to the feature extraction pro-
cess in the PBMEC context are explored.

1.7 Structure of Dissertation

This thesis is divided into three main parts with nine chapters in total. The first part,
Chapters 1 and 2, provides an introduction to the research objectives and background
of discriminative training methods. The second part focuses on the applications of MMI
training to the HMM-based handwriting recognition systems, including the Thai hand-
writing recognition problem. This part consists of Chapters 3 to 6. The third part
emphasises the applications of MCE training to the prototype-based classifiers (Chap-
ters 7 and 8). The conclusions of this research are given in Chapter 9. Details of each
chapter are summarised as follows:

Chapter 2: Discriminative Training

This chapter provides background knowledge of the statistical approach for pattern
recognition which has led to the introduction of two popular discriminative training
criteria: MMI and MCE.

Chapter 3: Hidden Markov Models and Discriminative Training

This chapter presents the concept of discriminative training, with the emphasis on
MMI training, in the HMMs and the literature survey.

Chapter 4: MMI Training of Tied-Mixture Density Hidden Markov Models

This chapter investigates several aspects of MMI training in the TDHMM-based
handwriting recognition systems, by using the on-line handwritten digit recognition
task as a case study.

Chapter 5: Thai Character Recognition

In this chapter, an overview of the Thai character recognition problems is described.
The reviews of the previous work are also presented.

Chapter 6: MMI Training of HMM-Based Thai Handwriting Recognition

In this chapter, the Thai handwriting recognition system based on the HMMs and
MMI training is derived, and several techniques to improve its performance are
studied.

Chapter 7: Discriminative Prototype-Based Recognition Systems

This chapter presents the concept of discriminative training in non-parametric classi-
fication, particularly MCE training in the prototype-based classifiers. The Prototype-
Based Minimum Error Classifier (PBMEC) is explained in detail.

Chapter 8: Evaluation of Discriminative Prototype-Based Classifiers

In this chapter, the successful applications of PBMEC to the off-line unconstrained
character recognition problems are described, and several key findings are revealed.
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Chapter 9: Conclusions

Conclusions of this research and future research perspectives are given in this chap-
ter.
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Chapter 2

Discriminative Training

2.1 Introduction

The previous chapter (Section 1.2.1) explains the processes for solving the handwriting
recognition problem, which is an instance of the pattern recognition problem. First, the
handwritten characters are converted into feature vectors lying in feature space. The
classification process then assigns the feature vector to one of the predefined categories.
Generally speaking, it is a process that partitions the feature space into regions, one
region for each category. These partitions, also known as the decision boundaries, are
subsequently used to classify the unseen samples. An ideal classifier should provide a
perfect separation so that wrong decisions never occur. However, in reality, this is hardly
achieved. In practice, it is sufficient to have an optimal classifier that minimises the
probability of error. This approach becomes a problem in statistical decision theory and
thus is known as statistical pattern recognition. In order to understand the concept of
finding the optimal decision boundaries, an introduction to the Bayes decision theory is
essential as a fundamental statistical approach to the pattern recognition problem.

In this research, we focus on supervised learning in which the category of each sam-
ple is known and the decision boundaries can be derived from these observed samples.
If all of the relevant probability distributions are known, the solution can be obtained
simply. In practice, only some of these values are known and even the form of probabil-
ity distributions has to be assumed. As a result, the goal turns into using the available
training samples to estimate parameters of the underlying distributions. The most com-
mon method for parameter estimation is Maximum Likelihood (ML) estimation. The
principal aspect of ML concentrates on modelling the data distribution for each category
individually, and thus it is regarded as a non-discriminative training method. In con-
trast, discriminative training removes the requirement of having the correct underlying
probability density. It aims to directly separate the categories through the design of ef-
fective decision boundaries in the feature space. Many discriminative training criteria
have been proposed in the literature, mostly for speech recognition. Among them, two
popular criteria are applied in this thesis: the Maximum Mutual Information (MMI) and
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Minimum Classification Error (MCE) criteria. This chapter features a general overview of
discriminative training criteria, without addressing their applications to specific classifiers.
Their applications to Hidden Markov Models (HMMs) and prototype-based classifiers are
extensively studied in Part II and Part III of this dissertation, respectively.

In this chapter, Bayes decision theory is briefly described in Section 2.2 followed by
a discussion of Maximum Likelihood estimation in Section 2.3. Section 2.4 introduces dif-
ferent discriminative training criteria which include MMI, MCE and other discriminative
approaches. The recent applications of discriminative training are reviewed in Section 2.5.
The chapter closes with a summary in Section 2.6.

2.2 Bayes Decision Theory

The purpose of the classification problem is to determine the category to which the
given pattern belongs. Bayes decision theory is a statistical method which formalises
this procedure. We present the concept of this theory, based on the detailed discussions
in [11, 12, 13], as background knowledge for discriminative training in later sections.

We begin with introducing the task of classifying an observed feature vector x into
category Ci which is one of M categories, i.e. Ci ∈ {C1, ..., CM}. At this stage, we assume
that all the relevant probability values are known and let P (Ci) be the prior probability
that the observed data belongs to each of the categories Ci, where

∑M

i=1 P (Ci) = 1. The
class-conditional probability for x, which is the probability density function for x given
that the category is Ci, is also given and denoted as P (x|Ci). This information can be used
to compute the posterior probability P (Ci|x), which is the probability that the category
is Ci given the observation x, by Bayes Rule:

P (Ci|x) =
P (x|Ci)P (Ci)

P (x)
, (2.1)

where P (x) is the density function for x irrespective of the category and is computed by:

P (x) =
M
∑

i=1

P (x|Ci)P (Ci). (2.2)

A decision rule is a function α(x) that tells us which category to decide for every
possible observation x. The action of making a decision that x belongs to category Ci can
be written as α(x) = Ci. The ultimate goal is to make a classification decision in such a
way that the probability of error or misclassification is minimised. Given that the true
category of x is Cj, the action of making a decision that x belongs to Ci will incur the
loss λ(α(x) = Ci|Cj) (see later for a definition of λ(·)). As a consequence, the expected
loss associated with this action is:

R(α(x) = Ci|x) =
M
∑

j=1

λ(α(x) = Ci|Cj) P (Cj|x). (2.3)

30



2.2. Bayes Decision Theory

The expected loss is also known as the conditional risk and the overall risk R is given by:

R =

∫

R(α(x)|x) P (x) dx , (2.4)

where α(x) can be any category, and the integral ranges over the entire feature space. In
order to minimise the overall risk, the classification decision for every x has to be chosen
so that the expected loss in Eq. 2.3 is as small as possible [11]. As a result, the Bayes
decision rule for minimising the overall risk can be written in the general form as:

decide x ∈ Ci if R(α(x) = Ci|x) < R(α(x) = Cj|x) for all i 6= j. (2.5)

By following this rule, it is promised that the classifier will provide the optimal partitioning
of feature space among various categories.

In the classification problems where the ultimate goal is to minimise the probability
of misclassification or error rate, the loss function λ(·) can be defined as:

λ(α(x) = Ci|Cj) =

{

0 i = j

1 i 6= j
where i, j = 1, ..,M . (2.6)

Using this loss function incurs no loss for making a correct decision for x, and incurs a
unit loss for any wrong decisions. Substituting Eq. 2.6 into 2.3 yields:

R(α(x) = Ci|x) =
M
∑

j=1

λ(α(x) = Ci|Cj) P (Cj|x)

=
∑

j 6=i

P (Cj|x)

= 1 − P (Ci|x).

(2.7)

Hence the resulting Bayes decision rule for the minimum error rate in Eq. 2.5 becomes:

decide x ∈ Ci if P (Ci|x) > P (Cj|x) for all i 6= j. (2.8)

The classifiers that obey this decision rule are sometimes known as Maximum A Poste-
riori (MAP) classifiers. Obviously this can be seen as a formalisation of common-sense
procedures, that is, the minimum probability of misclassification is obtained by assigning
each new observation to the class for which the posterior probability is largest [12].

One particular way to represent the classifier is by considering that the classifier is
composed of a set of discriminant functions gj(x), j = 1, ..,M . The decision rule for the
observed feature vector x is:

decide x ∈ Ci if gi(x) > gj(x) for all i 6= j. (2.9)

In this way, the classification process can be viewed as a process that computes M discrim-
inant functions and chooses the category corresponding to the highest discriminant [11].
Obviously, there is more than one discriminant function that yields the same decision
boundary. Any monotonically increasing function applied to the discriminant functions
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does not change the classification result. For example, from Eq. 2.8 and 2.9, the discrim-
inant function for the Bayes classifier and its variations can be:

gi(x) = P (Ci|x), (2.10)

gi(x) = P (x|Ci)P (Ci), or (2.11)

gi(x) = log P (x|Ci) + log P (Ci). (2.12)

As discussed earlier, the Bayes decision rule requires complete knowledge of all
relevant probability values which is rarely acquired in practice. The prior probabilities
P (Ci) can be approximated with no difficulties. However, that is not the case for the class-
conditional probabilities P (x|Ci). The target of designing a classifier eventually turns into
using the available training samples to estimate P (x|Ci) as accurately as possible and to
use the resulting estimates as if they were the true values. Section 2.3 explains the most
common approach for this estimation, Maximum Likelihood, followed by the introduction
to discriminative training approaches in Section 2.4.

2.3 Maximum Likelihood Estimation

The estimation of class-conditional probability density p(x|Ci) can be simplified by rep-
resenting this density as a functional form, i.e. a probability density function (pdf), which
consists of a number of adjustable parameters. This method is known as the parametric
approach in which a specific form of the density function needs to be known, and the
estimation of the probability density becomes a problem of estimating parameters of the
underlying function. One of the most common and well known methods to solve this
problem is Maximum Likelihood (ML) estimation. Detailed discussions of ML estimation
for pattern recognition can be found in [11, 12]. Here, we describe its essential concepts
and limitations which lead to the introduction of discriminative training in Section 2.4.

First, we need to make an assumption that the correct functional form of P (x|Ci)
is known. Therefore, P (x|Ci) can be uniquely determined by the values of its parameter
vector θi where the vector contains all parameters of the chosen functional form. The
P (x|Ci) can be written as Pθi

(x|Ci) to explicitly show that its value is dependent on
θi. In the classification problem, we assign one such function to each of the categories.
Suppose there is a set of R training samples, O = {O1, ...,Or, ...,OR}. Each sample Or

is to be classified into one of the M categories {C1, ..., CM}, where Or is the r-th training
sample. We also have a knowledge of its correct category C = {C1, ..., Cr, ..., CR}, where
Cr is the correct category of Or and Cr ∈ {C1, ..., CM}. The target is to acquire a good
estimate of θ = {θ1, ...,θM} using the available training samples O.

If the samples are drawn independently from the distribution P (x|Ci), then the joint
probability density of the whole training set O given the corresponding category set C is
given by:

Pθ(O| C) =
R
∏

r=1

Pθ(Or|Cr) ≡ Lθ(O), (2.13)
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where Lθ(O) is referred to as the likelihood of θ for the given O. Since the likelihood is
a function of θ for the fixed sample set O, it can be alternatively written as L(θ) [12].
By its definition, maximum likelihood estimation of θ is the process to find the value θ̂

that maximises L(θ). Intuitively, the process of ML estimation is to find the parameters
that give rise to the observed data, i.e. it is the process of trying to model the data.
Although the models for all categories need to be found, the above equation suggests that
the estimate of each category can be computed independently by using only the samples
that belong to that category. In particular, the estimation of θi only takes into account
the samples that belong to category Ci.

From the above equation, it is also obvious that applying any monotonically in-
creasing function to the likelihood does not affect the solution θ̂. In practice, it is more
convenient to maximise the log-likelihood than the likelihood itself, i.e.

log L(θ) = log Pθ(O| C) =
R
∑

r=1

log Pθ(Or|Cr) ≡ fML(θ), (2.14)

because the products of probabilities are converted into their summations and the estimate
θ̂ that maximises the log-likelihood also maximises the likelihood. Eq. 2.14 is also known
as the ML objective function or fML, which is maximised during the training process. After
parameter estimation has been done, the log-likelihood can be used as a discriminant
function to directly determine a decision boundary, based on the Bayes decision rule
(Eq. 2.12), given that the prior probability P (Ci) is provided.

The difficulty of maximising log-likelihoods depends upon the functional form of
P (x|Ci). For example, assuming P (x|Ci) is a Gaussian distribution (normal density), its
model parameters θi can be viewed as θi = {µi,Σi}, where µi is the mean vector and
Σi is the covariance matrix, since the normal density is a function that can be uniquely
identified by its mean and covariances. In this case, the pdf is a differentiable function.
Therefore, by setting the differential of log-likelihood to zero, the standard method of
differential calculus can be applied to find θ̂i. However, for most choices of density
function, finding θ̂i is almost analytically intractable using the standard method. The
optimisation has to be done using iterative techniques. The Expectation Maximisation
(EM) algorithm [14] is one of the popular and powerful techniques for this purpose. The
work in [15] provides a detailed description of the EM algorithm. We describe the EM
algorithm in more detail in Chapter 4, where it is particulary applied to ML training for the
HMMs. Maximum likelihood estimation is considered an efficient technique for classifier
design and has shown its popularity in many applications, including the estimation of
HMM parameters. The most compelling factors for the success of ML training in the
HMMs are the existence of the powerful iterative method derived from the EM algorithm
to estimate the parameters and the fact that this algorithm is mathematically guaranteed
to converge (see Chapter 4).

From our discussion, the success of ML estimation is, so far, based on the assumption
that the correct functional form of probability density is known. Nádas [16] has shown that
if the samples have the same distribution as the assumed distribution and the number of
samples is large enough, the maximum likelihood estimate will be the best representation
of the true parameters. For example, the ML estimation of the mean and variances of
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a Gaussian density function will be the best estimate of the true mean and variances,
if the samples are normally distributed as assumed. Although this may be true, neither
condition can be achieved in practice. The patterns in the actual problems, such as speech
or handwriting samples, are so complex that the modelling of its correct distribution, even
if possible, requires a large number of parameters, and the number of training samples is
always limited. Hence the optimality of ML estimation is based on assumptions which
are not valid in practice. A simple demonstration of this problem can be found in [17].

Because ML estimation focuses on modelling the distribution of samples in each
category individually, it is regarded as a non-discriminative training method. Having
considered the Bayes decision rule carefully, it can be seen from Eq. 2.8 that we do not
need to represent the posterior probability P (Ci|x) explicitly, as long as we can identify
which category Ci provides the highest P (Ci|x).

2.4 Discriminative Training Criteria

In contrast to ML training, discriminative training removes the requirement of knowing
the correct functional form of the sample distributions. Rather than trying to model the
data correctly, discriminative training aims to separate the categories by taking into ac-
count the samples of other competitive categories. The training criteria can be explained
by considering their objective functions in which the settings of parameters in these func-
tions reflect the performance of the classifiers. Discriminative training procedures try to
find the parameters that optimise (either maximise or minimise) these objective func-
tions. We discuss in detail two important discriminative training criteria, namely MMI
and MCE criterion, as followed.

2.4.1 Maximum Mutual Information Criterion

The use of Maximum Mutual Information (MMI) applied to pattern recognition problems,
especially speech recognition, was introduced by Bahl et al. [18] as an alternative to ML
estimation. MMI estimation aims at finding the parameter set which maximises the
mutual information between the samples and their correct categories. MMI estimation
derives from the basic concept of mutual information known in the information theory.
Generally speaking, the mutual information between two random variables measures the
amount of information that one conveys about the other. Let X and Y be random
variables and x and y be their respective outcomes. From [19, 20], the mutual information
between X and Y , I(X; Y ), is defined as:

I(X; Y ) = H(X) − H(X|Y ) , (2.15)
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where H(X) is an entropy of X and H(X|Y ) is a conditional entropy of X given Y , and
are defined by:

H(X) = −
∑

x∈X

P (x) log P (x) , (2.16)

H(X|Y ) = −
∑

x∈X

∑

y∈Y

P (x, y) log P (x|y). (2.17)

In other words, the mutual information measures the reduction in uncertainty about X
that results from learning about Y . From the above equations, I(X; Y ) can be derived
as follows:

I(X; Y ) = −
∑

x∈X

P (x) log P (x) −
(

−
∑

x∈X

∑

y∈Y

P (x, y) log P (x|y)

)

= −
∑

x∈X

∑

y∈Y

P (x, y) log P (x) +
∑

x∈X

∑

y∈Y

P (x, y) log P (x|y)

=
∑

x∈X

∑

y∈Y

P (x, y) log
P (x|y)

P (x)
.

(2.18)

In this way, it can be seen that I(X; Y ) is the average, taken over the X, Y sample
space, of the random variable:

I(x; y) = log
p(x|y)

p(x)
. (2.19)

The MMI criterion is then derived from this point. Given a set of R training samples
O = {O1, ...,Or, ...,OR} and its corresponding category set C = {C1, ..., Cr, ..., CR}, where
Or is the r-th training sample and Cr is the correct category of Or, the mutual information
I(Or, Cr) between the training sample Or and its corresponding category Cr can be
derived from Eq. 2.19 as follows:

I(Or; Cr) = log
P (Or|Cr)

P (Or)

= log P (Or|Cr) − log P (Or)

= log P (Or|Cr) − log
M
∑

i=1

P (Or|Ci)P (Ci).

(2.20)

Given the functional form of the conditional probabilities whose values can be identified
by their model parameters θ, the mutual information and the conditional probabilities
can be written with the subscription θ. To apply MMI estimation to the pattern recogni-
tion problem, the idea is to estimate the model parameters θ that maximise the mutual
information between the training samples O and their correct categories C. This is equiv-
alent to maximising the MMI objective function, fMMI , i.e. the average of the mutual
information across all training samples which is defined as:

fMMI(θ) =
1

R

R
∑

r=1

(

log Pθ(Or|Cr) − log
M
∑

i=1

Pθ(Or|Ci)P (Ci)

)

. (2.21)
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The maximisation of fMMI aims at maximising the difference between Pθ(Or|Cr)
and the density probability Pθ(Or) =

∑M

i=1 Pθ(Or|Ci)P (Ci), whereas ML estimation
(Eq. 2.14) attempts to maximise only the conditional probabilities Pθ(Or|Cr). In other
words, MMI training not only tries to maximise the conditional probability of the training
samples given their correct categories, it also tries to minimise the corresponding condi-
tional probabilities of all competitive classes. The parameter set θ is chosen to improve
the discrimination among the training samples. Thus, the MMI estimation is regarded
as a discriminative training method. It focuses on the separation of the classes rather
than trying to explicitly model the posterior probabilities as in ML training. For this
reason, MMI estimation has an advantage over ML estimation in that it does not require
the assumption that the functional form of the probability distribution is correctly speci-
fied [21]. Nádas et al. [22] has demonstrated that, in some circumstances, the use of MMI
training with an incorrect functional form of probability converges to an optimal result
given sufficient training samples, whereas ML estimation does not.

It should be noted that maximising the MMI objective function requires more com-
putation than maximising the likelihood. For each training sample, we need to calculate
the class-conditional probabilities for all categories, not only the correct class. Part II of
this dissertation is devoted to the practical applications of MMI training to the HMM-
based classifiers. Section 3.5 explains the optimisation methods for the MMI criterion
while its applications to the handwriting recognition problems are demonstrated in Chap-
ters 4 and 6.

2.4.2 Minimum Classification Error Criterion

It can be seen from Section 2.2 that the natural target of designing the classifiers should
be to minimise the classification errors. Despite the success of MMI training in many
applications, there is no direct relationship between optimising the MMI criterion and
minimising the probability of classification error. In this section, we examine an alter-
native to the discriminative training criteria which focuses directly on minimising the
empirical classification error, namely the Minimum Classification Error (MCE) criterion.
The concept of MCE training is based on the early work of Amari [23]. Researchers
in the speech recognition community became aware of MCE training when Katagiri et
al. [24, 25] proposed a comprehensive theoretical framework for the optimisation of the
MCE objective function. A detailed description of MCE training can be found in [17, 26].
Its basic ideas are presented below.

The essential aspect of MCE training is to define a loss function as a function of
trainable parameters of the classifier that is proportional to the classification error. Given
a set of R training samples O = {O1, ...,Or, ...,OR}, the correct category of Or is
known as Ck ∈ {C1, ..., CM}, where M is the total number of categories. Note that the
notation used in this section is slightly different from the one in Sections 2.3 and 2.4.1.
The training process tries to estimate the model parameter θ that minimises the MCE
objective function defined as:

fMCE(θ) =
1

R

R
∑

r=1

ℓk(Or; θ), (2.22)
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where ℓk(Or; θ) is the loss occurred for classifying the sample Or given its correct category
Ck. The loss function in Eq. 2.6 can be rewritten here as:

ℓk(Or; θ) =

{

0 if Or is correctly classified as Ck

1 if Or is misclassified as Cj, where j 6= k.
(2.23)

This is the ideal loss function that should be applied to the MCE objective function since
it directly reflects the classification error. However, in practice, the estimation for θ that
minimises the MCE objective function is performed using gradient-based optimisation
approaches which require a loss function which can be differentiated. At least a first-order
differentiable function is needed. Therefore, this ideal loss is not applicable to MCE, as
is not differentiable. The MCE approach approximates the ideal loss by a continuous,
differentiable loss function which is more suitable to gradient-based optimisation. The
practical loss function is defined as a function of the misclassification measure, dk(Or; θ):

ℓk(Or; θ) = ℓ(dk(Or; θ)), (2.24)

which maps the misclassification measure to a value between 0 and 1. Obviously there
are a lot of choices for the loss function ℓ(d). One function is the sigmoid function given
by:

ℓ(d) =
1

1 + e−αd
(2.25)

with a large positive α. This loss limits are 0 and 1 for d → −∞ and d → ∞, respectively.
This approximates the ideal loss well and is differentiable for all values of d. An alternative
approximation is to use a simple piece-wise linear loss defined as:

ℓ(d) =











0 if d < Q1

(d − Q1)/(Q2 − Q1) if Q1 ≤ d < Q2

1 if d ≥ Q2.

(2.26)

Prior to giving the definition of a misclassification measure dk(Or; θ), let us first
consider the definition of a discriminant function mentioned in Section 2.2. The discrimi-
nant function gk(Or; θ) reflects the extent to which a sample Or belongs to the category
Ck. The classification decision of Or is made by choosing the category that yields the
highest discriminant value (from Eq. 2.9), that is:

decide Or ∈ Ck if gk(Or; θ) > gj(Or; θ) for all j 6= k. (2.27)

From this point, the misclassification measure will be defined as a function of the dis-
criminant function. Similar to the loss function, the discriminant function is also required
to be continuous and differentiable while the choice of the classifier determines the form
of this function. The misclassification measure of Or is defined as a comparison among
the discriminant function for the correct category Ck, gk(Or; θ), and the discriminant
functions of all other categories, gj(Or; θ) where j 6= k. It maps the classification deci-
sion into a scalar value. Corresponding to the loss function we define, a positive sign of
the misclassification measure implies an incorrect decision and a negative sign implies a
correct decision. Amari [23] proposed the following misclassification measure:

dk(Or; θ) =
1

Nk

∑

j∈Ak

(gj(Or; θ) − gk(Or; θ)), (2.28)
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where the set Ak is composed of the indexes of the Nk categories whose discriminant
function values are higher than that of the correct category Ck, i.e. Ak = {j|gj(Or; θ) >
gk(Or; θ)}. When Ak is empty, dk(Or; θ) is set to zero. Thus, when the correct classifi-
cation occurs, this misclassification measure does not give much information of the degree
of difference between the correct category and the incorrect categories. A more informa-
tive measure is desirable in most cases. Moreover, the above misclassification measure is
discontinuous given that the set Ak is not fixed since it is changed according to θ. It is
therefore not suitable to be applied to MCE.

Twenty-four years later, Katagiri et al. [24] introduced the following misclassification
measure to overcome these limitations:

dk(Or; θ) = −gk(Or; θ) +









1

M − 1

M
∑

j=1
j 6=k

gj(Or; θ)η









1

η

. (2.29)

This misclassification measure has been widely used in MCE training. It is continuous
over the model parameter θ and, at the same time, provides an indication of how good
the classification is. This measure can be viewed as a difference between the discriminant
value of the correct category and the average of the discriminant values of competing cat-
egories. The parameter η is a positive constant, which controls the degree of contribution
of competing categories. For example, when η is large, the second term of Eq. 2.29 is
approximated to the highest discriminant value among the incorrect categories, and the
resulting misclassification measure resembles the direct comparison between the discrim-
inant function of the correct category and its best competitive category.

The formalisation of the MCE criterion described above shows that the MCE train-
ing process attempts to minimise the classification error directly rather than trying to
model the posterior probability. It allows, but does not require, the use of explicit prob-
abilistic models which can overcome the limitation of using an incorrect probabilistic
model. Comprehensive studies of the link between MCE and the Bayes decision the-
ory are given in [17, 27]. In practice, the MCE objective function, fMCE, is minimised
by the gradient-based optimisation techniques such as Generalised Probabilistic Descent
(GPD) [28] or the approximated Newton-based optimisation known as QuickProp [29].
The term MCE/GPD is often referred to in speech recognition research where GPD is
used to train system parameters. A detailed optimisation process of MCE is presented in
Chapter 7, together with its applications to the prototype-based classifiers for handwriting
recognition in Chapter 8.

2.4.3 Other Discriminative Training Criteria

Many variations of discriminative training criteria have been reported in the literature.
The objective function, which is to be either maximised or minimised, is the essential
factor for the success of each discriminative training criterion. Most of the recently pro-
posed objective functions are specially designed for speech recognition tasks. For example,
Povey [10] introduced Minimum Phone Error (MPE) and Minimum Word Error (MWE)
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which are more directly related to word error rate, the scoring criterion generally used in
continuous speech recognition. A modification of MMI objective function called non-linear
or Sigmoid-MMI (SMMI) was proposed by Valtchev [30], with the attempt to increase
more discriminative ability among competitive categories. Generally, these discriminative
training criteria, including MMI and MCE, are applied to the non-discriminative classi-
fiers such as the HMMs and Gaussian Mixture Model (GMM) classifiers [12]. On the other
hand, neural networks classifier is considered discriminative by its nature since parame-
ter estimation for all categories is performed simultaneously using all available training
samples. The criterion typically used to train neural networks is the Mean Squared Error
(MSE), although in some cases MMI and MCE can be applied.

2.5 Applications of Discriminative Training

The use of discriminative objective functions incorporates an explicit comparison among
competitive categories during the training process. It focuses on separating the categories
through the adjustments of system parameters, which remove the requirement that the
correct form of probability density needs to be known. Although discriminative training
involves a lot more computation than ML training, a number of powerful optimisation al-
gorithms have been proposed recently and result in an increasing number of discriminative
training applications. Discriminative training has demonstrated potential improvements
in recognition performance compared to ML training in many applications. However, most
research has been done in speech recognition with only a few reports addressing discrim-
inative training usage in other applications, including character recognition. Following is
a brief summary for these applications.

2.5.1 Applications in Speech Recognition

In speech recognition, the state of the art of training criteria had been ML estimation of the
HMM parameters. However, awareness of the discriminative training criteria has increased
significantly over the past decade. Discriminative training is introduced in an attempt to
overcome the limitation of ML in which the model assumptions need to be correct and
sufficient training samples be available. An improvement in the recognition performance
has been demonstrated in the literature when discriminative training is applied. The
applications of the two important discriminative criteria: MMI and MCE, for speech
recognition can be summarised as following.

The work by Bahl et al. [18] was among the first experiments with the use of MMI
training for an HMM-based isolated word recognition system. A relative improvement in
the word error rate of 18% was reported, in comparison to ML training. Shortly after,
Brown [21] reported the gain in performance by using MMI training in different systems.
Early work of MMI training relied on the gradient-based approaches for the optimisation
of HMM parameters. An extension of the EM algorithm for the optimisation of the
MMI objective function was later introduced in [31]. Normandin et al. [32] subsequently
applied the modified version of this algorithm and provided significant evidence in favour
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of MMI training. Among the recent important results, the work in [33, 34] applied MMI
training to a large-scale speech recognition system and led to significant reductions in
error rate compared to the results from ML training. Apart from its success in the
HMM-based systems, the MMI criterion was also applied to the neural networks [35] and
Gaussian Mixture Models classifiers [36], mainly for discriminative feature transformation
applications.

Likewise, MCE training has been extensively applied to speech recognition deploying
various classifier structures. Variations of loss functions and misclassification measures
have been proposed. Further detailed explanations can be seen in [17]. MCE training has
been frequently referred to as MCE/GPD since its powerful optimisation algorithm called
Generalised Probabilistic Descent (GPD) was introduced by Katagiri et al. [24, 25]. The
applications of MCE in speech recognition using HMMs were reported in [17, 37] in which
the recognition results outperformed the non-discriminative ML estimation. Another
successful application of MCE training was demonstrated in [25] where it was applied to a
neural networks classifier. McDermott and Katagiri [38] implemented MCE/GPD within
the prototype-based speech recognition framework. Besides, the exhaustive study by
Biem [27] was among the significant contributions of discriminative feature transformation
using MCE.

2.5.2 Applications in Character Recognition

Although discriminative training has proved its success in speech recognition applications
for a decade, there has been little awareness of its effectiveness in other application areas
including the area of character recognition. A number of reports regarding the applica-
tions of discriminative training in character recognition have just emerged over the past
few years. Among the early work, Bengio et al. [39] employed the MMI criterion for the
joint training of neural networks and for post-processing, with an attempt to minimise
word-level errors. The experimental results have shown considerable reduction in error
rates on the testing set. Recently, the application of a MCE-trained Gaussian Mixture
Model (GMM) for isolated handwritten character recognition in [40] has demonstrated
better performance compared to the ML-based method. The performance of MCE train-
ing applied to the neural networks classifier for word level discrimination is shown in [41].
Of the significant results, Biem successfully trained the HMM classifiers for on-line char-
acter [42] and word recognition [43] using the MCE criterion and indicated improvements
in recognition results. Another important result of discriminative training includes the
work by Huo et al. [44] where the MCE criterion was concurrently applied to the model
training and discriminative feature extraction process in the prototype-based classifier.
It has reported very high recognition results when applied to printed Chinese character
recognition. Being inspired by the same work in [38], the aforementioned work [44] (pub-
lished in 2001) and this research coincidentally share a similar classifier structure despite
the significant difference in the defined discriminant functions.
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2.6 Summary

This chapter provides background knowledge of the statistical approach for pattern recog-
nition which has led to the introduction of discriminative training. In particular, the Bayes
decision theory serves as a formalisation of the classification process in order to achieve
the optimal decision boundaries. As a result, the goal of pattern recognition turns into
finding model parameters that minimise the error rate by using the available training
samples. Maximum Likelihood (ML) estimation, which is the most common method for
parameter estimation, is described. ML training is considered as a non-discriminative
training approach because it aims at modelling the data distribution rather than directly
separating the categories. ML estimation relies on the assumption that the correct func-
tional form of probability density is known, which is not true in practice. Discriminative
training techniques are introduced as alternatives to ML estimation in order to overcome
its limitations. Discriminative training attempts to adjust the model parameters to pro-
duce better decision boundaries. Two important discriminative training approaches, the
Maximum Mutual Information (MMI) and Minimum Classification Error (MCE) criteria,
have been discussed. MMI training aims at maximising the mutual information between
the samples and their correct categories and is more discriminative than ML estimation.
In contrast, MCE focuses directly on minimising the classification errors. Although both
methods require more computation than ML estimation, and have indirect relationship
to the Bayes decision theory, they have demonstrated success in many applications with
potential improvements in the recognition performance compared to ML training.

There has been only a little evidence in applying discriminative training to character
recognition problems, despite its accomplishment in many applications of speech recog-
nition over the past decade. This has motivated this research. Part II and Part III of
the dissertation are devoted to the applications of discriminative training to handwriting
recognition. We particularly address the use of discriminative training in the HMMs and
the prototype-based classifiers.
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Part II

Discriminative Training in Hidden
Markov Models
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Chapter 3

Hidden Markov Models and Discriminative

Training

3.1 Introduction

The parametric approach to pattern recognition provides a simplified method for the
estimation of the class-conditional probability densities, as required by the Bayes clas-
sifiers. In this case, an assumption for the correct functional form of the pdf has to be
made, thereby converting the classifier-designing problem into estimating parameters of
the underlying function. Among several techniques of the parametric approach, the Hid-
den Markov Model (HMM) classifier is one of the most widely used techniques and has
become standard in the field of speech recognition. Recently, the HMMs have also been
extensively deployed in handwriting recognition applications, both on-line and off-line,
as seen from a large number of research reports published over the past decade [3]. The
training process in the HMMs is usually performed by Maximum Likelihood (ML) esti-
mation through a powerful optimisation algorithm known as the Baum-Welch algorithm.
In this dissertation, discriminative training in the HMMs is introduced as an alternative
approach to ML estimation and has demonstrated an improvement in the recognition
performance when compared to ML training. Substantial effort has been devoted to the
applications of discriminative training in the HMMs to speech recognition problems. How-
ever, discriminative training is an ongoing research area, and many of its aspects have not
been explored. Much effort is also required to evaluate its performance in the handwriting
recognition tasks.

The main structure of Part II (Chapters 3 to 6) is concerned with discriminative
training in the HMMs and its applications to the handwriting recognition problems. This
chapter presents the concept of discriminative training with the emphasis on Maximum
Mutual Information (MMI) training in the HMMs as background knowledge for our orig-
inal studies in Chapters 4 and 6. The introduction to the HMM-based classifier is given
in Section 3.2. Section 3.3 explains ML training of HMM parameters, which is based
on the Expectation-Maximisation (EM) algorithm. Section 3.4 provides a comprehensive
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review of the applications of the HMMs to handwriting recognition. The optimisation of
the HMM parameters based on the MMI criterion is extensively discussed in Section 3.5.
Recent applications of discriminative training in the HMMs are reviewed in Section 3.6.
A summary of the chapter is given in Section 3.7.

3.2 Hidden Markov Model Background

The Hidden Markov Model (HMM) is a mathematical model of stochastic processes which
generates random sequences of symbols as determined by certain probabilities. It has
been used to model time-varying (or nonstationary) signals whose statistical properties
change over time. The HMM relies on a reasonable approximation which represents a
time-varying signal as a sequence of time-invariant (or stationary) signal segments given
that, presumably, the properties of signal do not vary significantly within a short period
of time. The underlying concept of the HMM is similar to that of the Markov model,
except that in the HMM we can only observe the sequence of outputs generated by the
model, but the information of the state sequence is not accessible, hence its name–Hidden
Markov Model. The output sequence generated by the HMM is often referred to as the
observation sequence. Using HMMs as a classifier replaces the problem of estimating the
class-conditional observation densities with a simpler problem of estimating the HMM
parameters from the available samples. The HMMs have demonstrated their success in
the field of speech recognition and, recently, in handwriting recognition. Section 3.4
summarises the applications of the HMMs to handwriting recognition problems.

Prior to introducing discriminative training in the HMMs, it is necessary to under-
stand the basic principles of the HMMs and their conventional training process. Although
the HMM theory has been extensively explained in the literature [45], consistent notation
throughout the dissertation is required for better understanding and completeness. Fol-
lowing sections present a brief introduction to the theory behind the HMMs, including
some issues regarding its practical usage.

3.2.1 Representation of the HMM

An effective way to explain the HMM is to view it as a finite state machine which generates
the output segment ot at each time step t while being at state qt and changes to the next
state qt+1 once every time step t + 1. This process continues until the model reaches the
maximum time step T . As a result, a sequence of output segments or the observation
sequence OT is produced, where OT = {o1,o2, ...,ot, ...,oT}. Every state in the HMM
can be reached from every other state of the model, including itself, thereby resulting a
fully-connected (or ergodic) model topology. However, the left-right model topology is
normally used since it is more capable of modelling a time-varying signal. Its important
property is that, as the time step increases, the state can only be moved to either the same
state or the state that has an increasing index, i.e. proceeding from left to right. The
N -state left-right model is forced to start at state 1 and end in state N at the time step
T . The left-right model topology is widely used in the HMMs for speech and handwriting
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Figure 3.1: An HMM having left-right topology often used in speech and handwriting
recognition.

recognition and so is in this work. Additional constraints are usually imposed to limit
large changes of state index occurred in each transition. In our models, no transitions of
more than one consecutive state are allowed.

Figure 3.1 shows an example of the 5-state left-right HMM. This model is composed
of five states, s1 to s5. It also demonstrates two important properties of the HMM.
First, the transition from one state to another state in the HMM is determined by a
probabilistic transition function. This function is described by an N × N matrix of
discrete probabilities aij, known as the state transition probability matrix A. The first-
order HMM has a property similar to the first-order Markov model in a sense that the
probability of being in the current state only depends on the previous state and not the
ones before it [45], or alternatively the following condition is satisfied:

P (qt = sj|qt−1 = si, qt−2 = sk, ...) = P (qt = sj|qt−1 = si). (3.1)

Each element aij in A represents the probability of being in state sj, given that the
transition is made from the previous state si. This is called the transition probability and
is defined as:

aij = P (qt+1 = sj|qt = si) where 1 ≤ i, j ≤ N . (3.2)

Also, note that the sum of all transition probabilities that leaves any state is unity, i.e.
∑N

j=1 aij = 1, ∀i. Although any order of state transition probabilities can be used in the
HMM, the first-order HMM is commonly deployed in most pattern recognition problems.

Second, as opposed to the Markov model, it is shown that every state in the HMM
is associated with a probability density function for the production of particular observa-
tions. The probability of generating the observation ot while being in state sj is defined
as

bj(ot) = P (ot|qt = sj) = bqt
(ot) where 1 ≤ j ≤ N . (3.3)

In practice, the non-emitting states, the states that do not generate the outputs, are
often placed in the model as the start and end states as shown in Figure 3.1. These
states assume no increments of the time step t while entering the state and are useful for
the connection of several HMMs. An 1 × N matrix B contains a collection of all states’
pdfs, bj. The HMM can be represented by its model parameters, λ, which are composed
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of the state transition probability matrix A and the output probability matrix B, i.e.
λ = {A,B}.

Apart from the HMM structure described in this section, some researchers prefer
dealing with another structure in which outputs are generated by transitions into states
and not by states. That is to say, the output ot is produced at each time step t while the
transition from state qt−1 to qt is being made. The advantage of this HMM structure is
concerned with its flexibility to introduce the possibility of null transitions that change
state but result in no output. This is useful for modelling an observation sequence that
has fewer output segments than the number of HMM states. However, as described
in [46], these two HMM structures are entirely equivalent and interchangeable, and the
formulae used to compute probabilities in one structure can also be adapted to another
structure. The formulations of the HMM in the following sections are based on the
structure described in this section in which outputs are produced by states.

3.2.2 Output Probability

This section presents the properties of the output probability functions, bj. There are two
main variations of the state output pdf: the discrete and continuous distributions. On the
one hand, the discrete density provides an efficient method for modelling the data which
are naturally symbolic. Each observation vector of a continuous signal is quantised to give
a discrete symbol by using Vector Quantisation (VQ) [47] and a predefined number of
prototype vectors (or so-called codebook). In this instance, bj is a vector whose dimension
equals to the codebook dimension, and each element corresponds to the probability of
generating the associated prototype vector. Although the use of the discrete density
HMM is computationally inexpensive, it is not by nature suitable for continuous signals.

On the other hand, the continuous output density is generally preferable for mod-
elling the continuous signals. In this case, bj is a parametric distribution of a predeter-
mined function. The most commonly used distribution is the Gaussian density function.
The mixtures of Gaussian densities are often employed for a more accurate approximation.
In this case, the output density at state sj is calculated by:

bj(ot) =
M
∑

m=1

cjm bjm(ot) =
M
∑

m=1

cjm N (ot,µjm,Σjm)

=
M
∑

m=1

cjm

1
√

(2π)D|Σjm|
exp

(

−1

2
(ot − µjm)′ Σ−1

jm (ot − µjm)

)

,

(3.4)

where D is the dimension of the observation vector ot, and M is the number of mixtures.
The mixture coefficient, cjm, is a parameter that controls the contribution of the m-th

Gaussian mixture, and
∑M

m=1 cjm = 1, while µjm and Σjm serve as the m-th mixture’s
mean vector and covariance matrix, respectively. The HMM that employs this output
density is known as the continuous density HMM (CDHMM). In practice, it is assumed
that the elements in the observation vector are uncorrelated. This yields the diagonal
covariance matrix whose off-diagonal elements are set to zero.
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An alternative output distribution, known as the semi-continuous density or tied-
mixture density HMM (TDHMM) where a pool of Gaussian densities is shared among
several states and models, is powerful and capable of reducing a number of model parame-
ters significantly. Both CDHMMs and TDHMMs are used in this research (see Chapter 4
for more details).

3.2.3 Probability Computation

For isolated character recognition, each character category is modelled by one HMM. The
models for all character classes are used to classify the unknown samples OT . According
to the Bayes decision theory described in Section 2.2, the model that produces the high-
est discriminant function is chosen as the recognised category of OT . Since the model
parameters λ, representing class C, has already been defined, a discriminant function
for each HMM can be represented by the likelihood P (OT |λ), the probability that the
observation sequence OT is generated by the model λ, multiplied by the prior probability
P (C). Given OT = {o1,o2, ...,oT}, the likelihood probability can be calculated by:

P (OT |λ) =
∑

Q

P (OT , Q|λ), (3.5)

where P (OT , Q|λ) denotes the the probability that the model generates the observation
sequence OT and has the corresponding state sequence Q. Note that we can only observe
OT but not the state sequence Q, and there are many possible state paths that can
generate the same observation sequence. Therefore, the joint probability in the above
equation is summed over all possible state sequences.

The N -state left-right model starts at state 1 and end in state N at the time step
T . However, the first and last states in our model are the non-emitting states. The state
sequence can be extended to cover these non-emitting states. For example, consider the
particular state sequence QT = {q0, q1, ..., qT , qT+1} where qt is the state at time t, q0 = s1,
and qT+1 = sN . The P (OT , QT |λ) can be expressed as:

P (OT , QT |λ) = P (QT |λ) P (OT |QT , λ)

=
T+1
∏

t=1

aqt−1qt

T
∏

t=1

bqt
(ot).

(3.6)

This makes the computation of Eq. 3.5 very expensive since it requires the order of 2TNT

multiplications. A more efficient calculation can be done by introducing the forward
probabilities. The forward probability, αi(t), is defined as the probability that the partial
observation sequence o1,o2, ...,ot is observed and the model is in state si at time t, i.e.

αi(t) = P (o1, ...,ot, qt = si|λ). (3.7)

The computation of the forward probabilities can be performed recursively according to
the following steps:
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• Initialisation

αj(0) =

{

1 for j = 1

0 for 1 < j < N
(3.8)

• Recursion, for 1 ≤ t ≤ T

α1(t) = 0

αj(t) =

[

N−1
∑

i=1

αi(t − 1)aij

]

bj(ot) for 1 < j < N .
(3.9)

The likelihood in Eq. 3.5 is computed from the forward probabilities by:

P (OT |λ) = αN(T ) =
N−1
∑

i=2

αi(T )aiN , (3.10)

which significantly reduces the number of computations. Alternatively, the above likeli-
hood can be computed from the the backward probabilities, βi(t). The backward proba-
bility is defined as the probability that the partial observation sequence ot+1,ot+2, ...,oT

is observed, from time t + 1 to T , given that the model is in state si at time t, i.e.

βi(t) = P (ot+1, ...,oT |qt = si, λ). (3.11)

In a similar manner, the backward probability can be recursively computed starting from
the end of the observation sequence as follows:

• Initialisation

βi(T ) =

{

1 for i = N

aiN for 1 < i < N
(3.12)

• Recursion, for 1 ≤ t < T

βi(t) =
N−1
∑

j=2

aijbj(ot+1)βj(t + 1) for 1 < i < N . (3.13)

This yields the alternative likelihood computation based on the backward probabilities as
follows:

P (OT |λ) = β1(0) =
N−1
∑

j=2

a1jbj(o1)βj(1). (3.14)

Both the forward and backward probabilities are the basic variables useful for the com-
putation of other important probabilities required by the HMM training process.

50



3.3. Maximum Likelihood Training in HMMs

3.3 Maximum Likelihood Training in HMMs

By defining the properties of the HMM, one of the most important questions arises: how
can we obtain the models that implement the Bayes decision theory? This problem is
known as the HMM training problem or the estimation of the HMM parameters based
on the observed samples. The most commonly used method for HMM training is Maxi-
mum Likelihood (ML) estimation, which aims at adjusting the model parameters so as to
maximise the probability of the training samples generated by the model. This is equiv-
alent to maximising the ML objective function in Eq. 2.14. Consider a set of R training
samples O = {OT

1 , ...,OT
r , ...,OT

R} and their correct categories C = {C1, ..., Cr, ..., CR},
where Cr ∈ {C1, ..., CM}. Each sample OT

r is a sequence of T observation outputs,
{or,1, ...,or,t, ...or,T}. The overall HMM parameters, Λ, are composed of M models, i.e.
Λ = {λ1, ..., λM}, where λm denotes the parameters of the HMM representing the category
Cm. The ML objective function can be rewritten as:

fML(Λ) =
R
∑

r=1

log PΛ(OT
r |Cr). (3.15)

The maximisation of the above equation is achieved by adjusting the model parameters
of each category separately so that its likelihood is maximised. Note that the parameters
of a particular model are estimated from the samples belonging to that model. Each
model parameter can be optimised by setting the derivative of fML with respect to that
parameter to zero. However, optimising the complex likelihood function of the HMMs
is analytically intractable. An efficient iterative procedure known as the Baum-Welch
algorithm [45] is regarded as a conventional method to estimate the HMM parameters
and one of the most important reasons for the popularity of ML training in the HMMs.
The algorithm is mathematically guaranteed to converge, at least to the local maximum,
and requires only few iterations to obtain the desired results [30].

The Baum-Welch algorithm is derived from the Expectation-Maximisation (EM)
algorithm. The ensuing sections describe the basic idea behind the EM algorithm fol-
lowed by one of its instances, the Baum-Welch algorithm, for the estimation of the HMM
parameters.

3.3.1 Expectation-Maximisation Algorithm

The Expectation-Maximisation (EM) algorithm is a general method for ML estimation
where the observed data are incomplete or involve some missing values. It is also useful to
optimise the likelihood function that is analytically complicated. The theory of the EM
algorithm can be found in [14, 48]. This section focuses on its basic concept to gain a better
understanding of the Baum-Welch algorithm, to be discussed in the next section. The
fundamental idea of the EM algorithm involves the introduction of the hidden variables in
the estimation process which help simplifying the optimisation of the likelihood function.
The parameter estimation in the EM algorithm is performed iteratively via the use of
an auxiliary function Q(λ, λτ ), where λτ is the current model parameters treated as a
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constant, and λ represents the new parameter set that needs to be estimated. This
auxiliary function has the following important property: the particular estimate of λ (for
example, λτ+1) which increases the value of Q is bound to increase the likelihood of the
observed data x, i.e. if Q(λτ+1, λτ ) ≥ Q(λτ , λτ ) then P (x|λτ+1) ≥ P (x|λτ ).

The auxiliary function employed in the EM algorithm is written in the following
form:

Q(λ, λτ ) = EQ [log P (x, Q|λ) |x, λτ ]

=
∑

Q

log P (x, Q|λ) P (Q |x, λτ ), (3.16)

which is the expected value of the log-likelihood, log P (x, Q|λ), with respect to the intro-
duced hidden variable Q given the observed data x and current model parameters λτ . The
process of the EM algorithm begins with the initialisation of model parameters λτ . Then
two iterative steps are carried out: the first step (the E-step) calculates Q in Eq. 3.16 for
the given x and λτ ; and the second step (the M-step) is to maximise Q. The parameter set
λ that maximises Q is selected as the initial parameter set for the next iteration. These
processes are repeated until the likelihood P (x|λ) converges. The algorithm is guaranteed
to converge at least to the local maximum of the likelihood function, and the final λ is
the estimate of the model parameters.

3.3.2 ML Estimation of HMM parameters

Consider the observed sample OT
r and let its correct category Cr be represented by the

model λ. The ML objective function in Eq. 3.15 aims at maximising
∑R

r=1 P (OT
r |λ)

. The estimation of λ is performed category-by-category by using the samples of that
category and the Baum-Welch algorithm, which is derived from the EM algorithm for
this purpose. Given the fact that P (OT

r |λτ ) is independent of λ, the auxiliary function in
Eq. 3.16 becomes:

Q(λ, λτ ) =
∑

Q

log P (OT
r , Q|λ) P (OT

r , Q|λτ ), (3.17)

where, in this case, the hidden variables Q are the state sequences. By substituting
Eq. 3.6, the above equation can be written as:

Q(λ, λτ ) =
∑

Q

P (OT
r , Q|λτ )

T+1
∑

t=1

log aqt−1qt
+
∑

Q

P (OT
r , Q|λτ )

T
∑

t=1

log bqt
(ot). (3.18)

Note that the optimisation problem becomes less complex because the parameters to be
estimated are independently split into different terms.

Consider the first term in Eq. 3.18:

∑

Q

P (OT
r , Q|λτ )

T+1
∑

t=1

log aqt−1qt
=

N
∑

i=1

N
∑

j=1

T+1
∑

t=1

P (OT
r , qt−1 = si, qt = sj|λτ ) log aij. (3.19)
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The estimation of the transition probabilities, aij, can be done by setting the derivative

of Eq. 3.19 with respect to aij to zero, and imposing the constraint
∑N

j=1 aij = 1, ∀i. This
yields the following formula for the estimation of the transition probabilities, âij, when
using all training samples [48]:

âij =

∑R

r=1

∑T

t=2 P (OT
r , qt−1 = si, qt = sj|λτ )

∑R

r=1

∑T

t=1 P (OT
r , qt = si|λτ )

=

∑R

r=1

∑T

t=2 ξr
ij(t − 1)

∑R

r=1

∑T

t=1 γr
i (t)

.

(3.20)

ξr
ij(t) is the probability of the model being in state si at time t and making a transition

to state sj at time t + 1, P (OT
r , qt−1 = i, qt = j|λτ ). On the other hand, γr

i (t) represents
the probability of the model being in state si at time t, P (OT

r , qt = i|λτ ). These two
probabilities can be calculated by using the forward and backward probabilities as follows:

ξr
ij(t) =

αr
i (t)aijbj(or,t+1)β

r
j (t + 1)

p(OT
r |λτ )

, and

γr
i (t) =

αr
i (t)β

r
i (t)

p(OT
r |λτ )

.

(3.21)

The estimation of the output probabilities, bj, can be done by considering the second
term of Eq. 3.19. Since the parameters of each mixture component need to be optimised
in isolation, an additional hidden variable is introduced to indicate a mixture component
that generates an output at each time. The resulting formulae to update the Gaussian
parameters are derived as:

ĉjm =

∑R

r=1

∑T

t=1 γr
jm(t)

∑R

r=1

∑T

t=1 γr
j (t)

,

µ̂jm =

∑R

r=1

∑T

t=1 γr
jm(t)OT

r
∑R

r=1

∑T

t=1 γr
jm(t)

,

Σ̂jm =

∑R

r=1

∑T

t=1 γr
jm(t)(OT

r − µ̂jm)(OT
r − µ̂jm)′

∑R

r=1

∑T

t=1 γr
jm(t)

,

(3.22)

where γr
jm(t) denotes the probability of occupying the m-th mixture component in state

si at time t and is sometimes referred to as an occupancy count. It is computed by:

γr
jm(t) =

∑N−1
i=1 αr

i (t − 1)aijcjmbjm(or,t)β
r
j (t)

p(OT
r |λτ )

. (3.23)

Note that the Baum-Welch algorithm uses the forward and backward probabilities to
calculate other related probabilities. The algorithm is also known as the forward-backward
algorithm.
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3.4 Applications of HMMs to Handwriting Recogni-

tion

HMMs have been applied to handwriting recognition problems over decades. Although
other techniques (such as neural networks and the prototype-based classifiers) can be used,
the HMMs are deemed most appropriate to cursive handwriting recognition because of
their ability to model continuous signals. A summary of the previous applications of the
HMMs to handwriting recognition is provided in the following sections. It is categorised
into the field of on-line and off-line handwriting recognition. These applications employed
ML training for the estimation of their model parameters.

3.4.1 HMM-Based On-line Handwriting Recognition

On-line handwriting can be viewed as a generation of signals (x-y coordinates) over time.
It is similar to the speech signal to some extent, although the features used to represent
both signals are relatively different. According to this similar property, the HMMs are
suitable to the problem of on-line handwriting recognition, and their previous applications
can be summarised as follows.

Nag et al. [49] employed HMMs for the recognition of handwritten words, ‘one’ to
‘ten’. Each word was modelled by an HMM with discrete output densities. This work was
among the first to demonstrate the potential of the HMMs applied to on-line handwriting
recognition. A similar approach was utilised in [50]. While the method of representing
one word by one HMM is practical for small vocabulary systems, it is inefficiently ap-
plicable to large vocabulary systems due to the growing number of models in respect to
the number of vocabularies. Later work attempted to solve this problem by modelling
the handwritten words at the character level. For example, in the research of Nathan et
al. [51], continuous density HMMs were used to recognise characters written in isolation.
The word models are constructed by concatenating the corresponding character models.
In their following work [52], the character models were efficiently applied to the large vo-
cabulary recognition task (21,000-word lexicon). The use of character models has become
increasingly popular as evident from its applications in the context dependent recognition
systems [53] and very large vocabulary recognition systems [54], with the help of statistical
grammar and language models. Alternatively, Hu et al. [55] introduced an approach by
using sub-character or stroke models which can be shared among several character mod-
els. Such an approach has demonstrated good performance in many applications [56],
including the recognition of large vocabulary writer independent on-line handwriting [57].
Sub-stroke HMMs have become an important candidate for Chinese [58], Japanese [59]
and Korean [60] character recognition where their characters are normally composed of
multiple strokes.
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3.4.2 HMM-Based Off-line Handwriting Recognition

The ability to model stochastic processes makes HMMs the attractive candidates for off-
line handwriting recognition which needs to cope with shape variations and cursiveness
which occurred in handwriting. Nevertheless, off-line handwriting is represented as a static
image that does not convey time-varying signals suitable for HMM modelling. To over-
come this problem, the sliding-window technique (described in Section 6.3) is commonly
used to generate an observation sequence from the handwriting image. Another tech-
nique [61] produces a sequence of arcs from the skeleton of word image. This technique
requires a skeletonisation process which is often susceptible to noises and geometrical
transformations. Both discrete and continuous density HMMs have been found in the
literature. The characteristics of features are determined by the type of the HMMs. The
discrete HMMs [62] use the stroke shapes, descenders and ascenders in a sliding window
as the feature vectors whereas the continuous approach [63] usually extracts the features
from the pixel values. Thus far, several applications have benefitted from the HMM-based
recognition systems, such as isolated character recognition, bank check reading, postal ad-
dress recognition and general handwritten text recognition. A comprehensive survey of
these applications can be found in [64, 65].

Using the HMMs to model handwriting at the word level is useful when there are a
small number of words to be recognised, as evident in [66]. However, modelling the words
at the character level is proved more practical since the character models can be shared
among several words, thereby significantly reducing the number of model parameters.
Over the past few years, several attempts have been made to apply HMMs to large
vocabulary recognition, as seen in the recent survey by Koerich et al. [67]. Recent work
by Koerich et al. [68] and Vinciarelli et al. [4] demonstrated some promising results of
the HMM-based large vocabulary recognition systems obtained through the support of
statistical language models.

3.5 Discriminative Training in HMMs

ML training in the HMMs aims at individually modelling each category in order to max-
imise the probability of the training samples being generated by the model (see Sec-
tion 3.3). Only the samples belonging to the category are used to train the corresponding
model. On the contrary, the discriminative training approach (as discussed in Chapter 2)
focuses on separating the models from one another by taking into account all samples
of competitive categories. Discriminative training has demonstrated an improvement of
recognition accuracies from ML training in many HMM-based speech recognition appli-
cations. However, the applications of discriminative training in HMMs in other areas,
including character recognition, are scant. Biem revealed significant evidence of dis-
criminative training in the HMMs for handwriting recognition where MCE training was
applied to the recognition of isolated handwritten characters [42] and on-line handwritten
words [43]. Reductions in error rates of more than 30% in [42] and 17% in [43] were
achieved when compared to ML training. The discriminative training approach in Part II
of this dissertation centres on the MMI criterion applied to HMM-based handwriting
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recognition systems, which has been under-researched in previous work.

MMI training aims to find a parameter set of the HMMs which maximises mutual
information between the samples and their correct categories. This can be done by opti-
mising the MMI objective function. Given similar notations as in Section 3.3, the MMI
objective function from Eq. 2.21 can be rewritten here as:

fMMI(Λ) =
1

R

R
∑

r=1

(

log PΛ(OT
r |Cr) − log

M
∑

i=1

PΛ(OT
r |Ci)P (Ci)

)

. (3.24)

Optimising fMMI involves the maximisation of the difference of two terms: the conditional
probabilities of the training samples given their correct categories and the corresponding
conditional probabilities of all competitive classes. The second term makes MMI training
discriminative and differs from ML training. One reason behind the popularity of ML
training in the HMMs is the powerful Baum-Welch algorithm. Nonetheless, such an
algorithm is not applicable to the optimisation of fMMI , and, perhaps, this has prevented
the extensive usage of MMI training in character recognition. Despite this fact, the
optimisation algorithms for MMI training have been constantly improved over the past
decades and recently reached their maturity stage. The following sections discuss some of
the problems encountered during MMI training and summarise two important algorithms
for the optimisation of fMMI .

3.5.1 Gradient-Based Optimisation Methods

Although the standard Baum-Welch algorithm is an efficient algorithm for ML training
in HMM, it cannot be applied to the optimisation of the MMI objective function (see in
Section 3.5.2). Therefore, in the early stage, the research on MMI training mainly relied
on the gradient-based methods for this optimisation [18, 21, 69]. A number of gradient-
based techniques are compared in [30, 70]. The gradient-based approach is a general
iterative method for finding an estimate that either minimises or maximises the function.
This involves the calculation of gradients which is subsequently used to determine the
degree of parameter adjustments. The gradient descent (GD) algorithm is the simplest
method of the gradient-based approach. Note that the term descent is always used, even
though, in practice, the algorithm can be applied to the maximisation problem where the
term ascent seems to be more appropriate. The GD algorithm applied to MMI training
operates in the following manner. The optimisation begins with the initialised model
parameters Λ. In each iteration, the parameter adaptation is performed according to:

Λ̂ = Λ + η∇fMMI , (3.25)

which processes in a hill-climbing manner. The parameters are modified in the direction
specified by the gradient of the MMI objective function, whereas the magnitude of an
update is a constant η, known as the learning rate, times the magnitude of this gradient.

Although the GD algorithm is a general technique that is guaranteed to locate the
local maximum, its main disadvantage is the slow speed of convergence, which may take
up to infinite iterations, especially when applied to the complex MMI objective function
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of the HMMs. Several techniques have been proposed to improve its convergence rates,
for example, the introduction of the momentum factor and the Newton’s method that
incorporates the use of the second-order derivatives (i.e. the Hessian matrix, ∇2fMMI).
These alternative methods are, however, impractical for the MMI estimation because
the appropriate momentum tuning is difficult to achieve and the Hessian matrix requires
substantial computations. In this research, we rely on the approximate second order
method called QuickProp [29] which simplifies the calculation of the Hessian matrix based
on a number of assumptions. Section 4.4 explains the QuickProp algorithm in more detail
and also provides the evaluation of both the GD and QuickProp algorithms in MMI
training.

3.5.2 Extended Baum-Welch Algorithm

The MMI objective function in Eq. 3.24 is expressed as a difference of two terms: the like-
lihood for the correct category and the sum of the likelihoods of all categories. In [10, 30],
these likelihoods are referred to as the numerator and denominator likelihoods, respec-
tively. The negative sign in the denominator likelihood prohibits the use of the Baum-
Welch algorithm in MMI training. As opposed to Section 3.3.1, an increase in the auxiliary
function Q does not imply an increase in the MMI objective function.

Much effort has been made to extend the Baum-Welch algorithm to MMI training.
Prior to discussing each technique, let us consider the following general formula for up-
dating the transition probabilities aij by ML (obtained by solving the auxiliary function
in Eq. 3.16):

âij =
aij

∂fML

∂ aij

∑N

k=1 aik
∂fML

∂ aik

. (3.26)

Eq. 3.26 can be applied to all parameters of discrete output HMMs and some CDHMM’s
parameters which are subject to the sum-to-one property (

∑N

j=1 aij = 1), such as the
mixture coefficients, cjm. Gopalakrishnan et al. [31] proposed an extension of the Baum-
Welch algorithm, called the Extended Baum-Welch (EBW) algorithm, which is applicable
to the discrete output HMMs. In that work, a positive constant D is introduced to Eq. 3.26
and the re-estimation formula for MMI training becomes:

âij =
aij

(

∂fMMI

∂ aij
+ D

)

∑N

k=1 aik

(

∂fMMI

∂ aik
+ D

) . (3.27)

The smoothing constant D is set to ensure that all updated values âij are positive and,
thus, is dominated by the small-valued parameters. Even though the value of D is chosen
as small as possible, the resulting value of D can become so large that the convergence
rate is too slow to be useful.

Normandin et al. [71] modified the EBW algorithm, based on the idea of [69], to
improve convergence. The approximate method, which focuses more on high-valued pa-
rameters, yet still relies on the constant D, was used in their studies (see Eq. 4.24).
Although their approach lacks theoretical foundations, its approximation demonstrates
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good convergence in practice. Normandin [32] also successfully applied the EBW algo-
rithm to the continuous density HMMs. This derivation can be found in [72]. Over the
recent years, the EBW algorithm has gained substantial recognition in MMI training.
Valtchev [33] and Schluter [73] found this extension very useful.

The original proof of the EBW’s validity in [71] is satisfied only with the infinite value
of D, whereas the finite value of D is used in practice. Further research has been carried
out in order to find a better justification for this validity. Schluter et al. [74] and Zheng et
al. [75] showed that the re-estimation equations equivalent to EBW can be derived from
the gradient-based approaches when the appropriate smoothing constants and learning
rates are provided. However, these approaches are difficult to apply to the estimation
of parameters with the sum-to-one property. Recently, Povey [10] has proposed a more
efficient approach to derive the EBW formulae based on the notion of weak-sense auxiliary
functions, the functions that have the same gradient as the objective function around the
particular parameter values (see Section 6.4.1). He successfully proves the convergence
of EBW for the finite-D case and suggests an efficient method to adjust D. Moreover
this approach provides a comprehensive way to derive the update formulae for means and
variances of Gaussians. The novel approach to the optimisation of mixture coefficients and
transition probabilities was proposed and proved efficient. Complete derivations for this
approach can be found in [10]. Summaries for these formulae are given in Section 6.4.2.

3.6 Applications of MMI Training to HMMs

Recent applications of discriminative training are briefly reviewed in Section 2.5. This
section presents a detailed summary of the previous research of MMI training applied to
the HMMs in particular. The applications discussed here are entirely in the field of speech
recognition, but insights from speech recognition can be useful in handwriting recognition.

Bahl et al. [18] are among the first authors who publish the results of MMI training.
They applied MMI training to the speaker dependent isolated word recognition system.
The output probabilities of the HMMs were modelled by the discrete probability densities.
In their work, a relative improvement in word error rates of 18% was reported, in compar-
ison to ML training. Brown [21] revealed comparable results in the phoneme recognition
application using continuous density HMMs. Merialdo [69] successfully applied MMI
training to the continuous phoneme recognition for French using discrete HMMs. An
improvement of approximately 23% relative was obtained in his work. These previous
studies on MMI training [18, 21, 69] relied on the GD approach to optimise the MMI ob-
jective function and suffered from the slow speed of convergence. In [69], Merialdo found
that the gradients were dominated by low valued parameters. Therefore, he proposed an
approximation method that emphasised more on high-valued parameters. Although his
technique was not guaranteed to increase the objective function in every iteration, the
rate of convergence was significantly improved in general.

Gopalakrishnan et al. [31] proposed an optimisation algorithm, which was derived
from the Baum-Welch algorithm, applicable to the rational function optimisation. The
MMI objective function falls into this category because it can be written as a ratio of two
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polynomials: the numerator and denominator likelihoods. Such an algorithm is known as
the Extended Baum-Welch (EBW) algorithm, which was applied to the discrete HMMs
and demonstrated better convergence than the GD algorithm. Since then, the EBW
algorithm has attracted many researchers in MMI training, even though the tuning of
smoothing parameters caused some difficulties. The work done by Normandin et al. [32]
provided significant evidence for the efficiency of MMI training in the connected digit
recognition tasks. The EBW algorithm was modified by following Merialdo [69]’s approach
to improve the convergence rate. Although the convergence was not guaranteed at every
iteration, the method was practically useful.

There were a number of studies that still relied on the gradient-based approaches
with the help of second-order derivatives and their approximations to improve the con-
vergence rate. Kapadia [70] and Valtchev [30] made comprehensive comparisons for these
methods, including EBW, where MMI training was performed on various standard speech
phoneme databases. The QuickProp algorithm, provided faster convergence than other
approaches. Nonetheless, Valtchev [30] suggested that their performance suspiciously de-
pended on the recognition tasks. Regarding the development of EBW, Normandin [32]
formulated update equations for the continuous density HMMs by mapping them to the
discrete distributions in the limited condition. Their techniques have been widely used
and yielded good results (i.e. a relative reduction in recognition errors of 40% compared
to ML training). In the later work of Valtchev et al. [33], similar EBW update formulae
were utilised. It is regarded as the first to demonstrate the utility of MMI training in the
continuous density HMMs for large vocabulary recognition. Recently, Povey [10] has ex-
tended previous work by changing and improving the training algorithms. Many aspects
of the training procedures were experimentally investigated in his work and Schluter’s
work [73].

Despite the success of EBW in MMI training, the proof for its convergence for the
continuous case remains controversial. The convergence-guaranteed condition is obtained
when an infinite value of smoothing parameters is used [71], whereas the finite value is
utilised in practice. A search for better justification of the EBW algorithm has been
continuously pursued. Schluter et al. [74] and Zheng et al. [75] showed that, given the
appropriate smoothing constants and learning rates, the update formulae equivalent to
the ones used in EBW can be derived from the traditional GD approach. This proof does
not rely on the aforementioned condition. However, their techniques can only apply to the
Gaussian parameters, not to the mixture coefficients and transition probabilities that are
subject to a sum-to-one constraint. Alternatively, Povey [10] introduced the concept of
strong-sense and weak-sense auxiliary functions which provided an efficient way to derive
the EBW update rule valid for any values of smoothing parameters. His approach also
led to the novel update rules for the sum-to-one parameters (see Section 6.4.2).

Computational requirements for MMI training is one of the important issues to be
considered because the likelihoods of all competing models need to be calculated. The
problem becomes more severe in the continuous speech recognition tasks where several
combinations of word sequences are available. Chow [76] used N -best lists to speed up
computation by considering only the N most likely candidates when computing the de-
nominator likelihoods. However, this technique becomes inefficient for very long sentences.
A much more efficient way is to use a lattice which represents word sequences in the form
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of graph. Valtchev et al. [33] and Povey [10] found this approach very computationally
effective for MMI training of large vocabulary systems while the recognition performance
remained unaffected. Note that, however, the lattices are equivalent to the N -best lists
in the case of the isolated phoneme or word recognition.

3.7 Summary

This chapter provides background knowledge of the Hidden Markov Model (HMM), in-
cluding theoretical perspectives and training algorithms used to estimate its parameters.
The HMMs have been extensively deployed in handwriting recognition applications, both
on-line and off-line. In these applications, their parameters are estimated by Maximum
Likelihood (ML) training through a powerful optimisation algorithm, namely the Baum-
Welch algorithm. A literature survey shows that discriminative training has improved
the recognition performance of many speech recognition systems when compared to ML
training. However, there has been scant empirical evidence of its success in attempting
the handwriting recognition problem. The second half of this chapter is devoted to the
concept of discriminative training with the emphasis on Maximum Mutual Information
(MMI) training in the HMMs and its optimisatisation algorithms. MMI training is in-
tended to adjust the model parameters to maximise the mutual information between the
samples and their correct categories in order to separate all categories effectively. Despite
these facts, it is regarded as an ongoing research area, and many of its aspects have not
been explored. One important issue is the study of its performance in a highly constrained
system where the parameters are shared across several models, and the optimisation of the
parameters in one model has an impact on those of other models. Chapter 4 presents an
in-depth study of this topic and introduces MMI training to the HMM-based handwriting
recognition system.
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Chapter 4

MMI Training of Tied-Mixture Density

Hidden Markov Models

4.1 Introduction

Discriminative training in the HMM-based recognisers, as discussed in Chapter 3, has
been effectively applied to speech recognition problems and improved recognition rates
over conventional ML training. Nevertheless, discriminative training is an ongoing re-
search area, and many of its aspects have not been explored. Much effort is also required
to evaluate its performance in character recognition tasks. Moreover, the majority of dis-
criminative training successes have been acknowledged in the context of continuous density
HMMs (CDHMMs). Such a recognition structure, where models are well-separated from
each other, is relatively appropriate for the discriminative training scheme. In the HMM-
based framework, the method of parameter tying can significantly reduce the number of
parameters in the system so as to cope with a limited amount of training data. It remains
unclear whether discriminative training in a highly-tied system, such as the system based
on tied-mixture density HMMs (TDHMMs), is as effective as that in the CDHMM-based
system.

Because the applications of MMI training in the HMMs to handwriting recogni-
tion problems are scant in the literature, this chapter aims to introduce MMI training to
the TDHMM-based handwriting recognition system and evaluates its performance on the
unconstrained-style on-line handwritten digit recognition task. This multi-writer digit
recognition task provides a suitable framework to explore the effectiveness of MMI train-
ing in this context because it consists of a reasonable number of classes while maintaining
a wide variety of handwriting styles. The recognition performance is compared with both
the baseline ML training results and the results of MMI training in the CDHMM system.
A contribution of the present study includes finding the most appropriate optimisation
algorithm for MMI training in this particular task, and determining the best set of opti-
mised parameters that yields maximum discriminative abilities.

Section 4.2 describes an on-line handwritten digit database and an overview of the
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recognition system used in this research. Our recognition system operates in two sequen-
tial stages: the fast-match and detailed-match stages. Section 4.3 introduces a concept of
parameter tying in HMMs. The re-estimation formulae of various optimisation algorithms
for MMI training in the TDHMM context are derived and evaluated in Section 4.4. The
experiments in Section 4.5 are conducted to determine which sets of model parameters
contribute to the best performance of MMI training in the TDHMM system. In order
to test the hypothesis that parameter tying may inhibit the discriminative ability of the
MMI algorithm, the experiments of MMI training in the CDHMM system which does not
have a parameter-sharing property are investigated in Section 4.6. The experiments of
MMI training in Sections 4.4, 4.5, and 4.6 are performed based on the fast-match stage.
Section 4.7 evaluates the performance of MMI training in the detailed-match stage. The
discussion and summary of the chapter are given in Section 4.8.

4.2 Recognition System Overview

The database and the feature extraction technique used in this research are described in
Section 4.2.1, followed by an overview of the recogniser structure in Section 4.2.2.

4.2.1 Database and Feature Extraction

In this chapter, the digit recognition application is chosen as our recognition problem.
Although this is a relatively simple recognition task, the unconstrained-style handwriting
makes it more difficult. Supplied with 10 well-separated output categories, it provides
a suitable framework for our studies of MMI training and is regarded as an important
test case for more general recognition problems. The on-line handwritten digit database
in this study is a subset of the database used in the work of Nathan et al. [52] in which
approximately 100 writers were asked to write on the digitised tablets with no constraints
imposed. A subset of 500 samples per digit was randomly selected for training and 350
samples for testing. As a result, the database containing 5,000 training samples and 3,500
testing samples was constructed.

On-line handwriting was sampled at 100Hz frequency and stored as a sequence of
(x, y)-coordinate sample points over time. The pre-processing stage discussed in [77] was
required to normalise the size of characters and to interpolate those points so that they
were equally spaced. This removed the inconsistency of different writing speeds. The
feature vector, F, was extracted from each point (x, y) along the trajectory, where F is a
5-dimensional feature vector composing of ∆x, ∆y, sin θ, cos θ and the relative value of
y with respect to the baseline. The θ (an angle) and ∆-operator are measured between
two adjacent points. Consequently, the character was represented by a sequence of 5-
dimensional feature vectors. However, this representation was still not appropriate for
the recogniser since it contained a large number of feature vectors for each character. To
reduce the number of feature vectors, a pre-defined number (P ) of feature vectors were
combined to form one large feature vector (5P dimensions), or frame. One such character
usually contains 3 to 9 frames. Principal Component Analysis (PCA) (see Section 6.3.2)
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was then applied to project a high-dimensional vector into a compact feature vector
ot, which represented each t-th frame. Detailed discussions of this feature extraction
technique can be found in [52, 78].

4.2.2 Recogniser Structure

The HMM-based recogniser used in this chapter is the on-line unconstrained handwriting
recognition system developed by IBM researchers. It has been successfully applied to
many applications of on-line cursive handwriting recognition [52, 79, 80, 81, 82]. Orig-
inally, the recogniser is designed for large-vocabulary real-time handwriting recognition
applications, and thus the two-stage recognition structure is employed to reduce compu-
tational requirements and recognition time. At the basic level, the recogniser is capable
of recognising isolated characters. The recognition process is carried out in two stages:
fast-match (FM) and detailed-match (DM). In the FM stage, simpler models (FM models
or single-state HMMs) are used to limit computation and generate a shortlist of likely
character candidates. These candidates are passed to the DM stage, where computation-
ally more expensive models (DM models or multi-state HMMs) are used. The DM stage
searches the DM models among the shortlisted candidates, and then the most likely model
is chosen as the recognised output. A detailed explanation of the system can be found
in [79].

The training process is rather complicated because both the FM and DM models
are dependent on each other. The FM and DM models are trained by conventional
ML training using the Baum-Welch algorithm, as discussed in Section 4.3. The original
recogniser does not provide a discriminative training feature. We have developed the
MMI training capability into the system which is elaborated in Section 4.4. The following
sections briefly discuss the FM and DM stages, based on their training and recognition
processes illustrated in Figure 4.1.

Fast-Match (FM)

The FM recogniser can be viewed as a collection of single-state HMMs, each of which
represents a character model. The FM model uses a mixture of Gaussians as its output
probabilities. Since it is composed of single-state HMMs, the FM stage operates on a
single frame basis and does not provide duration modelling. It assumes that each frame
in the sequence is independent of the others, regardless of its position within the character.

Given the sequence of frames {o1, ...,ot, ...,oT} representing the character sample
O, the probability that the character model λj gives rise to the frame ot is computed by:

P (ot|λj) =
M
∑

m=1

P (ot|gjm)P (gjm|λj)

= bj(ot) =
M
∑

m=1

cjm N (ot,µjm,Σjm),

(4.1)
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Figure 4.1: The training and recognition processes of the two-stage HMM-based
recogniser

where gjm is the m-th Gaussian mixture of the model λj and M is the number of mixtures.
The output distribution bj is used to characterise the character class Cj. The FM training
process estimates the parameters of all Gaussian mixtures, including the means, µjm, and
covariance matrices, Σjm, of the Gaussians, and the mixture coefficients, cjm, from all
frames available in the training samples. The trained FM models are used to initialise
the DM models (see the Detailed-Match section).

Given that each frame is independent of the others, in the FM recognition process,
the sample O is recognised as the character Ci when:

i = argmax
j

T
∏

t=1

P (ot|λj), (4.2)

which advocates the category that yields the highest value of the likelihood products. The
value of j in Eq. 4.2 varies between 1 and P , the total number of character categories.
However, the FM recognition stage is not intended to make a final decision of the recogni-
tion outputs. Rather, it generates a shortlist of candidates for the DM recognition stage
which requires more substantial computations.

Detailed-Match (DM)

Note that FM modelling excludes a relative position of frames within a character. This no-
tion is introduced in the DM process where each character is modelled by a multiple-state
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HMM. Each state associates with an output distribution corresponding to the portion of
the character that it models. The DM model is initialised from the corresponding FM
model by replicating the single-state model N times, where N is the number of states in
the DM models. The Gaussian mixtures from the FM model serve as the initial output
distributions for these states. In addition to the self- and next-state transitions, null tran-
sitions are introduced to the DM model. The null transition does not generate outputs
when moving to the next state, as discussed in Section 3.2.1. This only slightly alters
the likelihood computation in such a way that some states in the state sequence do not
involve output probabilities. A detailed explanation for this computation can be found
in [46, 52].

The DM training process re-estimates the model parameters which include the Gaus-
sian parameters, the mixture coefficients and state transition probabilities, by using either
conventional ML training or MMI training (see Section 4.4). Because the recogniser is
designed for real-time recognition, some computationally expensive calculations are ap-
proximated in order to reduce computation [52]. For example, the calculation of likelihood
probabilities in the DM models can be approximated by using only the best state sequence
obtained from the Viterbi path instead of considering all possible state sequences which
incorporates forward and backward probabilities, as discussed in Section 3.2.3. In this
case, the likelihood in Eq. 3.5 becomes:

P (OT |λ) ≈ max
Q

P (OT , Q|λ), (4.3)

which requires neither forward nor backward probabilities, thereby making the computa-
tion faster. Previous work [52] indicates no significant difference in the recognition rates
between the approximated and the actual methods. This approximation is known as
Viterbi training and is applied to both ML and MMI training in this chapter.

As previously discussed, both the FM and DM models are dependent on each other.
More specifically, the Gaussian mixtures in the FM model are also used by the DM model
that represents the same character, and vice versa. The DM training process inevitably
alters these Gaussian mixtures. Therefore, the finalised FM model is obtained by dividing
the trained DM model into a single-state HMM. This requires the mixture coefficients of
the FM model to be re-estimated. A recognition procedure is performed sequentially by
starting from the FM recognition process, which generates a shortlist of likely character
candidates. These candidates are then passed to the DM stage. The DM recognition
process is carried out by searching the best-fit DM model among the shortlisted models,
rather than making full comparisons across all possible DM models. The most likely
model is chosen as a recognition output.

4.3 Parameter Tying in HMMs

One of the disadvantages of the HMM-based recognisers centres on a large number of
model parameters required to be estimated. The number of parameters in the HMMs
increases in proportion to these factors: the dimension of feature vectors, the number of
states and Gaussian mixtures used in the system. A problem arises when the amount of
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training data is limited and insufficient to achieve good estimates of these parameters.
This results in the models that cannot be well-generalised to the unseen data. A well-
known technique to cope with this problem is the employment of parameter tying [82,
83], where parameters are fully or partially shared by all models. As more parameters
are tied, the number of model parameters to be estimated decreases. Two important
examples of parameter tying in the HMMs are: the tying at state and output distribution
levels. In the state-level tying, the idea is to tie together the states which have similar
output distributions. This technique is commonly used in speech recognition applications
for acoustic modelling, in particular to model some phonemes which are acoustically
indistinguishable [84]. On the contrary, in the distribution-level tying, the Gaussian
components are tied together to form a Gaussian pool which is then shared among several
states and/or models.

The output-distribution tying is applied to our HMM recogniser. The HMMs em-
ploying this tying technique are referred to as the tied-mixture density HMMs (TDHMMs).
Because TDHMMs lack modelling capability compared to the fully continuous (CDHMM)
system, they are referred to as semi-continuous HMMs. Different approaches can be used
to tie together the Gaussian components. The first approach is to start with different
Gaussians for each state and merge Gaussians that have similar means and variances.
Alternatively, only specific parameters, such as means and variances, are tied across all
Gaussians. Another approach is to store all Gaussians as a Gaussian pool which is shared
across all state output distributions. The latter approach is applied to our recogniser.

The Gaussian pool in the TDHMMs is called a codebook. The codebook can be
shared either across all models or within the same model. In the partially-tied TDHMM
system, each HMM has its own codebook which is shared across the states within that
model. In contrast, our recogniser is originally designed to use only one codebook that is
shared across all states of all models [52]. This is referred to as the fully-tied TDHMM
system. It is regarded as the cause of dependencies between the FM and DM models, as
discussed in Section 4.2.2.

The difference among the CDHMMs and two types of TDHMMs is illustrated in
Figure 4.2. The TDHMMs have an advantage in that the tying process does not affect
the convergence properties of the Baum-Welch algorithm [83]. It does not significantly
alter the probability computation and the re-estimation formulae. For example, in the
case of the fully-tied TDHMMs, µjm and Σjm in Eq. 4.1 of the FM stage become µm and
Σm because all models share the same Gaussians. Thus, only the mixture coefficients, cjm,
are model-specific. They are the parameters that characterise the model and discriminate
one model from the others.

The majority of the studies with regard to the applications of discriminative training
in the HMMs are performed in the context of the CDHMMs and tied-state HMMs [30, 32,
34, 70]. Such recognition structures, where models are well-separated from each other,
are deemed appropriate for discriminative training. However, it remains questionable
whether discriminative training is effective in a highly-tied system, such as the system
based on the fully-tied TDHMMs where the optimisation of Gaussian parameters in one
model can effect those of other models. Sections 4.4, 4.5, and 4.6 feature the studies for
this evaluation.
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Figure 4.2: Diagrams showing the difference among (a) CDHMMs (b) partially-tied
TDHMMs and (c) fully-tied TDHMMs. The diagrams depict multi-state
HMMs and their output distributions (pools of Gaussians) which are dif-
ferently shared across states and models.
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4.4 MMI Optimisation Algorithms for TDHMMs

MMI training of the HMMs involves adjusting some model parameters to maximise the
MMI objective function. Nonetheless, an optimisation algorithm that is as efficient and
theoretically proven as the Baum-Welch algorithm for ML training appears to be un-
available for MMI training. This section aims at evaluating a wide range of optimisation
algorithms discussed in Section 3.5. It is shown that the performance of optimisation
algorithms is dependent on recognition tasks [30]. The optimisation algorithm that yields
high convergence rates in one particular task may not necessarily perform well in other
tasks. Three optimisation algorithms (i.e., EBW, GD and QuickProp) in the context of
TDHMMs are summarised in Sections 4.4.1, 4.4.2 and 4.4.3, respectively. Evaluations of
these algorithms are reported in Section 4.4.4.

4.4.1 Extended Baum-Welch Algorithm

Consider a set of R training samples O = {OT1

1 , ...,OTr
r , ...,OTR

R } and their correct category
C = {C1, ..., Cr, ..., CR}, where Cr ∈ {C1, ..., CM} and M is the total number of character
classes. Each sample OTr

r is a sequence of Tr feature vectors (or observation outputs),
{or,1, ...,or,t, ...or,Tr

}. Each feature vector or,t is composed of D elements (or dimensions),
or,t = (or,t,1, ..., or,t,d, ..., or,t,D)′. The model parameters of the HMM representing character
Ci are denoted by λi.

Mixture Coefficients and State Transition Probabilities

A closed-form solution of the EBW re-estimation formulae in Eq. 3.27 can be applied
directly to the parameters that have a sum-to-one property, such as state transition prob-
abilities and mixture coefficients. Given the k-th mixture coefficient, ci,j,k, of model λi

and state sj, its update (ĉi,j,k) can be computed by the EBW algorithm:

ĉi,j,k =
ci,j,k

(

∂fMMI

∂ ci,j,k
+ D

)

∑K

m=1 ci,j,m

(

∂fMMI

∂ ci,j,m
+ D

) , (4.4)

where K is the total number of Gaussians in the Gaussian pool. From the above equation,
we need to calculate the derivative of fMMI with respect to each k-th mixture coefficient,
∂fMMI

∂ ci,j,k
(see Appendix A), and specify the value of smoothing parameter D. From Eq. A.14,

the derivative of the MMI objective function with respect to each mixture coefficient is
computed by:

∂fMMI

∂ ci,j,k

=
1

ci,j,k

(γi,j,k − γi,j,k), (4.5)
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where γi,j,k and γi,j,k represent the component occupation counts and the anti-occupation
counts summed over all the data, respectively. These counts are computed by:

γi,j,k =
R
∑

r=1

Tr
∑

t=1

γr
i,j,k(t)δ(r, i), (4.6)

γi,j,k =
R
∑

r=1

Tr
∑

t=1

γr
i,j,k(t), (4.7)

where

δ(r, i) =

{

1 ; Cr = Ci

0 ; otherwise
. (4.8)

The term γr
i,j,k(t) in Eq. 4.6 denotes the probability of occupying mixture component

k of state sj in model λi at time t, given the sample OTr
r . In the Viterbi training approach

(see Section 4.2.2), only the best state sequence is taken into account when computing re-
lated statistics, rather than considering all possible state sequences. Let Qr

i = {q1, ..., qTr
}

be the sequence of states within the model λi that yields the maximum probability, given
the sample OTr

r . Hence, the computation of γr
i,j,k(t) requires neither forward nor backward

probabilities, as opposed to Eq. 3.23. From Eq. A.8, it is calculated by:

γr
i,j,k(t) =

ci,j,k N (or,t,µk,Σk)
∑K

m=1 ci,j,m N (or,t,µm,Σm)
when qt = sj, (4.9)

and γr
i,j,k(t) = 0 otherwise. Note that, since the Gaussians in the TDHMMs are tied,

they are independent of models and states. Thus, µm and Σm represent the means and
covariance matrix of the m-th Gaussian among K Gaussians in the pool, respectively. By
referring to Eq. A.12, the anti-occupation count for each sample in Eq. 4.7 is computed
by:

γr
i,j,k(t) =

P (OTr
r |λi)

∑M

l=1 P (OTr
r |λl)

γr
i,j,k(t). (4.10)

Since all derivatives are obtained, a remaining task is to determine the appropriate
value of D in Eq. 4.4. In this chapter, we follow Normandin’s approach [32], which chooses
the value of D so that the mixture coefficient estimates remain positive, i.e.

D = max
ci,j,k

{

−∂fMMI

∂ ci,j,k

, 0

}

+ ε, (4.11)

where ε is a small positive constant obtained from experiments.

Gaussian Parameters

The re-estimation formula in Eq. 4.4 is applicable to the discrete output distributions.
However, there is no closed-form solution for the EBW algorithm to be applied to the con-
tinuous densities. Normandin [32] suggests that the re-estimation formulae for means and
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covariance matrices of Gaussians can be obtained by considering a continuous Gaussian
distribution as a limit of a discrete probability function.

Let µk,d and σ2
k,d be the d-th element of the means, µk, and the d-th variance of the

diagonal covariance matrix, Σk, respectively. The EBW formulae for Gaussian parameter
updating [33, 34] can be adapted to the TDHMM context as follows [85]:

µ̂k,d =
(Θk,d − Θk,d) + Dµk,d

(γk − γk) + D
, (4.12)

and

σ̂2
k,d =

(Ψk,d − Ψk,d) + D(σ2
k,d + µ2

k,d)

(γk − γk) + D
− µ̂2

k,d, (4.13)

where

Θk,d =
R
∑

r=1

M
∑

i=1

Tr
∑

j∈Qr
i ,t=1

or,t,d γr
i,j,k(t) δ(r, i), (4.14)

Θk,d =
R
∑

r=1

M
∑

i=1

Tr
∑

j∈Qr
i ,t=1

or,t,d γr
i,j,k(t), (4.15)

and

Ψk,d =
R
∑

r=1

M
∑

i=1

Tr
∑

j∈Qr
i ,t=1

o2
r,t,d γr

i,j,k(t) δ(r, i), (4.16)

Ψk,d =
R
∑

r=1

M
∑

i=1

Tr
∑

j∈Qr
i ,t=1

o2
r,t,d γr

i,j,k(t). (4.17)

Because all states of all models share the same Gaussians, the notion of occupation counts
is reduced to γk and can be calculated by:

γk =
M
∑

i=1

∑

j∈Qr
i

γi,j,k, (4.18)

where it is summed over all character classes and the states that the samples occupy. The
anti-occupation counts, γk, can be computed in a similar fashion. The value of D is set
to ensure that all variances are positive.

4.4.2 Gradient Descent Algorithm

Even though the derivatives of the MMI objective function with respect to various HMM
parameters are given, the GD algorithm in Eq. 3.25 is not directly applicable to the opti-
misation of most parameters. The algorithm does not ensure that the resulting updates of
mixture coefficients and transition probabilities remain positive and are subject to sum-
to-one constraints. Similarly, the variances of the Gaussians are not guaranteed to be
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positive when they are optimised by the GD algorithm. To overcome these problems, a
softmax transformation is introduced to enforce the positive-value and sum-to-one con-
straints. For example, when it is applied to mixture coefficient optimisation, the training
process attempts to optimise the auxiliary function, which is a log function in this case,
hi,j,k = log ci,j,k instead of optimising ci,j,k, i.e.

ĥi,j,k = hi,j,k + η
∂fMMI

∂ hi,j,k

. (4.19)

The softmax transformation is then applied:

ĉi,j,k =
exp ĥi,j,k

∑K

m=1 exp ĥi,j,m

, (4.20)

which ensures both the positive-value and sum-to-one properties,
∑K

k=1 ĉi,j,k = 1.

4.4.3 QuickProp Algorithm

A main disadvantage of the GD algorithm is its slow convergence rate and sensitivity to
the learning rate. The use of higher-order derivatives has been introduced to improve the
convergence rate. The second-order GD method, such as Newton’s method, makes an
explicit use of second-order derivatives. However, there is a limitation of its usability in
practice because the actual Hessian matrix (∇2fMMI) requires extensive computations.
Therefore, systematic approximation is necessary. The QuickProp algorithm proposed by
Fahlman [29] is an instance of the approximate second-order GD methods that has been
widely used in neural networks-based systems and based on the diagonal approximation
to the Hessian matrix. By applying the diagonal approximation to MMI training of
the HMMs, it means that all HMM parameters are assumed to affect the value of the
MMI objective function independently. The second derivative with respect to any model
parameter λ at current iteration τ is approximated by:

∂2fMMI

∂λ2
(τ) ≈

∂fMMI

∂λ
(τ) − ∂fMMI

∂λ
(τ − 1)

λ(τ) − λ(τ − 1)
, (4.21)

where (τ − 1) denotes parameters from previous iteration. The next iteration parameters
are re-estimated by:

λ(τ + 1) = λ(τ) + ∆λ(τ), (4.22)

which is the current parameter plus an updating step, ∆λ(τ). The QuickProp algorithm
involves using some heuristics to determine whether the approximated Hessian can be
used for parameter updating. The updating step in Eq. 4.22 is computed differently,
depending on the following conditions:

• If the current gradient has an opposite sign from the gradient of the previous itera-
tion, the Hessian is used to compute the step size in a similar manner as in Newton’s

method: ∆λ(τ) =
[

∂2fMMI

∂λ2 (τ)
]−1

∂fMMI

∂λ
(τ).
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• If the current and previous gradients have a similar sign, an addition of a constant
η times the current gradient is required to ensure that the Hessian is properly
conditioning and applicable for updating. In this case, the updating step becomes

∆λ(τ) =
[

∂2fMMI

∂λ2 (τ)
]−1

∂fMMI

∂λ
(τ) + η ∂fMMI

∂λ
(τ), which is equivalent to the simple

GD algorithm but with the help of the second-order derivative.

• Since the calculation of the Hessian is approximated, there is no guarantee that
the approximated Hessian is valid, and the updating step may become too large.
To cope with this situation, QuickProp limits the value of the updating step to
the positive constant ϕ times the updating step from the previous iteration, i.e.
∆λ(τ) = ϕ ∆λ(τ − 1).

• After computing the updating step, if it has an opposite sign from the current
gradient, it implies that the search is in the wrong direction. In this case, QuickProp
replaces the Hessian by zero and only the simple GD algorithm is used: ∆λ(τ) =
η ∂fMMI

∂λ
(τ).

4.4.4 Comparison of MMI Optimisation Algorithms

We conduct a number of experiments to evaluate the performance of various MMI opti-
misation algorithms discussed in the previous sections. The comparison focuses on the
growth of the MMI objective function’s value, fMMI , over training iterations. The main
purpose is to determine an effective optimisation algorithm to be used in the remaining
experiments. The powerful algorithm should yield a reasonable improvement of fMMI

within a small number of training iterations. Nevertheless, in MMI training where the
objective function comprises thousands of parameters, a search surface is likely to be
complex and requires a large number of training iterations in order to obtain a good
solution [30].

The recogniser is operated in two stages: FM and DM. MMI training can be
performed in either FM or DM training processes. However, the experiments in Sec-
tions 4.4.4, 4.5 and 4.6 focus on applying MMI training to the FM training process so
as to optimise the FM models. The training and recognition processes are performed
without having the DM stage involved, thereby reducing the processes in Figure 4.1 to
Figure 4.3. The evaluation of MMI training in the DM training process is discussed in
Section 4.7.

The evaluation of MMI optimisation algorithms is performed on a cut-down version
of the database described in Section 4.2.1 to speed up comparisons. This would give a
rough indication of the algorithms’ effectiveness on the 5,000-sample database. A training
set contains 1,000 samples (100 for each digit) randomly selected from such a database.
Each training sample is represented by a sequence of 9-dimensional feature vectors or
frames. The recognition performance of the testing set is not taken into account at this
stage. We focus on the fully-tied TDHMM-based FM recogniser, and thus a codebook
of 100 Gaussians is shared across all models. The codebook is initially generated by
an unsupervised clustering (k-means algorithm, see Section 7.3.2) of all sample frames.
The Gaussian parameters and mixture coefficients are optimised by ML training using
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Figure 4.3: The training and recognition processes of the FM recogniser.

the Baum-Welch algorithm. Subsequently, MMI training is carried out for 40 iterations
(an iteration refers to one pass over the whole set of training samples). The compari-
son of MMI optimisation algorithms focuses on optimising the mixture coefficients. The
Gaussian parameters, which are not trained by MMI, are kept at their ML-estimated
values.

The MMI optimisation algorithms involve some variables whose values are obtained
from experiments. The variable ε in Eq. 4.11 of the EBW algorithm is a small positive
constant that controls a convergence rate. The performance of the EBW algorithm for
various settings of ε is presented in Figure 4.4 (a). It shows the growth of the MMI
objective function over the number of MMI training iterations. It can be seen from
Eq. 4.5 that the maximum value of ∂fMMI

∂ ci,j,k
is dominated by a small-valued parameter

ci,j,k. The smoothing constant D can become very large, thereby making it insensitive
to the small-valued ε. The experiments also show that setting ε between 0.0001 and

0.1×max
ci,j,k

{

−∂fMMI

∂ ci,j,k
, 0
}

gives similar results and yields good convergence rates. Although

the EBW algorithm is guaranteed to converge when the large value of D (or ε) is used,
such a value results in the convergence rate that is too slow to be useful (as seen in the

graph when ε is set to 10.0 × max
ci,j,k

{

−∂fMMI

∂ ci,j,k
, 0
}

).

As discussed in Section 3.5.2, Merialdo [69] argues that the search should place
greater emphasis on high-valued parameters and replaces the derivative in Eq. 4.5 with
the following formula:

∂fMMI

∂ ci,j,k

≈ γi,j,k
∑K

m=1 γi,j,m

− γi,j,k
∑K

m=1 γi,j,m

. (4.23)

A different variant of the above equation based on the same idea is proposed by Nor-
mandin [32] as:

∂fMMI

∂ ci,j,k

≈ 1

ci,j,k

(γi,j,k − γi,j,k)
(γi,j,k + γi,j,k)

∑K

m=1(γi,j,m + γi,j,m)
. (4.24)
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Figure 4.4: Evolution of the MMI objective function versus MMI training iterations
for different settings of various MMI training algorithms: (a) Extended
Baum-Welch (Note that setting ε between 0.0001 and 10.0 gives similar
results.), (b) Gradient Descent and (c) QuickProp
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Figure 4.5: Comparison of the Extended Baum-Welch, Gradient Descent and Quick-
Prop algorithms for mixture coefficient optimisation

These two alterations of the EBW algorithm have been evaluated in our experiments.
Only a slightly better gain in fMMI is achieved when compared with the original EBW
algorithm.

Figure 4.4 (b) illustrates the performance of the GD algorithm for various learning
rates, η. Not surprisingly, the experimental results suggest that the GD algorithm is
very sensitive to the setting of η. Setting an excessive learning rate results in a chaotic
behaviour whereas a small learning rate yields too slow convergence rates. In contrast,
the QuickProp algorithm is less sensitive to the setting of learning parameters than the
GD algorithm, as shown in Figure 4.4 (c). The parameter ϕ is chosen to be slightly larger
than unity (a typical value suggested by Fahlman [29] is 1.75) to prevent the updating
step becoming too large. From the experiments, a slight improvement in convergence
rates can be accomplished by setting ϕ to some larger values.

The best results of all three optimisation algorithms are compared in Figure 4.5.
The EBW algorithm exhibits the highest growth rate during the first few iterations but
it tails off quickly. In contrast, the QuickProp algorithm displays the highest growth of
fMMI as the number of iterations increases. The evaluations of these MMI optimisation
algorithms for Gaussian parameter training are carried out and also demonstrate a similar
trend in that the QuickProp algorithm can give the highest performance. This may lead
to a conclusion that, in our context, the QuickProp algorithm is best suited to MMI
training. It is used as the algorithm for MMI training in the following sections.

4.5 MMI Training Performance and Parameter Dis-

criminability

By referring to Section 4.4.4, MMI training is performed smoothly and increases the
MMI objective function over training iterations. In this section, a series of experiments
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is conducted to evaluate the performance of MMI training by measuring the recognition
accuracies of both training and testing sets. We continue to focus on the FM stage of
the fully-tied TDHMM-based recogniser. A secondary goal for these experiments is to
determine which model parameters play the most important role in discrimination. The
parameters of the HMMs considered include: the mixture coefficients (MIX), the means
of Gaussians (MNS) and covariance matrices of Gaussian distributions (COV). Prior to
applying discriminative training, conventional ML training is used to initialise these HMM
parameters. MMI training is then carried out by using the QuickProp optimisation al-
gorithm. In the experiments, the parameters that are not re-estimated by MMI training
are maintained at their ML-initialised values.

The experiments are performed on a full-version database, as described in Sec-
tion 4.2.1, which consists of 5,000 training and 3,500 testing samples. The TDHMMs
share a codebook of 160 Gaussians. Parameter updating in MMI training is carried out
for 100 iterations. Figure 4.6 shows the evolution of the MMI objective function versus
the number of iterations against various sets of MMI-trained parameters. The recognition
performance of MMI training on the training set is depicted in Figure 4.7. The result of
ML training is also shown.

As seen from these figures, mean and covariance optimisation is more effective than
the mixture coefficient optimisation in terms of the growth of the MMI objective function.
It also exhibits a higher gain of the recognition rates from the ML-trained result on the
training set. The mixture coefficient optimisation yields only a small improvement of
fMMI . On the other hand, it results in a slight decrease in recognition rates. This is
rather counter-intuitive in the context of the fully-tied TDHMMs because the mixture
coefficients are the only parameters which are not shared across the models. They are
therefore expected to carry more discriminative ability than the means and covariance
matrices. The best result is achieved when the mixture coefficients, means and covariance
matrices of Gaussians are optimised simultaneously. It steadily improves the recognition
rate of the training set from 95.50% in ML training to 98.20% in MMI training.

The recognition performance of the testing set is shown in Figure 4.8. It demon-
strates some fluctuations of the recognition rates over the training iterations. An improve-
ment in the recognition results on the training set does not necessarily yield a similar result
on the testing set. These results suggest that the hold out method, which utilises an inde-
pendent validation set [12], should be employed to determine the termination of training
iterations. Despite these fluctuating results, an analogous tendency to the training set’s
results is observed. That is to say, mean and covariance optimisation is more effective
than mixture coefficient optimisation. The highest recognition result obtained over a se-
ries of MMI training iterations for each trained-parameter set is summarised in Table 4.1.
Note that, by quoting the highest results in this way, they are likely to be biased as a
performance measure and to indicate better performance than is likely on average. From
the baseline ML-trained system, MMI training improves the recognition rate of the testing
set from 95.40% to 96.29% when all HMM parameters are trained. This is equivalent to a
19% relative error reduction. The parameter that contributes the most is the covariance
matrix whereas the means and mixture coefficients have slightly lesser contribution to
discrimination.
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Figure 4.6: The growth of the MMI objective function versus the number of training
iterations against different parameters optimised by MMI training in the
fully-tied TDHMM-based system
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Figure 4.7: Recognition rates of the training set versus the number of training it-
erations against different parameters optimised by MMI training in the
fully-tied TDHMM-based system
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Figure 4.8: Recognition rates of the testing set versus the number of training iterations
against different parameters optimised by MMI training in the fully-tied
TDHMM-based system

ML result 95.40 % 

Parameters optimised  

by MMI training 
Recognition rates 

MIX only 95.49 % 

MNS only 95.86 % 

COV only 96.14 % 

MIX & MNS 95.60 % 

MNS & COV 96.20 % 

MIX, MNS & COV 96.29 % 

Table 4.1: Recognition results of MMI-trained fully-tied TDHMMs on the testing set
compared with the result of ML training

Confusion matrices from the ML-training experiment and the best achievement of
MMI training are presented in Table 4.2 (a) and (b), respectively. After MMI training,
the number of correctly classified samples in most digit classes are increased, particularly
the digit ‘6’ and ‘8’, while a slight increase of misclassified samples in some classes (e.g.,
the digit ‘0’ and ‘7’) is observed. In sum, it is shown that MMI training is effective despite
being applied to such a highly-tied system as the fully-tied TDHMMs.
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Number of samples which are recognised as digit:  
Digit

0 1 2 3 4 5 6 7 8 9

Accuracies

%

0 324 0 7 1 0 0 4 0 13 1 92.57

1 0 328 3 1 1 0 0 17 0 0 93.71

2 0 1 339 2 1 4 0 3 0 0 96.86

3 0 0 5 340 0 4 0 1 0 0 97.14

4 2 6 0 0 337 0 0 1 0 4 96.29

5 0 0 1 2 0 345 0 0 2 0 98.57

6 24 0 0 0 1 5 318 0 0 2 90.86

7 0 4 1 0 0 2 0 341 0 2 97.43

8 20 0 0 1 0 1 2 0 326 0 93.14

9 4 0 1 0 1 2 0 0 1 341 97.43

  Average 95.40

                                                                 (a) 

Number of samples which are recognised as digit:  
Digit

0 1 2 3 4 5 6 7 8 9

Accuracies

%

0 321 0 1 1 0 1 4 0 20 2 91.71

1 0 328 0 0 4 0 0 14 0 4 93.71

2 0 0 344 2 2 1 0 1 0 0 98.29

3 0 0 2 342 0 5 0 1 0 0 97.71

4 1 1 0 0 342 1 1 0 0 4 97.71

5 0 0 0 1 0 346 0 0 3 0 98.86

6 12 0 0 0 0 3 327 2 3 3 93.43

7 0 7 2 0 0 1 0 339 0 1 96.86

8 12 0 0 1 0 0 0 0 337 0 96.29

9 4 0 0 0 0 0 0 0 2 344 98.29

  Average 96.29

                                                                 (b) 

Table 4.2: Confusion matrices for the fully-tied TDHMM-based system trained by (a)
ML training and (b) MMI training
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4.6 Effects of Parameter Tying in MMI Training

Even though some improvements from the ML training result are obtained in the previous
section, the tied system may inhibit the actual discriminative ability of MMI training as
argued in Section 4.3. In order to test this hypothesis, the same set of experiments
are carried out on the CDHMM-based FM recogniser where there is no parameter tying
involved. We use a total of 160 Gaussians, similar to the TDHMM-based system. However,
each model has its own Gaussian pool with an equal number of Gaussians, 16 Gaussians
per model in this case. The model parameters are initialised by ML training and MMI
training is performed for 100 iterations by using the QuickProp optimisation.

The results in Figure 4.9 show the growth of fMMI versus the number of MMI
training iterations for various parameters. We notice a similar trend as in the TDHMM
case, that is, the optimisation of Gaussian parameters, especially the covariance matrices,
results in a far greater improvement than the mixture coefficient optimisation. In terms
of the recognition accuracies, corresponding results on the testing set are presented in
Figure 4.10. The recognition results of the testing set are shown in Figure 4.11. These
results are much more stable than those of MMI training in the fully-tied TDHMMs (see
Figure 4.8). The best performance of the testing set obtained over a series of MMI training
iterations is summarised in Table 4.3. Note that the baseline accuracy of the ML-trained
CDHMMs is lower than that of the TDHMM-based system (93.71% in Table 4.1 compared
with 95.40% in Table 4.3). The tied system uses a similar number of HMM parameters
more efficiently than the untied system. By forming a pool of Gaussians, the number of
Gaussian mixtures used for each state in the TDHMMs is much larger without increasing
the total number of parameters to be estimated.

 

-43600

-41600

-39600

-37600

-35600

-33600

-31600

-29600

-27600

-25600

-23600

0 10 20 30 40 50 60 70 80 90 100

MIX Only MNS Only COV Only

MIX & MNS MNS & COV MIX, MNS & COV

MMI Training Iterations

M
M

I 
O

b
je

ct
iv

e 
F

u
n

ct
io

n
 (

 f
M

M
I)

Figure 4.9: The growth of the MMI objective function versus the number of train-
ing iterations for different parameters optimised by MMI training in the
CDHMM-based system
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Figure 4.10: Recognition rates of the training set versus the number of training itera-
tions for different parameters optimised by MMI training in the CDHMM-
based system
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Figure 4.11: Recognition rates of the testing set versus the number of training itera-
tions for different parameters optimised by MMI training in the CDHMM-
based system
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ML result 93.71 % 

Parameters optimised 

by MMI training 
Recognition rates 

MIX only 94.17 % 

MNS only 94.66 % 

COV only 96.00 % 

MIX & MNS 94.83 % 

MNS & COV 96.20 % 

MIX, MNS & COV 95.94 % 

Table 4.3: Recognition results of MMI-trained CDHMMs on the testing set compared
with the result of ML training

From the results, the mixture coefficients have less discriminative ability than the
means and covariances. The most discriminative parameters in this case are the covariance
matrices of Gaussian distributions. The covariance matrix optimisation improves the
result of the ML baseline from 93.71% to 96.00%, which is far better than the mean and
mixture coefficient optimisation. The relative improvements from the ML-based system
are much larger in the case of the CDHMMs than in the TDHMMs. The best result
shows an improvement of the recognition rate from 93.71% in the ML-trained system to
96.20% in the MMI-trained system, or equivalent to a 40% relative error reduction. The
confusion matrices for both systems are shown in Table 4.4. Clearly, MMI training is
more effective when applied to the untied system.

4.7 MMI Training in Detailed-Match

The performance of MMI training in the previous sections has been examined in the
context of the FM recogniser where single-state models are used. In this section, we
evaluate MMI training performance by using the detailed-match (DM) recogniser. MMI
training is applied to the DM training process (see Figure 4.1).

Each HMM in the DM recogniser is initialised from the corresponding ML-trained
FM model by replicating the single-state model N times. The number of states, N , in
the DM model is chosen to be an average of the frame length of the training samples
belonging to that model. The DM model that is initialised by the fully-tied FM model
still preserves the parameter-tying property because only the state is replicated, but not
its output distributions. In this case, the Gaussian pool is shared across all states of all
models. This yields the fully-tied DM recogniser as illustrated in Figure 4.2 (c). A similar
initialisation approach is also used to generate the DM model from the CDHMM-based
FM model.1 However, such an approach alters the behaviour of CDHMMs because all
states of the resulting DM model essentially share the same Gaussian pool. This produces

1The output distributions of all states in the DM model are required to be identical due to the
limitation of the recogniser structure.
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Number of samples which are recognised as digit:  
Digit

0 1 2 3 4 5 6 7 8 9

Accuracies

%

0 315 0 2 4 0 1 5 0 23 0 90.00

1 0 335 0 1 9 1 0 4 0 0 95.71

2 0 2 330 9 2 1 0 4 2 0 94.29

3 0 0 4 328 1 17 0 0 0 0 93.71

4 1 19 0 0 325 2 1 0 0 2 92.86

5 0 0 0 3 0 345 0 0 2 0 98.57

6 17 0 0 0 6 0 323 2 2 0 92.29

7 0 20 3 0 0 3 0 322 0 2 92.00

8 16 0 4 7 0 0 0 1 322 0 92.00

9 5 2 0 0 6 0 0 1 1 335 95.71

  Average 93.71

                                                                 (a) 

Number of samples which are recognised as digit:  
Digit

0 1 2 3 4 5 6 7 8 9

Accuracies

%

0 323 0 1 4 0 1 2 0 18 1 92.29

1 0 332 0 1 6 0 0 10 0 1 94.86

2 0 2 340 3 1 1 0 1 2 0 97.14

3 0 0 2 330 1 16 0 1 0 0 94.29

4 1 1 0 0 340 0 1 0 1 6 97.14

5 0 0 1 1 0 345 0 0 3 0 98.57

6 14 0 0 0 1 1 330 1 2 1 94.29

7 0 8 0 0 0 1 0 341 0 0 97.43

8 7 0 0 1 0 1 0 0 341 0 97.43

9 2 0 0 0 2 0 0 0 1 345 98.57

  Average 96.20

                                                                 (b) 

Table 4.4: Confusion matrices for the CDHMM-based system trained by (a) ML train-
ing and (b) MMI training

83



Chapter 4. MMI Training of Tied-Mixture Density Hidden Markov Models

the partially-tied DM recogniser where each model has its own set of Gaussians, as shown
in Figure 4.2 (b).

After the DM models are initialised, ML training is applied to optimise the model
parameters. MMI training is then carried out for 100 iterations by using the QuickProp
algorithm. Thus, the MMI-trained DM models are achieved. The finalised FM models can
be obtained from these DM models, as discussed in Section 4.2.2 (see Figure 4.1). These
models are used in the subsequent FM and DM recognition processes. In the recognition
process, given the testing sample, the FM recognition process generates a shortlist of the
most-likely output candidates. It is found that nearly 100% of the correct recognition
result falls within the top-five candidates of the list. These candidates are passed on to
the DM recognition stage. The final recognition result is chosen as the model that yields
the highest likelihood among those five DM models, rather than comparing all possible
DM models.

The best result of MMI training in DM recognition is achieved when all parameters
(MIX, MNS and COV) are trained. Figure 4.12 shows the recognition results of both the
training and testing sets for the fully-tied TDHMM system versus the number of training
iterations. The results of the partially-tied TDHMM system are shown in Figure 4.13.
Fluctuations in the recognition rates can be observed in the fully-tied system whereas
MMI training in the partially-tied system progresses much more smoothly. These results,
together with the results in Figures 4.8 and 4.11, provide empirical evidence with the
fact that tying parameters across the models causes an instability in MMI training. The
recognition results of the testing set after 100 iterations of MMI training in DM recognition
are summarised in Table 4.5, compared with the ML training results. It shows that MMI
training is also effective in the DM recognition system.

4.8 Discussion and Summary

Discriminative training in the HMM-based recognisers has been applied to speech recogni-
tion problems effectively. However, its applications to the handwriting recognition prob-
lems are under-researched. In this chapter, MMI training is introduced as an alternative
approach to ML training in the HMMs for the applications of on-line handwritten digit
recognition. The results show some improvements in the recognition performance when
compared to ML training. For example, in one experiment, MMI training increases the

Recognition rates 

Types of DM recogniser 
ML training MMI training 

Fully-tied TDHMMs 96.66 % 96.94 % 

Partially-tied TDHMMs 96.23 % 96.63 % 

Table 4.5: Recognition results of the testing set for the fully-tied and partially-tied DM
recognisers achieved by ML and MMI training
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Figure 4.12: Recognition rates of the training and testing sets versus the number of
MMI training iterations for the fully-tied DM recogniser compared with
the result of ML training
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Figure 4.13: Recognition rates of the training and testing sets versus the number of
MMI training iterations for the partially-tied DM recogniser compared
with the result of ML training
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recognition rates of the testing set from 93.71% on the ML-trained system to 96.20% on
the MMI-trained system, or equivalent to a 40% relative error reduction. Several aspects
of MMI training in the HMMs are investigated. A number of contributions of the present
study can be summarised as follows:

• MMI training is effective despite being applied to the highly-tied system such as
the fully-tied TDHMM-based recogniser. The structure of this recogniser is differ-
ent from most applications of MMI training in the literature. That is to say, the
Gaussian parameters in the system are shared among all states of all HMMs. Op-
timising the Gaussian parameters of one model has an explicit impact on those of
other models, and thus it may inhibit the discriminative ability of MMI training.
The best achievement improves the recognition rates of the testing set from 95.40%
on the ML-trained system to 96.29% when MMI training is used. This is equivalent
to a 19% relative error reduction.

• Three different training algorithms for MMI training in the context of TDHMMs,
including the Extended Baum-Welch, Gradient Descent and QuickProp algorithms,
are evaluated. In terms of the growth of the MMI objective function over the training
iterations, the gradient descent algorithm yields the slowest convergence rate among
the three algorithms. Although the Extended Baum-Welch gives the highest growth
rate during the first few iterations, the QuickProp algorithm is more efficient in the
long run.

• A number of studies to determine which MMI-optimised model parameters play
the most important role in discrimination are carried out. It is shown that the
optimisation of Gaussian parameters is more effective and exhibits higher gain in
recognition rates on the testing set than the mixture coefficient optimisation. This
is rather counter-intuitive in the context of fully-tied TDHMMs because the mix-
ture coefficients are the only parameters which are not shared across the models
and therefore expected to carry more discriminative ability than the means and
covariance matrices.

• In order to test the aforementioned hypothesis as to whether a highly-tied envi-
ronment obstructs the actual performance of MMI training, the same sets of ex-
periments are applied to the untied system based on the CDHMMs, where there is
no parameter tying involved. It shows that MMI training is more effective when
applied to the untied system with the same number of Gaussian parameters. That
is, a 40% relative error reduction compared to ML results is obtained whereas only
a 19% relative error reduction is achieved in the fully-tied TDHMM case. Experi-
mental results confirm that the optimisation of Gaussian parameters, the covariance
matrices in particular, provides the maximum discriminability in MMI training.

• The performance of MMI training on the fully-tied system is compared with that
on the partially-tied TDHMMs where the Gaussian parameters are shared among
the states only within the same model, but not across the other models. Results
of MMI training on the fully-tied system demonstrate that the recognition rates of
the testing set fluctuate over the course of MMI training. On the contrary, MMI
training on the partially-tied system and the untied system progresses much more
smoothly. The results indicate that tying parameters across the models causes an
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uncertainty in MMI training, and the hold out method which utilises an independent
validation set should be used to determine the termination of training iterations.

The experimental results in this chapter reinforce that MMI training offers a con-
sistent improvement in the recognition performance over ML training when applied to
the on-line handwritten digit recognition task. MMI training is, therefore, regarded as
a potential alternative approach to ML training for larger-scale handwriting recognition
problems. Chapter 5 introduces the problem of Thai character recognition, and the ap-
plications of MMI training to this problem are extensively studied in Chapter 6.

The gains in the recognition accuracies from ML training are obtained at the expense
of additional computations required in MMI training. Convergence and computational
efforts involved are the most important factors to be considered when choosing the opti-
misation algorithms. Although the QuickProp algorithm is selected for MMI training in
this chapter, we experience some difficulties when it is applied to the multi-state HMMs.
That is to say, the more the number of model parameters grows, the more sensitive the
algorithm becomes towards the settings of the learning rate, η, and ϕ variables for each
optimised parameter. A variation of the Extended Baum-Welch algorithm, which is less
sensitive to the smoothing-parameter setting, proposed by Povey [10] is investigated in
Chapter 6.
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Chapter 5

Thai Character Recognition

5.1 Introduction

This chapter gives an overview of the problem of Thai character recognition, both machine-
printed and handwritten characters, as background knowledge for the applications of dis-
criminative training and HMMs to this problem in Chapter 6. To be able to solve the
problem efficiently, knowledge of the Thai language is an inevitable requirement, or at
least to a certain level. It is worth presenting the basic concepts of the Thai language and
its writing styles in Section 5.2, followed by a survey and review of the related literature
in Thai character recognition in Section 5.3. The aim of this review is to describe the
previous research reports of Thai character recognition and to point out their common
constraints which the techniques presented in Chapter 6 are proposed to overcome. The
summary of the chapter is presented in Section 5.4.

5.2 Characteristics of the Thai Language

In Thailand, Thai serves as the official national language. It is the language used in
schools, the media and government affairs. More than ninety percent of its population
speak and write Thai as their native language. The introduction to the Thai language in
this section aims to illustrate the scripts used to write in the Thai language and its writing
style, which is unique and well understood throughout the country. This is sufficient as
a background to understand the nature of the problem of classifying Thai characters. It
does not intend to give either the detailed background of the history of the Thai language
nor its grammar. In brief, the recorded history of the creation of the Thai writing system
dates back to the mid-thirteenth century. It was being constantly modified under the
influence of the Khmere, Sanskrit and Pali languages until the late-eighteenth century.
More details of Thai language history can be found in [86, 87].

Thai script is written from left to right, with lines going from top to bottom of a
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(a) 

(b) 

(c) 

(h) 

(d) 

(i) 

(e) 

(f) (g) 

(j) (k) 

Figure 5.1: The Thai alphabet set and its categories, (a) consonants, (b) lead vowels,
(c) follow vowels, (d) tone marks, (e) above diacritic 1, (f) above vow-
els, (g) below vowels, (h) below diacritic 2, (j) numerals, (k) symbols;
Note that the purpose of the grey circle sign is to show the level of each
character. When writing Thai, the grey circle is replaced by one of the
consonants.

page. The standard Thai writing style is in block letters, and is not cursive as it is in the
Arabic and many English writing styles. This means each Thai character is well separated
from its neighbours by a gap. However, Thai words can be written contiguously, without
extra space between words, as opposed to separating each word with space as in English.
Using extra space in Thai writing style indicates only the beginning of a new phrase or
sentence.

The Thai alphabet consists of 87 characters, which include consonants, vowels, nu-
merals, tone marks, diacritics and symbols. Among these characters, ten characters are
obsolete and no longer used in common writing. All characters are categorised and shown
in Figure 5.1. The consonants are written on the baseline. However, as in English, some
consonants have an ascender or descender which also covers the area above or below the
baseline. In addition, some characters (tone marks and above vowels) are written above
other characters while some are placed under the baseline. This forms a four-level writing
structure. For example, the word in Figure 5.2 consists of seven characters written in four
different levels.

The Thai language offers a unique challenge to automatic handwriting recognition
on the grounds that there are several groups of Thai characters which have similar shapes,
and vary only in small details such as loops and curls (for example, the second and third
consonants on the top line of Figure 5.1 (a)). These details are well preserved in the
printed Thai characters as shown in Figure 5.1. However, they are often neglected in
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(a) (b) (c) 

Figure 5.2: Printed and handwritten versions of a Thai word, teeh-yooh ‘address’,
showing four-level writing style, (a) a correct printed version, (b) an incor-
rect printed version of the same word showing each character in different
cursor positions and (c) a handwritten version of the same word

several handwriting styles. Thai handwriting styles can be broadly categorised into two
groups: the constrained and the unconstrained styles. The constrained or handprinted
style is what children learn at schools from the first grade. This style is intended to
be analogous to the printed Thai characters. Each character is written neatly showing
the distinct features of the characters clearly. On the contrary, with an unconstrained-
writing style, people tend to write less carefully and omit those important details. Loops
are not fully closed or are written as blobs. Curls are likewise elided or attenuated.
Figure 5.3 shows samples of the constrained and unconstrained Thai handwriting styles.
When writing is performed at high speed such as in note-taking, it usually brings out an
additional difficulty of touching characters which is beyond the scope of this work. We
focus on the recognition of the unconstrained-style handwritten Thai characters without
any touching characters involved, or in other words, off-line isolated Thai handwriting
recognition. This research also deals with variations in handwriting styles from multiple
writers. Form filling and formal letter writing are examples of this writing style. The
‘unsolved’ problem of recognising unconstrained-style Thai handwriting with touching
characters relies on, to some extent, the correctness of isolated character recognition.
Hence, this research is regarded as an essential foundation for the applications of isolated
character recognition to such a considerably more difficult problem (see Section 9.2.2).

5.3 Previous Research in Thai Character Recogni-

tion

The use of computers to store and manipulate Thai characters started in 1967 with the
development of a Thai character code for IBM punched cards and line printers. The
earlier applications were limited to mainframe data processing tasks until 1982 when
the first Thai text editor package, Thai Easy Writer, was released. Since then, several
microcomputer Thai applications have been developed and widely used in both business
and research areas, but without a common standard for Thai character encoding. The
standard for Thai character codes was released in 1986 by TISI (Thai Industrial Standards
Institute) and revised by them in 1990. This standard is known as TIS 620-2533.1

1http://www.nectec.or.th/it-standards/mlit97/keynote.html.
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Figure 5.3: Samples of the handwritten Thai phrase showing different writing styles,
(a) constrained-style writing, (b) unconstrained-style writing.

The development of Thai character recognition has progressed slowly as can be seen
from a small number of published reports and papers over the past twenty years. The
main factor in the delay is the late start in the research. Research in Thai character
recognition emerged in 1982, compared to Latin in the 1950s and Chinese and Japanese
in the 1960s. Most of the work is in the area of machine-printed Thai character recognition
while only a small number of reports address the problem of handwritten Thai character
recognition. Two commercial products for Thai Optical Character Recognition (OCR)
for printed documents first appeared on the market in 1996 and 1997.2 They are claimed
to achieve an accuracy of 90% to 95% in recognising fixed fonts. None of the published
work shares the same dataset set or samples used for evaluation. Hence, the results are
not practically comparable, and it is suggested that there should be a common database
to facilitate research in the field. In the past few years, the number of published papers
in the field of handwriting recognition have significantly increased due to more interest in
the field and pressure from the market, which can be seen as a promising signal for the
advance of research and co-operation among researchers.

The following sections review previous research in Thai character recognition. The
review is categorised into several fields of Thai character recognition research. These
include pre-processing techniques (Section 5.3.1), off-line printed Thai character recogni-
tion (Section 5.3.2), off-line handwritten Thai character recognition (Section 5.3.3), and
on-line Thai handwriting recognition (Section 5.3.4).

5.3.1 Pre-Processing Techniques

In off-line character recognition, the first step is to acquire a text document and transform
it into a scanned image. The off-line recognition system recognises the text after it
has been written or typed. Usually, the raw data of the scanned text image cannot
be processed directly. Pre-processing techniques are required in order to convert the
image into a suitable format for the recognition process. The result of the pre-processing
stage should be an image containing the words or characters to be recognised without
any disturbing elements. Examples of pre-processing techniques include binarisation or
thresholding, noise reduction or smoothing, document skew detection and correction,

2The software ARNThai by NECTEC, and the Atrium ThaiOCR by Atrium Technology.
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document decomposition and slant normalisation. In addition, the processes of thinning,
skeletonisation and segmentation [88] are sometimes embodied in the pre-processing stage.
There are a number of research reports which introduce novel methods to improve the
performance of the pre-processing techniques in Thai character recognition. A review of
these techniques is given below.

Often, the document to be recognised is not placed correctly on the scanner. For
example, it may be skewed on the scanner bed which results in a skewed image. The
skewed document has a disadvantageous effect on character segmentation and recogni-
tion. The automatic skew angle detection and correction processes should be done prior
to the recognition process in order to attain optimal performance. Duangphasuk and
Premchaiswadi [89] propose a method to detect and correct skew angle in the document
by using a linear regression algorithm. This method is claimed to be faster than the con-
ventional Hough transform algorithm [90] while maintaining comparable accuracy. On
the other hand, document skew correction can also be done manually, as described in [91]
where the users are asked to manually correct the skew angle.

The problem of slant characters or words may be occurred in some handwriting
styles or the italic fonts used in machine-printed text. Slant angle estimation and slant
normalisation are required to normalise these slanted characters. The slant normalisation
algorithm in [92] estimates the slant angle from the lines connecting a centre of gravity
of each horizontal strip for each individual character. Then, an affine transformation is
applied to all pixels to normalise the slant characters. The method based on Variation
Entropy [93] is applied to the slant normalisation problem of Thai characters. Note that
the specific knowledge of the Thai language is not a requirement to solve the problem of
skew and slant detection. Therefore, the common techniques used in other languages can
be applied to this problem without further modification.

The thresholding process, which is required to convert the scanned images into bi-
level images, may unnecessarily yield a significant loss of information and subsequently
result in broken parts in the characters. Recently, a mending algorithm for broken printed
Thai characters has been proposed [94]. The information of the overlapping areas of the
broken image, the specific features of the character and its projection profile are employed
in this repairing process. Understanding of Thai writing characteristics is required to solve
this problem efficiently.

One of the most important problems that affects the accuracy of character recogni-
tion systems for Thai language is the segmentation of the Thai characters. The classical
method for segmenting Thai characters from a sentence is to use their vertical and hor-
izontal profiles [95, 96]. Because the construction of Thai words is different from that
of English words, only the projection of the vertical profiles cannot separate the Thai
characters. An alternative approach is to use the average value of the horizontal projec-
tion profiles to obtain a consonant line level, and a contour tracing algorithm to restore
the deleted part [92, 97]. Santinanalert [91] uses connected component analysis for Thai
character segmentation. Figure 5.4 shows an example of segmenting a handwritten Thai
phrase into individual characters using connected component analysis. The problem of
segmentation seems to be more serious when two characters are touching or crossing one
another. Unlike other languages, touching and crossing Thai characters can occur both
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Figure 5.4: Connected component analysis of a Thai phrase. Each connected compo-
nent is indicated by a distinct grey level.

horizontally and vertically while in other languages they usually occur only horizontally.
A new segmentation scheme for touching Thai printed characters is proposed by Prem-
chaiswadi et al. [98]. In [98], a combination of an edge detection algorithm, horizontal
and vertical projection profiles and a statistical width and height of the characters is used
to determine where to split the touching characters. On the other hand, the crossing
character segmentation techniques in [99, 100] require both finding the crossing point and
reconstructing the segmented characters. Segmentation of touching Thai characters is
considered to be a difficult problem, and it requires detailed knowledge of the Thai writ-
ing system. The segmentation problem remains unsolved, especially in a more difficult
case of unconstrained Thai handwriting. However, this problem is beyond the scope of
this research since we only focus on the recognition of isolated handwritten characters.

5.3.2 Printed Thai Character Recognition

This section reviews some of the off-line printed Thai character recognition systems which
have been detailed in print.

Most of the earlier works use template-based recognition systems. Since there are
many similar characters in Thai, Kimpan et al. [95] separate their recognition process
into two stages: rough and fine recognition. In the rough recognition stage, similarity
coefficients among the characters are measured as a criterion for categorising them into
several groups. The eigenvalues and eigenvectors of the Karhunen-Loève expansion (K-L
expansion) of each group are computed. The eigenvectors having maximum eigenvalues,
which constitute the principal components in each category, are used as a template of
that group for matching with unknown characters. In the fine classification stage, explicit
pieces of the character, which show the important characteristics of that character, are
used as the standard patterns for matching with the same position pieces of unknown
characters. An improvement in the fine classification stage is presented in their later
work [101] where linear decision functions of the distributions in an eigenvector space
are constructed to discriminate single-font printed Thai characters in each category. The
explicit pieces of the character are still effectively used in the process of discriminating
very similar characters. This recognition process has demonstrated its success in recog-
nising the single-font and single-sized printed Thai characters. The same method, which
separates the recognition process into rough and fine recognition and uses explicit pieces
of the character to form templates, has been applied to the work of Srisuk [102]. In his
work, the Hausdorff distance is used to measure the similarities among characters for both
rough and fine classification.
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The disadvantage of these classification methods that employ two classification
stages (rough and fine classification) is that the recognition accuracy relies on the perfor-
mance of both stages. If the character is misclassified in the first stage, it is impossible
that correct final recognition can be achieved in the second stage.

A recognition method for printed Thai characters by structural analysis of their
contours has been proposed by Hiranvanichakorn et al. [103] where digital contours of the
characters are encoded according to their directional differences. Arithmetic operations
are then applied to extract concavities and convexities of the contours. In their recognition
process, several geometric features of concave and convex arcs are used to calculate simi-
larities of the arcs. Recognition of an unknown character is made by detecting similar arc
pairs. A modification of this method is reported in [104] where a more effective method to
extract the concavities, convexities and features for the recognition of low-resolution Thai
characters is proposed. A freeman chain code and the directional differences of contour
tracing of the characters are utilised to extract concavities and convexities. However,
detecting similar arc pairs by this method is rather complex. It is difficult to obtain an
optimum result in recognition, and it also takes a long computation time for matching.

The work in [105] uses topological properties for both rough and fine classification.
A thinning algorithm is applied to make it easier to extract topological properties. The
topological properties of characters are represented in the form of end strokes, intersec-
tion strokes, independent or inner strokes, and these are used to discriminate between
characters. A decision table for each category based on their topological properties has
been built to classify each character in the subgroup. However, this method is difficult to
apply to some of the similar characters. In addition, the decision table has to be designed
manually, which is a very difficult and time-consuming task.

Another attempt is based on inductive logic programming (ILP) and neural net-
works [106, 107]. ILP is able to employ domain-specific background knowledge that pro-
vides better generalisation performance on data. Structural features are extracted from
the thinned character and are represented as a primitive vector list where each primitive
vector represents the types of the lines or circles in the character. The output after train-
ing is a set of learned ILP rules. Each rule defines the characteristics of one character.
A backpropagation neural network is employed for the approximation of ILP rules which
are later used to match with unseen or noisy characters. In [91], feed-forward neural
networks with backpropagation learning are also used to classify printed Thai characters,
using feature vectors based on eigenvectors and a K-L transform of the character images.

The work by Marang et al. [96] combines several techniques, such as boundary
normalisation (elliptic Fourier series), fuzzy set theory and neural networks, to recognise
printed Thai characters. Boundary functions of characters are detected and normalised so
that they are invariant to orientation and dilation of the characters. A fuzzy membership
function is constructed for mapping values of these functions from different discrete points
into fuzzy values. Then, a feed-forward neural networks with a backpropagation learning
algorithm is used to learn fuzzy inference rules. Alternatively, Kawtrakul et al. [108]
propose a recognition system based on multiple feature extraction and a minimum distance
classifier. These features include the direction of the character contour, the density of
the character body and the character’s peripheral information (i.e. the distance from
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the normalised image frame to the nearest contour). Although the results obtained by
these techniques achieved acceptable recognition rates, they are evaluated on printed Thai
characters with only few fixed fonts and sizes.

5.3.3 Handwritten Thai Character Recognition

In the late 1960s, handwritten character recognition was put into practical use in USA
and Japan for postcode reader applications. Over the past 25 years, the field of character
recognition has made significant advances in handwriting recognition [109]. However, the
performance of handwriting recognition systems, especially for the off-line unconstrained-
writing style, is still inadequate for practical applications. The problem involves high
variabilities of handwriting styles. A number of researchers in both academic and indus-
trial sectors are actively working on this subject. Although the first attempts at Thai
handwriting recognition were in the mid-1980s, it is only recently that there has been
significant research activity. The published literature on Thai handwriting recognition
can be surveyed almost in its entirety as follows.

Hiranvanichakorn et al. [110] introduce a recognition method for handprinted Thai
characters based on concavities and convexities of contours, similar to their previous
approach [104] described in Section 5.3.2. The additions to that approach are the dictio-
naries of the characters and the arcs which are subsequently used to produce a compact
and effective dictionary of the models to be used in the matching process. In contrast,
Airphaiboon and Kondo [92] use the loop structure and local features of the character in
their recognition system. These properties include the number and locations of end points
and the loop structure of the processed character image. The rough classification stage is
used to divide all characters into several categories. In the recognition process, a decision
tree is manually designed to classify the characters in each category. Additional features
based on small details in the character are also applied to the decision process for some
character categories. Phokharatkul and Kimpan [97] applies the same approach as in [92]
for rough classification. However, the fine classification stage in [97] uses Fourier descrip-
tors which describe the closed contour of the character as the features to train neural
networks. A combination of a genetic algorithm (GAs) and a backpropagation learning
algorithm is then applied to compute the optimal weights of the neural networks. The
common disadvantage of the approaches in [92, 97, 110] is that they are not applicable to
an unconstrained writing style where the loops in the characters are often not closed or
are written as blobs. Discontinuity in character images is also a problem.

Veerathanabutr and Homma [93] propose an alternative method that extracts fea-
tures of character images from their contour direction codes by using the Fuzzy Direction
Code Histogram (FDCH). Other details of the character, such as the number of loops, its
width and height, are also used to form the feature vectors. Feed-forward neural networks
are employed in their recognition process. In contrast, Methasate et al. [111] introduce a
feature extraction method that extracts global and local features of the character. The
global feature is the width to height ratio of the character whereas the local features
are the relative positions of all loops, end points or curls of the character. Membership
functions are then applied to map these features into many fuzzy terms required by the
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fuzzy-based classifier. The fuzzy-syntactic decision method that employs fuzzy inference
rules is subsequently used to recognise each character. The method in [112] also uses
distinctive features of the Thai characters, namely loops, curls and stroke changing, for
segmenting the strokes in Thai handwriting.

Having considered the detail of the aforementioned techniques, it can be seen that
they rely on the presence of important features of Thai characters, such as loops and curls,
which have to be clearly written. However these features are often omitted or less visible in
the unconstrained-writing styles even in the case that the handwritten characters are well
separated. The requirement that these constraints have to be conserved to successfully
apply these techniques makes them less applicable to the actual problem. A recent work
by Chatwiriya [113] proposes a method for off-line handwriting recognition of the Thai
currency amount written on bank cheques that uses a combination of multiple features
which does not rely on the distinctive features of the Thai characters. Such a recognition
problem is narrowed down to be the recognition of only 25 Thai characters that can
form 17 words used to write the currency amount. Although the recognition accuracy of
individual characters is not very high, the overall accuracy of the system is very good due
to the use of post-processing techniques and a constrained small number of vocabularies.

5.3.4 On-line Thai Handwriting Recognition

In on-line handwriting recognition, characters are recognised while they are being written
on an appropriate device, such as an electronic tablet or a combination of screen and digi-
tiser that instantaneously displays what the user writes. Dynamic information captured
during a writing process includes trajectories, duration and the order of the strokes.

There have been only a few attempts at on-line Thai character recognition since
the first report in 1985. The pioneer work in on-line handprinted Thai recognition is
described in [114] where structural analysis of character strokes, such as sequence, type
and location of arcs together with convexity and concavity of contours, are extracted and
used to classify the characters. The template matching process is used in the classification
process. An on-line handwriting recognition system that can recognise Thai, English,
numeral and symbol characters is presented in [115, 116]. In that system, a vector sequence
that represents the sequence of directions between each successive sample in a character
stroke is used as the feature. It is then passed to three sets of neural networks as an input.
These three neural-networks units are responsible for the baseline and non-baseline Thai
characters and the English characters, respectively.

On-line Thai handwriting recognition has received more interest over the past few
years, and many different approaches are employed. In [117], the features extracted from
each stroke segment of the on-line Thai characters are used as the inputs of the HMM-
based recogniser. Similar features with the use of neural-networks classifiers, rather than
HMMs, are presented in [118]. The work in [119] determines distinct features of the Thai
characters which are combined to construct compound features. These features are useful
only for the recognition of handprinted and well written characters. The research in Thai
handwriting recognition is still in its early stages. Considerably more research is required
to realise full benefit for the Thai people.
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5.4 Summary

Most implementations of Thai character recognition rely on the presence of distinct char-
acteristics of Thai characters such as loops and curls, which can be clearly seen in machine-
printed or handprinted characters. However, these features are often omitted in an uncon-
strained writing style; loops are not fully closed or are written as blobs; curls are likewise
elided or attenuated. These techniques are not suitable to recognise the unconstrained-
style handwriting. This chapter introduces an overview of the characteristics of the Thai
alphabet and its writing style, including a review of previous work in Thai character
recognition. Research in Thai character recognition has progressed slowly compared to
other scripts. This is partly due to its late start. This chapter is essential as a background
to thoroughly understand our proposed techniques, based on discriminative training and
HMMs, for Thai handwriting recognition in Chapter 6 which aims to solve the aforemen-
tioned problems and investigate various aspects of discriminative training.

98



Chapter 6

MMI Training of HMM-Based Thai

Handwriting Recognition

6.1 Introduction

As discussed in Chapter 5, the Thai characters pose a unique challenge for automatic
handwriting recognition on the grounds that there are several groups of Thai characters
which have similar shapes, and vary only in small details such as loops and curls. The
majority of previous studies rely on the presence of these details as important clues to
indicate the identity of the character. However, in an unconstrained-writing style, loops
are not fully closed or are written as blobs; curls are likewise elided or attenuated. Our
aim is to solve this problem by not relying on the precise formation of loops and curls, and
to make use of efficiently computed global features with a trainable classifier, instead of
searching for specially defined local structural features. In this chapter, we demonstrate
the use of discriminative training and propose feature extraction techniques to improve
the performance of the HMM-based Thai handwriting recognition system. The perfor-
mance of these techniques is also compared with that of an high-performance classifier,
the convolutional networks. Although HMMs are generally used for cursive handwriting
recognition, their ability to capture statistical variations of natural handwriting is useful
for isolated character recognition. In addition, it is anticipated that the discriminative
training techniques reported in this thesis would be applicable to a more difficult task of
cursive handwriting recognition (see Section 9.2.1).

Because automatic Thai handwriting recognition is still in the early stages of re-
search, most researchers are required to collect their own data. Section 6.2 describes the
database of handwritten Thai characters used in this research and its collection procedure.
Prior to applying discriminative training to the HMMs, the feature extraction techniques
that perform reasonably well on the ML-trained system need to be put in place. An in-
vestigation of various feature extraction techniques and their performance is discussed in
Section 6.3. These include an introduction to the novel techniques based on block-based
PCA and composite images, and their evaluations on different HMM structures. Exten-
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sive studies of MMI training in the HMMs are presented in Section 6.4. We focus on a
variation of the Extended Baum-Welch algorithm introduced by Povey [10]. Section 6.5
summarises the results of MMI training and investigates other useful techniques to further
improve its performance. The discussion and summary of the chapter are addressed in
Section 6.6.

6.2 Database of Thai Handwriting

The standard Thai writing style is in block letters, and each character is not connected
together, but separated by a small space in between (see Section 5.2). Nevertheless, the
formation of touching characters may occur when writing is done quickly and carelessly.
The issue of recognising touching characters requires a further segmentation process [98,
99, 100, 112] which is beyond the scope of this research. Thus, the database of isolated
Thai characters collected from multiple subjects is adequate and appropriate.

Our main focus is off-line Thai character recognition. Ideally, our experiments would
have been conducted using the standard database to provide results which can be com-
pared with the results quoted in other systems. In 2003, the Thai government’s science
research organisation, NECTEC (National Electronics and Computer Technology Cen-
ter), released the standard database for on-line Thai handwriting recognition research,
which is regarded as the first of its kind.1 This database was not available when this
research began in 2000, and thus most researchers needed to collect the primary data
themselves. As a result, we have collected Thai handwriting samples and subsequently
constructed the database to be used in our experiments.

A form for collecting handwriting data was specifically designed. It contains several
empty boxes for handwriting samples to be filled in. Each box corresponds to each Thai
character. Out of 87 Thai characters, only 77 characters are in our focus because the
other ten characters are obsolete or rarely used in common writing. The so-called baseline
characters are composed of consonants, numerals and some vowels which are written on
the baseline. There are 64 baseline characters in total. The remaining 13 characters are
the non-baseline characters which are written above or below the baseline. These include
tone marks placed above and below the vowels.

Copies of this form were distributed to 20 native Thai writers, who in 2001 were
studying at universities in England, France and Germany. The subjects were allowed to
write in their own style and contributed at least five to nine handwriting samples for each
character. The forms were then scanned on a high-quality flatbed scanner at 300 dots per
inch resolution and stored as 8-bit greyscale images. First, the pre-processing techniques,
such as noise removing and thresholding, were applied to the scanned forms. Figure 6.1
shows a part of the form after the pre-processing stage. Next, the character images were
extracted from the boxes using the standard two-pass algorithm [120] in which a label was
assigned to each pixel in the first pass, with label equivalence based on the eight-neighbour
connectivity. Equivalent classes were determined, and a second pass updated each pixel
in a connected component with a label unique to that component. Strokes intersecting

1http://arnthai.nectec.or.th/resource.asp
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Figure 6.1: A part of the form for collecting handwriting samples from a native Thai
writer.

 

Number of Samples 

Character Categories  
Number of 

Characters Training 

Samples 

Testing 

Samples 
    

Baseline Characters 64 3,840 4,195 

Non-Baseline Characters 13 780 760 

Total 77 4,620 4,955 

 

Table 6.1: Details of the Thai handwriting database used in the experiments

pre-printed lines on the form were adjusted manually. Additional 5-pixel white space was
applied to a bounding box of the characters. Finally, the aspect ratios and sizes of the
resulting images were normalised to give bi-level images of 64×64 pixels. As a result,
there were approximately 130 samples for each character. The database was divided into
the training and testing sets with approximately equal size. The first three handwriting
samples for each particular character from all writers were selected to be the training set,
while leaving the rest to be the testing set. The number of samples in the database is
summarised in Table 6.1.

6.3 Feature Extraction and Evaluations of the ML-

trained System

Unlike on-line handwriting where temporal information (the trajectory of the pen input)
is available, off-line handwriting is usually represented by scanned images which do not
convey dynamic information. When the HMM-based recogniser is applied to off-line
character recognition problems, it is necessary to convert the static character image into
a sequence of observations as required by the HMMs. The conversion process can be
carried out by two different approaches: analytical and sliding-window approaches. The
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analytical approach relies on topological features that describe structural properties of
the characters. For example, Bunke et al. [61] and Khorsheed [121] extract a sequence of
edges and loops from the skeleton graph of a word. In contrast, the method proposed by
El-Yacoubi et al. [68, 122] employs sets of features in accordance with the shape of the
character such as its contour, ascender, descender and loops. This approach is deemed
inapplicable to our recognition tasks because many Thai characters have a relatively
similar shape which can be distinguished by only small details. Moreover, some important
details in the characters may be diminished during the skeletonisation process.

On the other hand, the sliding-window approach is a more general method which
is widely used in the literature, both cursive [4, 62, 123, 124] and isolated character
recognition [125]. In this instance, a narrow window is applied over the character image.
The portion of the image covered by the window, called a frame, is captured while it is
moving from left to right, sometimes from top to bottom or in diagonal directions [126].
A series of image frames is obtained as a result. An advantage of this approach is that it
allows various types of features to be extracted from the image frame, not restricted to
only the structural features. The left-to-right sliding direction is also appropriate for the
HMMs with the left-to-right topology.

In this research, we utilise the sliding-window approach. The window which has the
width of w pixels and the height of character images, H, is moved from left to right with
a step size of oh pixels. Given a character image of size W × H, every two successive
frame overlaps by w − oh pixels, and a sequence of W−w

oh
+ 1 frames is generated. The

optimal values of the window’s width and the step size are task- and data-dependent, and
thus can only be determined by experiments. The size of character images from the Thai
handwriting database in Section 6.2 is 64 × 64 pixels (W = H = 64). In our preliminary
experiments [127], setting w and oh to 4 and 1, respectively, gives reasonable recognition
results. As a consequence, the character image is transformed into a sequence of 61 frames
(size 4 × 64 pixels), each of which is delivered to a subsequent feature extraction stage.
Figure 6.2 shows a process of generating frames from the character image by using the
sliding-window technique.

Since there is no guideline for feature extraction in the HMM-based Thai handwrit-
ing recognition system, the experiments described in the following sections are conducted
to evaluate various feature extraction methods, and thus our proposed techniques to im-
prove the recognition performance are presented accordingly.

6.3.1 Evaluations of Feature Extraction Methods

After operating the sliding-window technique, a feature extraction process is carried out
to construct a feature vector from each of the image frames. The feature vector should
effectively describe formations of pixels in the frame and, at the same time, be invariant
to the small amount of noise. The feature extraction process aims to create as compact
a representation as possible that can still be used to accurately classify the character.
The evaluations of feature extraction centre on three different schemes, namely pixel,
moment-based and the Gabor wavelets features, which can be summarised as follows:
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Figure 6.2: The sliding-window technique used to generate a sequence of frames from
the character image

Pixel Features

The simplest way to extract features from the image frame is to use its raw pixel data.
Therefore, a feature vector with 256 components is extracted from each of the 4 × 64-
pixel frames. This results in a high dimensional feature vector which is very sensitive to
small distortions of the input image. Pattern recognition in the space containing a large
number of features is subject to the so-called curse of dimensionality, indicating that the
quantity of training data used to specify the decision boundaries for the classification
problem grows exponentially with the number of dimensions [12]. More compact features
are discussed in the following sections.

Moment-Based Features

Moments provide an efficient way of describing the image function, f(x, y). They have
been used for many different image analysis and object recognition tasks, including char-
acter recognition [128]. The central moments of order p + q for an w×H-pixel image are
given by:

µpq =
w
∑

x=1

H
∑

y=1

(x − x̄)p(y − ȳ)q f(x, y), (6.1)

where x̄ =
P

x

P

y xf(x,y)
P

x

P

y f(x,y)
and ȳ =

P

x

P

y yf(x,y)
P

x

P

y f(x,y)
. Low-order moments represent a gross image

shape whereas the higher-order moments reflect details in the image. A simple feature
vector is constructed from the central moments of order up to 3. Note from Eq. 6.1 that
both µ10 and µ01 are zero, so they are excluded here. As a result, the image frame is
transformed into the 8-dimensional feature vector, i.e. {µ00, µ11, µ20, ..., µ30, µ03}.

The earliest and most notable work on the moment features is done by Hu [129]. Hu
demonstrated that various combinations of central moments could produce representations
that were invariant to translation, scale and rotation. Here, seven moment invariant
features [88] derived from nonlinear combinations of the central moments are generated
from the frame. Despite their numerous successful applications, the major drawback of
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Hu’s invariant moments is that they cannot be formulated from higher-order geometric
moments. That is to say, their components are based on the geometric moments which are
non-orthogonal. These become highly correlated as the order increases. An alternative
method is to use orthogonal moments, such as the p + q Legendre moments [130]. The
feature vectors constructed from these moments are investigated. In addition, we also
evaluate the affine moment invariants (AMIs), as proposed by Flusser and Suk [131],
which are invariant under general affine transformation.

Gabor Wavelets Features

An application of 2-dimensional Gabor filters in computer vision was pioneered by Daug-
man [132, 133]. In his early work, the Gabor filters were proposed as a representation of
receptive field properties of neurons in visual cortex, as well as being the operators for
practical image analysis problems. A family of 2-D Gabor filters can be used as an expan-
sion basis to represent images. Because such Gabor filters are parameterised to be dilates
and translates of each other, i.e. deriving from a common template, they constitute a
wavelet basis and, therefore, are known as 2-D Gabor wavelets. The Gabor wavelet rep-
resentation describes the orientation structure in the image while preserving information
about its spatial relations. The Gabor filters have been widely used for image analysis
tasks, such as texture analysis and iris recognition. Recently, a variant of 2-D Gabor
filters proposed for face recognition [134] has been successfully applied to a number of
character recognition problems [44, 135]. In this instance, the 2-D Gabor filter is defined
as:

G(x, y; ω, σ, θk) =
ω2

σ2
exp

(

−ω2(x2 + y2)

2σ2

)[

exp (i ωR) − exp

(

σ2

2

)]

, (6.2)

where
R = x cos θk + y sin θk. (6.3)

This describes a complex sinusoidal of particular frequency and orientation, modulated
by a 2-D Gaussian shaped function, known as an envelope. The parameter σ defines
the standard variation of the Gaussian envelopes. A property of the sinusoidal wave is
specified by ω = 2π

λ
and θk, where λ and θk serve as its wavelength and orientation,

respectively. By convolving the Gabor filter with an w × H frame image at a particular
sampling point (x0, y0), the magnitude of the response is regarded as the Gabor feature,
gσ,ω,k(x0, y0), i.e.

gσ,ω,k(x0, y0) =

∣

∣

∣

∣

∣

w−x0−1
∑

x=−x0

H−y0−1
∑

y=−y0

f(x + x0, y + y0) G(x, y; ω, σ, θk)

∣

∣

∣

∣

∣

. (6.4)

The value of θk is given by θk = kπ
M

where k = 0, 1, 2, ...,M−1, and M denotes the number
of orientations. Therefore, a total of M Gabor features can be derived from one sampling
point, each of which corresponds to the filter with orientation θk. These comprise the
orientation-dependent and localised spatial information of the image. Having uniformly
chosen Nx × Ny sampling points from the w × H frame image, a total of Nx × Ny × M
Gabor features can be extracted from a given frame to create a feature vector accordingly.
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We fix σ = π and λ = 8, which appear to yield good results. The optimal number
of sampling points and orientations needs to be obtained experimentally. Because the
frame has the very narrow width compared to its height, the distribution of pixels and
their shapes along the vertical direction provides an important clue for character dis-
crimination. Therefore, we choose to sample Ny points only along the vertical dimension
(Nx = 1). We evaluate various settings of Ny and M between 2 and 8, which are denoted
by Gabor(Ny,M) in the following experiments.

Recognition Performance

The training and evaluation of the HMMs are carried out by using the HTK toolkit (a
toolkit primarily used for speech recognition [136]) with additional implementations to
prepare the feature vector sequences from the character images and to train models using
discriminative training (see Sections 6.4 and 6.5). The HMMs employ a left-to-right
topology, in which each state has a transition to itself and the next state, as shown in
Figure 3.1. HMM states have diagonal Gaussian probability density functions (pdfs).
At first, the experiments are conducted on the ML-trained system to investigate feature
extraction methods, and to provide reliable initial models for discriminative training. A
simple structure of the HMMs is utilised, i.e. one Gaussian mixture per state with no
parameter tying. The recognition setup is based on the notion that one would have
prior information (from the position of the characters) of which characters are baseline
characters and which ones appear above or below the baseline characters, i.e. non-baseline
characters. Therefore, the recognition of both character groups is done separately.

The classification experiments were performed using several different feature vectors
assembled from the aforementioned features. The character sample is converted into a
sequence of 61 feature vectors as an input of the HMMs. Different feature extraction
methods yield feature vectors with different dimensionalities. In the experiments, the
number of HMM states is varied to find the optimal model configuration. The optimisation
of the HMMs is done by ML training using the Baum-Welch algorithm. Training is
executed for 40 iterations. The average recognition accuracies of both training and testing
sets are measured. The recognition results of the testing set for various feature extraction
techniques are presented in Table 6.2.

An increase in recognition rates is obtained with respect to an increase in the num-
ber of HMM states when the HMMs have less than 40 states. However, only a slight
improvement (sometimes a small decrease) in recognition accuracies is achieved when the
number of states exceeds 40. This indicates that the character model with 40 states ten-
tatively provides optimal recognition performance and serves as a good representation
of our character sample, which appears as a sequence of 61 frames. The results also
show that a simple feature such as the pixel feature is effective by yielding up to 85.55%
accuracy, despite its high dimensionality. These are higher than the best result of the
moment-based features, which yields only 84.94% accuracy. The feature extracted from
a (narrow) frame should be able to describe the distribution of pixels along the vertical
direction. Because most of the moment features we use are invariant to the translation
of pixels, the frames that contain similar shapes, albeit locating at different places, may
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Recognition Results (%) Feature Extraction 

Methods 

Dimen-

sions 6 states 12 states 25 states 40 states 50 states
    

 
 

 

Pixel Features 256 53.64 74.97 83.96 85.55 85.39 

Central Moments 8 28.90 66.42 76.87 77.56 77.95 

Hu’s Moment Invariants 7 20.12 51.64 62.54 65.93 64.74 

Legendre Moments 10 37.48 78.91 84.56 84.94 82.87 

Affine Moment Invariants 4 11.75 18.02 38.30 42.42 41.15 

Gabor(4,2) 8 55.64 75.80 82.89 85.25 84.88 

Gabor(4,4) 16 61.92 77.60 84.26 85.41 85.51 

Gabor(4,8) 32 61.29 76.61 83.47 84.50 85.09 

Gabor(8,2) 16 62.56 79.74 85.89 87.79 87.41 

Gabor(8,4) 32 67.25 80.42 86.74 88.42 87.81 

Gabor(8,8) 64 67.23 80.36 86.34 87.91 87.31 

Gabor(16,2) 32 56.91 76.95 83.53 85.37 85.03 

Gabor(16,4) 64 60.89 78.18 83.92 85.95 86.12 

Gabor(16,8) 128 61.05 77.64 83.55 85.31 85.49 

 

Table 6.2: Recognition results of the testing set for different feature extraction meth-
ods and various number of HMM states

produce an identical feature vector. Therefore, the moment invariant features may not be
appropriate for discriminating characters through the use of the sliding-window approach.

Among three feature extraction methods, the results show that the Gabor features
outperform the others, with the best recognition rate of 88.42% on unseen samples. This
suggests that the Gabor features are capable of capturing more of the underlying struc-
tures in the image while preserving their spatial relations, which is a desirable property
for a feature extraction technique in the sliding-window approach. With a handful of
dimensions (for example, 16 dimensions from the Gabor(4,4) feature), we can achieve the
results equivalent to that using the 256-dimensional pixel features. However, the perfor-
mance of the Gabor features varies in accordance with the number of sampling points and
orientations. A comparison of pixel features and various settings of Gabor features for the
40-state HMMs is illustrated in Figure 6.3. Having stated that the Gabor features yield
the best results, the experiments reported in the following sections are based on these
features.

6.3.2 PCA and Block-Based PCA

Principal Component Analysis (PCA) [137] is a well known statistical technique, com-
monly used in pattern recognition, for dimensionality reduction and data analysis. It is
also successfully applied to speech and character recognition applications [138]. The basic
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Figure 6.3: Recognition results of the testing set for pixel features and various settings
of Gabor features in the 40-state HMMs, summarised from Table 6.2

principle of PCA is to find a linear transformation matrix A to convert a set of correlated
data into an uncorrelated one. The data are considered uncorrelated when the off-diagonal
components of their covariance matrix are zero. Unlike Independent Component Analysis
(ICA) or Linear Discriminant Analysis (LDA) [137] which attempts to discriminate the
data of each category, PCA does not take into account category labels and data classifi-
cation during the transformation process. Given the d-dimensional feature vector x, the
transformation of x into a new feature space y by PCA can be written as:

y = A(x − µx), (6.5)

where µx represents the mean vector derived from the entire feature vectors of the training
set. The covariance matrix Cx of the same data is also calculated. The transformation
matrix A is created by ordering the eigenvectors of Cx in a way that their eigenvalues
are descending. Because the first few eigenvectors of Cx (with the highest eigenvalues)
indicate the directions where the training data have large variances, it is possible to
discard the components whose eigenvalues are small without losing a significant amount
of information. The simplest application of PCA is concerned with projecting the first
d′ principal components of the d-dimensional feature vector into a d′-dimensional vector,
which is referred to as the standard PCA technique.

As an alternative to PCA, we propose a technique called block-based PCA which has
demonstrated a slight improvement of recognition accuracies compared with the standard
PCA [139]. Its design stems from the earlier discussion that the distribution of pixels
and their shapes along the vertical direction provides an important clue for character
discrimination. Thus, the finer features we extract from the vertical direction, the better
discrimination these features possibly become.

In block-based PCA, we begin with the w × H-pixel frame image. This is divided
vertically into overlapping blocks of the height h, with successive blocks moving by a
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Figure 6.4: The process for dividing each image frame into several blocks

vertical offset ov until they cover the entire vertical height (see Figure 6.4). As a result, a
total of H−h

ov
+ 1 blocks are obtained from each frame. Given the 4 × 64 image frame, we

specify the block height to 16, and each block overlaps by an 8-pixel offset. Therefore, it
requires 7 blocks to cover a frame of height 64. The designated features are then extracted
from each of the 16 × 8-pixel blocks, resulting in a d-dimensional feature vector. The
vectors from all 7 blocks are concatenated to form a large feature vector of size 7d. Finally,
PCA is applied to reduce its dimension to a d′-dimensional vector.

Another way to perform block-based PCA is to use an individual transformation
matrix for each block to extract its principal components, which is calculated from the
covariance matrix of that block in the training data. Each block is projected by PCA to d̄
dimensions. These are concatenated for all 7 blocks to make a final vector of size d′ = 7d̄.
Note that, in this case, the final dimension has to be multiplicities of block numbers by
which it is not as convenient as the aforementioned method. Moreover, our preliminary
experiments reveal that the performance of both techniques do not vary significantly.
Therefore, the results shown in the following sections are based on the former technique.

A series of experiments to evaluate the performance of standard PCA and block-
based PCA is conducted. Since Gabor feature vectors are relatively small, we do not
alter their dimensions during the transformation process, i.e. d′ = d. However, the
dimensions of pixel features are reduced from the original 256 to 42 (d′ = 42). Note
that the transformation matrices are computed by using only the feature vectors from
the training data. Once all feature vectors are transformed, they are subsequently used
in the training and recognition processes of HMMs. The settings of training parameters
are similar to those of Section 6.3.1, but only the HMMs with 40 states are evaluated.
The recognition performance is summarised in Table 6.3 and compared with the results
in Figure 6.3 (without PCA). These results show that both the standard PCA and block-
based PCA techniques are efficient and can increase recognition accuracies of the system.
Our proposed block-based PCA slightly outperforms the standard PCA technique in all
cases. Further investigations and results of PCA and block-based PCA are presented in
Section 6.3.3.
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Without PCA Standard PCA Block-Based PCA Feature 

Extraction 

Methods Dim 
Recognition 

Results 
Dim 

Recognition 

Results 
Dim 

Recognition 

Results 
 

      

Gabor(4,2) 8 85.25 % 8 86.01 % 8 87.81 % 

Gabor(4,4) 16 85.41 % 16 87.18 % 16 88.11 % 

Gabor(8,2) 16 87.79 % 16 88.27 % 16 88.49 % 

Gabor(8,4) 32 88.42 % 32 88.98 % 32 89.10 % 

Pixel Features 256 85.55 % 42 85.89 % 42 86.42 % 

 

Table 6.3: Recognition results of the testing set when using different PCA techniques

6.3.3 Composite Images

In addition to extracting features from the normalised character images, we also evaluate
our feature extraction techniques on the transformed versions of those images, such as
the polar transformation and 90-degree rotation. The polar transformation (similar to
the log-polar transform [140]) is widely used in computer vision research and, recently, in
character recognition [121]. It is a conformal mapping from points in the image f(x, y)
to points in the polar image g(r, θ). By defining an origin O = (ox, oy) which is given by
the centroid (ox = x̄, oy = ȳ) of the image, the mapping is described by:

r =

√

(x − ox)2 + (y − oy)2

d
, (6.6)

θ = arctan

(

y − oy

x − ox

)

, (6.7)

where d is defined as the maximum distance between O and all pixels in f . The maps are
then normalised to the size of 64 × 64 pixels. Examples of the original image, together
with its polar transform and clockwise 90-degree rotated versions are illustrated in Fig-
ures 6.5 (a), (b) and (c), respectively. Note that these transformations are operated on
the entire image, not at the frame level.

The sliding-window and feature extraction techniques are applied to these images
in the same fashion as described in Section 6.3.1. Our preliminary experiments [127]
show that the original image and the two transformed images give comparable recogni-
tion results individually. However, their confusion matrices exhibit significant differences
between each of the character classes, meaning that each transformation is capable of
capturing different important information of the characters. These bring in an idea of
using a composite image in which the original image is concatenated with the 90-degree
rotation of itself and the polar transformed version of itself, as depicted in Figure 6.5 (d).
All character samples are converted into the composite images which are later used in the
training and recognition processes.

We evaluate the performance of composite images on two selected features: Ga-
bor(4,4) and Gabor(8,4). Since the number of frames obtained from the composite im-
ages is three times larger than that of the original images, the appropriate number of
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      (a)                (b)               (c)                           (d)

 

Figure 6.5: Samples of transformed character images: (a) original image, (b) polar
transformed image, (c) clockwise 90-degree rotated image and (d) com-
posite image

Recognition Results (%) when using Composite Images Feature 

Extraction 

Methods 

Dim 

Original 

Results 

(%) PCA Methods 40 states 50 states 60 states 70 states
     

 
 

 

Without PCA 88.98 89.67 89.97 90.49 

Standard PCA 89.38 90.19 90.54 91.02 Gabor(4,4) 16 85.41 

Block-Based PCA 89.73 90.33 90.70 91.10 

Without PCA 89.67 90.70 91.16 91.71 

Standard PCA 90.42 91.22 91.43 91.75 Gabor(8,4) 32 88.42 

Block-Based PCA 90.53 91.40 91.65 92.03 

 

Table 6.4: Recognition results of the testing set for different PCA techniques and
various number of HMM states when composite images are in used

HMM states needs to be sought. In addition, the applications of PCA and block-based
PCA to the composite images are investigated. Their recognition results are summarised
in Table 6.4, compared with the results of using normal images. The HMMs with 70
states seem to be the optimal topology for the composite images. The number of states
exceeding 70 does not give significantly different performance, thereby being excluded
in the table. From the results, the composite images are superior to the normal images
in all cases. By using the composite images, we obtain a large improvement up to 35%
relative (from the absolute 85.41% to 90.49%) depending on the experimental conditions.
Both PCA techniques are also effective when applied to the composite images, and can
increase recognition accuracies of the systems. At the same time, it is shown that the
block-based PCA is slightly better than the standard PCA technique, in support of the
results obtained from Section 6.3.2.

Thus far, we have studied the performance of feature extraction in ML training by
using a simple HMM structure with a single Gaussian per state and without parameter
tying. An additional set of experiments is conducted to evaluate the performance of
mixture-Gaussian systems, both with and without parameter tying. We achieve a small
increase in the recognition accuracies when multiple Gaussians per state are utilised.
These improvements come with a trade-off for an increasing number of system parameters,
which however can be solved by tying the Gaussian mixtures. Nevertheless, such systems
require much more computation time in the recognition process than the simple structure
HMMs, due to the number of Gaussians involved in likelihood computations. Therefore,
the single state HMMs are deemed more appropriate to be considered as the initial models
for MMI training. Moreover, the results from Chapter 4 show that MMI training is more
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effective when applied to the untied systems. For this reason, the experiments of MMI
training reported in Section 6.5 are based on the simple structure of HMMs that uses the
composite images and block-based PCA described in this section.

6.4 MMI Training in HMMs

Three different optimisation algorithms of MMI training in the HMMs have been evaluated
(see Section 4.4). Although the QuickProp algorithm is selected for MMI training due to
its highest convergence rate, it poses some difficulties in specifying the learning parameters
when the multi-state HMMs are put in place. As the number of model parameters grows,
the algorithm becomes more sensitive towards the settings of the learning rate, η, and
ϕ. The optimal values of these variables for each trained model parameter need to be
acquired. On the other hand, the Extended Baum-Welch algorithm demonstrates more
stability and less sensitivity to the settings of learning parameters than the QuickProp
algorithm, despite its slow convergence rate. It requires only a single learning parameter
setting which is the smoothing factor, D. The convergence-guaranteed condition of the
EBW algorithm is obtained when an infinite value of the smoothing parameter is used [71].
But, this results in a very small change of parameters. Recently, a variation of the
EBW algorithm has been proposed by Povey [10]. Povey introduces a concept of strong-
sense and weak-sense auxiliary functions which provide an efficient way to derive the
EBW update rules for Gaussian parameters that are valid for any values of smoothing
parameters. His approach also leads to the novel update rules for mixture coefficients
and state transition probabilities. The algorithm is proven effective in large vocabulary
speech recognition applications [10, 34]. The work of MMI training presented here focuses
on this algorithm as it can efficiently determine the smoothing parameters. This method
also yields fast convergence rates and requires only a small number of training iterations.
Details of the algorithm are briefly described in the following sections.

6.4.1 Strong-Sense and Weak-Sense Auxiliary Functions

Parameter estimation in the HMMs involves either maximising or minimising the objective
functions. However, the direct optimisation of these functions is complicated, and often
it relies on an alternative method that employs auxiliary functions. For example, as
discussed in Section 3.3.1, the use of the auxiliary function in ML training can simplify
the problem of maximising the ML objective function. This auxiliary function is useful
in such a way that it is an easy function to maximise rather than the actual ML objective
function. An increase in its value is also bound to increase the ML objective function.
Given the objective function F(λ) to be maximised, such an auxiliary function Q(λ, λτ )
has the following property:

Q(λτ+1, λτ ) −Q(λτ , λτ ) ≤ F(λτ+1) −F(λτ ), (6.8)

where λ represents the model parameters that need to be estimated, λτ is the current
model parameters treated as a constant, and λτ+1 denotes the particular estimate of λ.
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Starting with the current value of model parameters, λτ , if the estimate λτ+1 increases Q,
it will also increase F . By iteratively maximising the auxiliary function Q, it is guaranteed
to reach a local maximum of F(λ). The auxiliary function that satisfies the condition
in Eq. 6.8 is known as the strong-sense auxiliary function [10]. This kind of functions is
used to maximise the ML objective function in the Baum-Welch algorithm. Nevertheless,
it is not applicable to the maximisation of the MMI objective function in Eq. 3.24 which
contains a negative sign of the denominator likelihoods because the inequality in Eq. 6.8
will no longer hold. Povey [10] introduces the concept of weak-sense auxiliary functions
which have the following property:

∂ Q(λτ+1, λτ )

∂λτ+1

∣

∣

∣

∣

λτ+1=λτ

=
∂ F(λτ+1)

∂λτ+1

∣

∣

∣

∣

λτ+1=λτ

. (6.9)

The above equation is regarded as a minimum requirement for any auxiliary function to
be used for optimising F . Maximising the weak-sense auxiliary functions does not now
guarantee an increase in F . However, if there is no change in λτ+1 after a number of
training iterations, we can imply that a local maximum of F(λτ ) has been reached, and
the final λτ+1 becomes the estimate of the model parameters. The weak-sense auxiliary
function has to be carefully chosen to ensure good convergence.

6.4.2 EBW Re-Estimation Formulae

Povey derives particular weak-sense auxiliary functions suitable for the optimisation of
the MMI objective function [10]. His approach yields the updating formulae for Gaussian
parameters equivalent to the ones proposed in [71] (see Section 4.4.1). Analogous to
Eqs. 4.12 and 4.13, the EBW formulae for Gaussian parameters updating in the CDHMMs
can be written as:

µτ+1
i,j,k,d =

(Θi,j,k,d − Θi,j,k,d) + Di,j,k µτ
i,j,k,d

(γi,j,k − γi,j,k) + Di,j,k

, (6.10)

and

(στ+1
i,j,k,d)

2 =
(Ψi,j,k,d − Ψi,j,k,d) + Di,j,k

(

(στ
i,j,k,d)

2 + (µτ
i,j,k,d)

2
)

(γi,j,k − γi,j,k) + Di,j,k

− (µτ+1
i,j,k,d)

2. (6.11)

With the help of the weak-sense auxiliary functions, the EBW algorithm can be
proven to converge under any values of the smoothing parameter D. This allows us to
specify the smoothing parameter at the Gaussian level, hence Di,j,k. In the implementa-
tion, the value of Di,j,k is set to the larger of i) twice the smallest value required to ensure
that all variances are positive, or ii) γi,j,k times a further constant E [10]. This provides
a sensible approach to learning parameter settings, and is experimentally found to lead
to good convergence. The value of E is typically set to 1 or 2.

By applying the weak-sense auxiliary functions, he also derives a new EBW re-
estimation formula for the parameters subject to the sum-to-one constraint (the mixture
coefficients and state transition probabilities). Rather than computing the updated mix-
ture coefficients directly from Eq. 4.4, another batch of iterative computations is con-
ducted to estimate these updates after each MMI training iteration. For all models λi,
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state sj and mixture k, the value of c
(0)
i,j,k is set to cτ

i,j,k (the original value before a particular

MMI iteration), and we iteratively compute c
(p)
i,j,k by:

c
(p+1)
i,j,k =

γi,j,k + Di,j,k c
(p)
i,j,k

∑

m γi,j,k + Di,j,k c
(p)
i,j,k

, (6.12)

where

Di,j,k =

(

max
k

γi,j,k

cτ
i,j,k

)

− γi,j,k

cτ
i,j,k

. (6.13)

During these sub-iterations, the occupation counts γi,j,k and anti-occupation counts γi,j,k

are not further collected. Therefore, their original values remain in use. It may require up
to 100 sub-iterations (p) for the value of c

(p)
i,j,k to converge. The final values of c

(p)
i,j,k serve

as the updated values of the mixture coefficients, i.e. cτ+1
i,j,k, for a particular MMI training

iteration. A similar method can be applied to each row of the transition matrices.

6.4.3 Probability Scaling

From the MMI training experiments, we notice that the denominator likelihoods (the
negative term in the MMI objective function) tend to be dominated by one of the character
classes, which is usually the correct character. As a result, the other character classes
become less likely to compete with the correct one. This may result in a classifier with non-
smooth decision boundaries which are not generalised to the unseen samples. Schluter [73]
introduces the smoothing parameter which serves as a scale on the log likelihoods to enable
more characters to compete with the most likely character. The method has demonstrated
some improvements on the recognition results of the testing set, as presented in [10, 34].
Consider the MMI objective function in Eq. 3.24, the probability scaling can be performed
by:

fMMI(Λ) =
1

R

R
∑

r=1

(

log PΛ(OT
r |Cr)κ − log

M
∑

i=1

PΛ(OT
r |Ci)

κP (Ci)
κ

)

, (6.14)

where the smoothing parameter κ is typically less than one.

To obtain an intuitive idea of probability scaling, consider a function y = xκ for
various settings of κ in Figure 6.6, where both x and y are bounded between 0 and 1. The
smaller the value of κ gets, the more significant the value of x becomes. In this way, the
MMI criterion increasingly takes into account the likelihood of the less likely characters.
With κ = 1.0, the system functions as normal MMI training without involving a scaling
factor. Although Povey [10] suggests that κ should be within the range of 1

10
to 1

20

if no statistical language model is used, we find that the optimal value of κ is highly
dependent on the recognition tasks and needs to be obtained from the experiments. Note
that probability scaling is applied to the forward-backward algorithm which calculates
the occupation counts, γi,j,k and γi,j,k, for the HMM states [10]. This has no impact on
the EBW algorithm, so the optimisation formulae in Section 6.4.2 can be used directly.
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Figure 6.6: The graph showing a function y = xκ for different settings of κ

6.5 Experiments of MMI Training in HMMs

6.5.1 Performance of MMI Training

After the models are initialised by ML training, the MMI training experiments are sub-
sequently conducted by using the EBW algorithm described in Section 6.4.2. The MMI
training module developed for the HTK toolkit has been used in the work of Povey [10]
and Nopsuwanchai and Povey [139]. In continuous speech recognition applications, the
numerator and denominator likelihoods are efficiently computed via the use of lattices.
The lattice stores alternate word sequences in the form of a graph where the arcs corre-
spond to words, and the word sequences are encoded by the paths through the graph. A
detailed description regarding lattices can be found in [10, 33]. However, in the case of
isolated character recognition, the lattice contains only alternate character classes, but
not their sequence information. The numerator lattice of each character sample represents
its correct category while the denominator lattice encodes all possible classes of that sam-
ple. The denominator likelihoods of the baseline character samples are computed from
all possible 64 baseline character classes, and in the same vein the possible 13 classes are
used for the non-baseline characters.

The MMI training experiments are performed on the system that employs the Ga-
bor(8,4) features with the composite images and block-based PCA. Although the ML-
trained systems with 60 and 70 states yield slightly higher recognition accuracies than
the ones with 50 states, our preliminary experiments find that the results of MMI train-
ing on the 50-state system are generally better than the other two. This may be due to
the reason that discriminative training is more sensitive to the amount of training data
than is ML training, as presented in [10] and [139]. The system with a higher number
of model parameters would require higher number of training samples. Therefore, the
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following MMI training experiments are based on the 50-state HMMs. The value of E in
all experiments is set to 2, which happens to be the optimal value for our tasks.

In the first experiment, we evaluate the performance of MMI training without the
effect of probability scaling, so the value of κ is set to 1.0. MMI training is carried out for
10 iterations. All HMM parameters, e.g. the state transition probabilities, the means and
variances of the Gaussians, are optimised by MMI. Figure 6.7 illustrates the MMI objective
function varied with iterations of training, demonstrating that the MMI optimisation is
proceeding smoothly. The recognition performance of both the training and testing sets
is shown in comparison with the ML training results (see Figure 6.8). The improvement
from MMI compared with the ML baseline on the testing set is equivalent to 15% relative
(from 91.40% to 92.67%). However, it is interesting to note that the training set results
rise quickly to 100% within only 6 iterations of MMI training while the testing set shows a
more modest improvement. Even though MMI training is clearly efficient and can improve
the results from ML training, this indicates that the system is not well generalised to the
unseen data. This problem is accordingly addressed in Section 6.5.2.

6.5.2 Effects of Probability Scaling

The experiments in this section aim to investigate the effects of probability scaling towards
the generalisation of the system. The scaling parameter κ described in Section 6.4.3 con-
trols the degree of contribution among competing categories and enables more characters
to compete with the most likely character. Starting from the ML-trained system with the
configuration similar to that of Section 6.5.1, a series of experiments with different settings
of κ is carried out. The recognition performance of the testing set for various values of κ is
summarised in Table 6.5 and Figure 6.9. The results do not vary significantly for κ within
the range of 1.0 and 0.05. However, an improvement of the testing set results becomes
more dramatic when the value of κ is below 0.02, as shown in Figure 6.9. The range of
κ between 0.003 and 0.006 provides a relatively high recognition performance, with the
peak at κ = 0.004. The highest recognition accuracy reaches 95.74%, or equivalent to
50% relative error reduction when compared with the ML result.

 Recognition 

Results 
  

1.00 92.69 % 

0.80 92.69 % 

0.60 92.67 % 

0.40 92.63 % 

0.20 92.59 % 

0.10 92.65 % 

0.08 92.63 % 

0.05 92.69 % 

Values of

Table 6.5: Recognition results of the testing sets for some values of the scaling pa-
rameters κ
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Figure 6.7: The growth of the MMI objective function versus the number of MMI
training iterations
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Figure 6.8: Comparison of the ML and MMI recognition results of both training and
training sets
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Figure 6.9: Recognition results of the testing set for different settings of the scaling
parameters κ

Figure 6.10 shows the evolution of the MMI objective function versus training itera-
tions for various settings of κ. The corresponding recognition accuracies of both training
and testing sets are presented in Figure 6.11. With probability scaling, MMI training
progresses less rapidly than when probability scaling is not in used, as seen from a grad-
ual increase of the MMI objective function and the training set results. Nevertheless, this
yields a swift improvement in the testing set performance. These results clearly demon-
strate that probability scaling in MMI training is efficient and leads to good generalisation
on the unseen samples. The optimal value of the scaling parameter is, however, highly
dependent on the recognition tasks and the features used, and needs to be acquired from
the experiments.

6.5.3 The Use of N -best Lists

Even though probability scaling helps more characters to compete with the most likely
character, we find that the denominator likelihoods of only few character classes account
for the sum of the denominator likelihoods in the MMI objective function. This finding
allows us to compute the denominator likelihoods in a more efficient way. That is to
say, instead of accumulating the probabilities from all possible classes, we can take into
account only the N most likely candidates specified by the N -best lists.

The recognition process generates the individual N -best list for each training sample.
The denominator lattice of the sample is then constructed from the output of the N -best
list. This process is repeated in each iteration of MMI training and throughout all training
samples. In the experiments, we investigate the effects of various numbers of N by using
the same configuration as in the past two sections. The value of probability scaling κ is
set to 0.004. The recognition performance of the testing set for different values of N is
illustrated in Figure 6.12. It is shown that using the N -best lists to compute denominator
likelihoods with N ≥ 3 does not degrade recognition accuracies from the original result
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Figure 6.10: The growth of the MMI objective function versus the number of MMI
training iterations for various settings of the scaling parameters κ
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Figure 6.11: Recognition results of both training and testing sets versus the number
of MMI training iterations for various settings of the scaling parameters
κ
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Figure 6.12: Recognition results of the testing set for different values of N when
the N -best lists are used, compared with the result of using all possible
characters

of using all possible classes. It removes the confusing competing classes and hence can
significantly reduce the computation time of MMI training. In addition, some settings of
N yield a slight improvement compared with that when all possible classes are used. We
achieve the best result of 95.98% when N = 6.

6.5.4 Comparison with the Other Classifier

To verify the efficiency of our proposed recognition system and the MMI training tech-
niques, we compare their performance with the convolutional networks. The convolutional
networks characterise a special instance of multi-layer networks trained by the gradient
descent approach. They combine three ideas: i) local receptive fields; ii) shared weights;
and iii) spatial sub-sampling, to ensure some degree of shift, scale and distortion invariants
in the character samples. Since all the weights are optimised by back-propagation, the
convolutional networks embed feature extractors in their classifier design through the use
of multiple convolutional and subsampling layers. We compare our recognition system
with a variation of the convolutional networks called LeNet-5, which is considered one
of the most efficient classifiers [1]. The structure of LeNet-5 used in the experiments is
shown in Figure 6.13. Detailed descriptions of the optimisation process and the function
of each layer can be found in [1].

We train the convolutional networks for 160 iterations, when no further improvement
on both the training and testing sets is observed. The experiments on baseline and non-
baseline characters are carried out separately, and recognition results are summarised in
Table 6.6. The best MMI training results obtained from Section 6.5.3 are also displayed
and categorised into two character groups. These results are slightly better than those
of the convolutional networks. Clearly, it is shown that the performance of our proposed
system and the MMI training techniques for the Thai handwriting recognition problems
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Figure 6.13: Structure of the convolutional networks, LeNet-5, used in the experi-
ments, modified from [1]

Recognition Results 
Thai Character 

Categories HMM-Based 

Classifier

Convolutional Networks 

Classifier (LeNet-5)

Baseline Characters 95.92 % 94.87 % 

Non-Baseline Characters 96.32 % 95.92 % 

Average 95.98 % 95.04 % 

Table 6.6: Comparison of the recognition performance between the proposed HMM-
based classifier and the convolutional networks

lives up to the high performance achieved in other recognition systems.

Thus far, MMI training is carried out on two separate character groups by assuming
that we have prior knowledge regarding the position (either baseline or non-baseline) of
each character. The final experiments are conducted to perform MMI training under
the circumstance that such information is error-prone or not accessible. In this case,
all characters are treated similarly, and the recognition process compares the likelihoods
among all possible 77 classes. The denominator likelihoods are then computed from the
output of N -best recognition. The best result obtained from MMI training is 94.33%
accuracy on the testing sets compared with 89.34% from ML training. This demonstrates
how effective MMI training is.

6.6 Discussion and Summary

The problems of Thai handwriting recognition and discriminative training are ongoing
research areas, and many of their aspects have not been explored. In this chapter, we
present the use of discriminative training and propose novel feature extraction techniques
to improve the performance of the HMM-based Thai handwriting recognition system.
The best result we achieve is slightly better than the results obtained from the other high
performance system. Several aspects of MMI training are also investigated. A number of
contributions of this study can be summarised as follows:
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• A database of Thai handwritten characters is constructed for this research. Because
automatic Thai handwriting recognition is still in the early stages of research, most
researchers are required to collect their own data. For the benefit of future studies,
our database will be available to other researchers upon request.

• Various feature extraction techniques for the HMM-based recogniser are evaluated.
These features are efficiently computed from the global distributions of shapes in
the image structure and do not rely on a search for specially defined local structural
features as often used in previous research. The sliding-window technique is proved
effective for this purpose. We focus on three different feature extraction techniques,
namely the pixel, moment-based and Gabor wavelet features. Among these three
methods, the Gabor features yield the highest performance. This suggests that
they are capable of capturing more of the underlying structures in the image while
preserving their spatial relations. It is, thus, a desirable property for a feature
extraction technique in the sliding-window approach.

• The block-based PCA technique and the use of composite images are proposed
to improve the recognition results. The block-based PCA is an alternative way
to apply PCA to the feature vectors that enhances the features extracted from
vertical blocks in the frame image. It yields a slight increase in the recogniser
performance compared to the PCA results. On the other hand, the composite
image is a concatenation of an original image with a 90-degree rotated image and
a polar transformation of itself. These methods result in a relative error reduction
from 11% to 39%, depending on which other techniques are used.

• A variation of the Extended Baum-Welch algorithm proposed by Povey [10] for MMI
training is successfully applied to our recognition problem, despite its initial purpose
for continuous speech recognition applications. It demonstrates a fast convergence
of the MMI objective function and the training set results rise quickly to 100%.
However, the test set shows a more modest improvement, and an improvement from
91.40% in ML training to 92.67% in MMI training is obtained. This indicates a sign
of overtraining in which the system is not well generalised to the unseen data.

• It is found that the probability scaling [73] can efficiently improve the generalisation
of MMI training. The scaling factor applied to the log likelihoods enables more
characters to compete with the most likely character. However, its value should be
carefully chosen and is task- and data-dependent. We obtain the highest recognition
accuracy of 95.74% which is equivalent to 50% relative error reduction compared
with the ML result.

• The use of N -best lists allows us to compute the denominator likelihoods in a more
efficient way and also demonstrates a slight improvement in the accuracies compared
to when all possible classes are used. Rather than accumulating the probabilities
from all possible classes, we take into account only the N most likely candidates
specified by the N -best lists. The best result we achieve is 95.98%. Clearly, the
HMM parameters optimised by MMI training are empirically revealed to improve
the recognition performance from the ML-trained systems.

• The evaluation of our database on the convolutional networks, or so-called LeNet-

121



Chapter 6. MMI Training of HMM-Based Thai Handwriting Recognition

5, known as one of the most efficient classifiers, is performed. It is shown that
the performance of our proposed system and the MMI training techniques for the
Thai handwriting recognition problems is slightly better than the high performance
achieved in the LeNet-5 system.

Although the database used in this research has not been widely used, we believe
that MMI training is likely to give improvements in other HMM-based handwriting recog-
nition systems. The use of composite images is an easy-to-implement technique which can
be applied independently of other aspects of the recognition system, but only for isolated
character recognition. However, more experiments are required to test whether the block-
based PCA is of general use for feature processing. Further studies to evaluate these
techniques on the common databases, e.g. NIST databases [141, 142], are also important.
However, these are beyond the scope of this chapter and are left for future work. Finally,
with an increasing number of HMM-based classifiers for large vocabulary cursive hand-
writing recognition, it is anticipated that the discriminative training techniques reported
in this thesis may be of general use to improve the performance of those systems. Other
future research perspectives are addressed in Section 9.2.
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Chapter 7

Discriminative Prototype-Based Recognition

Systems

7.1 Introduction

The main purpose of this chapter is to present the concept of discriminative training
in prototype-based classifiers. The previous chapters in Part II extensively investigate
the applications of discriminative training and HMM-based classifiers to the handwrit-
ing recognition problems. The HMM classifier is one of the parametric techniques which
require an assumption for the correct form of the probability density function (pdf).
Discriminative training in the HMMs demonstrates significant gain in recognition perfor-
mance compared to ML training, even when the functional form of the underlying pdf
may be incorrectly assumed. An alternative approach to pattern recognition is the non-
parametric techniques that can be used without prior assumptions of the pdf’s functional
form. In this latter case, an entire training set is used as prototypic examples to infer the
Bayes decision boundaries directly. However, this process is computationally expensive
and requires a large storage space as the size of system parameters grows with respect
to an increasing number of training samples. The prototype-based classifier attempts to
reduce such computation requirements while simultaneously maintaining comparable clas-
sification performance. This can be performed either by selecting or generating subsets
of the prototypes from the given set of training samples.

This chapter presents the concept of discriminative training, Minimum Classification
Error (MCE) training in particular, in the prototype-based recognition systems. The
concept of the non-parametric approach and its variations are introduced in Section 7.2
as a background for the prototype-based systems. We focus on the Prototype-Based
Minimum Error Classifier (PBMEC) which employs the MCE criterion for prototype
generation with the aim of achieving minimum classification errors. The formalisation of
PBMEC and its training procedures are described in Section 7.3 as a foundation for its
applications to handwriting recognition problems in Chapter 8. Recent applications of
PBMEC and related classifiers are reviewed in Section 7.4. Finally, a summary of this
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chapter is given in Section 7.5.

7.2 Non-Parametric Classification

The primary goal of pattern recognition is to achieve minimum error rates. As discussed
in Chapter 2, the minimisation of the error probabilities is guaranteed by the Bayes
decision theory. Given an incoming pattern, it advocates choosing the category that yields
the maximum posterior probability. However, the Bayes decision rule requires complete
knowledge of all relevant probabilities which is rarely acquired in practice. We have to rely
on an indirect method that estimates the probability densities from the training samples
and uses them as if they are the true densities. Various approaches to density estimation
can be categorised into two groups. The first one is the parametric techniques which
require an assumption of the correct functional form of the underlying probability density.
In this case, the parameters of the function are estimated by using the available training
data. An example of the parametric techniques is the HMM-based classifier extensively
discussed in Part II of the dissertation. Since the correct form of the distribution is rarely
known, the chosen parametric function may not be a good representation of the true
density. An alternative solution to this problem is the non-parametric approaches where
the prior assumption for the pdf is not required, it is determined entirely by the data.

There are several non-parametric techniques. Some techniques, such as kernel-based
methods, try to estimate the conditional density function p(x|Cj) from sample patterns
without specifying the functional form in advance. The other approaches bypass the
process of probability estimation and use the entire sample set to estimate the posterior
probabilities p(Cj|x). The classification decisions can be directly made by using these
probabilities. An important instance of these techniques is the nearest-neighbour classifier.
The formalisation of both methods are extensively described in [11, 12]. Section 7.2.1
presents an overview of the nearest-neighbour classifier and its variations, and the concept
of prototype-based methods is discussed in Section 7.2.2.

7.2.1 Nearest-Neighbour Classifier

The nearest-neighbour (NN) classifier is one of the oldest and simplest classification meth-
ods widely used in various tasks, including data-mining, information retrieval and pattern
recognition. Its popularity stems from a solid theoretical foundation known as the nearest-
neighbour rule [143]. The basic principle of the NN classifier is based on an assumption
that data of the same category generally exist within close proximity in the feature space
and share similar properties. Hence, we could obtain its properties from the nearby sam-
ples, i.e. its neighbours. By applying this idea to pattern recognition, the category of the
unseen sample can be inherited from the category of its nearest neighbour in the training
set, as measured by the defined distance metric.

Consider a set of N training samples {x1, ...,xN} of M categories {C1, ..., CM}. Each
sample xn is labelled with its corresponding category Cn ∈ {C1, ..., CM}. The distance
function, dist(·, ·), is a non-negative real-valued function defined for all sample pairs.
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Sample xi in the training set is regarded as the nearest neighbour of the unseen sample
x when the condition, dist(x,xi) < dist(x,xj) for all i 6= j, is satisfied. By using the NN
rule, the category of x is inherited from xi, hence category Ci. There are many choices
of the distance metric which could be used. The commonly used one is the standard
Euclidean metric although other metrics, like Mahalanobis distance, can also be applied.

The k-nearest-neighbour (k-NN) is an extension of the NN classifier. Rather than
considering only the closest neighbour, the k-NN classifier takes into account the k nearest
samples around x, as specified by the distance metric used. The label of x is inherited
from the majority category among these k samples. The value of k is regarded as a
smoothing parameter for the decision boundaries and is empirically determined. It can
be seen that the NN (or 1-NN) classifier is a special case of the k-NN classifier where
k = 1.

Despite its simplicity, the k-NN classifier has many advantages over other methods.
For example, it requires no training process to classify the unseen samples and can be
used with only a small training set. It is capable of adding new training samples during
runtime. Furthermore, it is theoretically proven that the error rate of the k-NN classifier
converges to the optimal error rate generated by the Bayes classifier when both the num-
ber of training data N and the value of k increase, and the ratio k/N approaches zero
[11]. This confirms that the k-NN classifier can asymptotically approximate the optimal
classification decision. However, because all training samples have to be retained, the
k-NN classifier suffers from a requirement for large storage space. There is also an asso-
ciated computational cost since the distances between the testing sample and all training
samples have to be computed. More sophisticated versions of the k-NN classifier are pro-
posed in the literature [144, 145] to overcome these limitations for both storage efficiency
and fast processing.

7.2.2 Prototype-Based Classifiers

One approach to deal with the disadvantages of the k-NN classifier is to find better rep-
resentatives of the training samples rather than storing an entire training set. These
representatives are referred to as the prototypes of the system, and a recogniser em-
ploying this technique is called a prototype-based classifier. It attempts to improve the
storage requirement of the k-NN classifier and speed up the computation, while keep-
ing comparable performance. There are two alternative approaches for the designing of
prototype-based systems: prototype-selecting and prototype-generating approaches. In the
prototype-selecting approach, a subset of the training samples is chosen by pruning the
data based on some heuristic to maintain the performance of the system. In contrast, the
prototype-generating scheme relies on the clustering algorithm and compresses the data
into fewer representatives, based on some distortion measures. A comprehensive survey of
these techniques can be found in [146]. Variations of these methods are briefly explained
in the following paragraphs.

Many methods for prototype selection in the k-NN classifier have been proposed
over the past thirty years. The selection process is concerned with finding some rules to
determine which training samples are selected as the prototypes and which samples can
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be eliminated. Examples of the traditional techniques include the reduced NN, condensed
NN and edited NN algorithms. Using the reduced NN rule [147], a sample is removed
from the training set if the deletion does not result in misclassification of the remaining
samples. The process is iteratively performed until no samples can be further deleted. On
the contrary, the condensed NN approach [148] is considered as a bottom-up variation of
the reduced NN rule. It starts with a prototype set containing one random training sample,
and the misclassified training samples are added to the prototype set. The edited NN
rule [149] retains the correctly classified samples in the prototype set. Extended versions
of these approaches were proposed and evaluated on real problems [150]. The results
demonstrated comparable classification performance to the traditional k-NN classifier.

On the other hand, the prototype-generating approach aims at iteratively construct-
ing a modified training set to replace the original training samples. Methods for generating
prototypes vary from simple unsupervised clustering to optimisation techniques that use
heuristic error correction rules. The simplest approach is unsupervised clustering where
the training samples of each category are clustered independently and the cluster centres
then serve as the prototypes. Further modifications that employ supervised clustering and
some optimisation techniques have also been proposed, such as Learning Vector Quanti-
sation (LVQ) by Kohonen et al. [151, 152] and its extended versions. LVQ is capable of
adjusting the prototypes so that the closest prototype of each training sample belongs to
its correct category. Despite its popularity, the convergence of LVQ training is not guar-
anteed and it does not aim at optimising any objective function that has a formal link
to the Bayes classifier. The prototypes generated by these conventional methods can be
further reshaped by using the discriminative training criterion, as discussed Section 7.3.

7.3 Prototype-Based Minimum Error Classifier (PB-

MEC)

The Prototype-Based Minimum Error Classifier (PBMEC) is a prototype-generating clas-
sifier that employs discriminative training to create prototypes with the aim of minimising
the classification error. It is unclear how the MMI criterion is applicable to the prototype-
based system which is not explicitly probabilistic [153]. The MCE criterion is deemed
more appropriate because it offers a general framework (with flexible choices for dis-
criminant functions) that can be applied to the prototype-based system. In addition,
the optimisation of the MCE objective function provides a direct link to minimising the
probability of classification error and has a formal link to the designing of the Bayes clas-
sifier. PBMEC was originally proposed for speech recognition tasks by McDermott and
Katagiri [38]. It appears to be a valid alternative to the standard prototype-based k-NN
classifier in terms of performance, speed and memory requirement. The original version
of PBMEC is used to classify variable-length patterns. It embeds the Dynamic Program-
ming (DP) procedure in the same manner as the HMM classifier. However, the version
of PBMEC that deals with fixed-length patterns proposed by Biem and Katagiri [154] is
applied to this work. It requires only a single feature vector extracted from each character
sample, as opposed to the sliding-window technique employed in the HMM recognition
system. The underlying reason for using this system is that, given a limited time frame
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for this research, it provides a more feasible environment for comprehensive studies of
certain important aspects of PBMEC that have never been addressed in the literature
(see Section 7.4) than the one that uses variable-length patterns.

This section explains the details of the PBMEC recognition system, including its
structure and training process. These involve the introduction of the discriminant function
used in this work. We discuss the optimisation of the MCE objective function known as
Generalised Probabilistic Descent (GPD) in detail. The gradient computations required
by GPD optimisation and other gradient-based methods are also demonstrated.

7.3.1 Recogniser Structure

A distinct difference between PBMEC and the k-NN classifier is that, in the PBMEC
system, the whole training set, as used in the k-NN classifier, is replaced by the proto-
types generated by the discriminative training procedure. All prototypes belonging to the
same classification category contribute to the class-membership decision via the use of a
discriminant function. As discussed in Chapter 2, the discriminant function for each cate-
gory needs to be defined, and the classification decision is made by choosing the category
that results in the best discriminant value. By definition, the best value often refers to
the highest discriminant value. However, the discriminant function used in PBMEC is a
function of distances between the sample and the prototypes which indicates the degree
of membership of the sample to a particular category. Hence, the smallest discriminant
value represents the closest category. Although this may contradict the original definition
of discriminant function, any maximisation problem can be reformulated as a minimisa-
tion problem and the resulting decision boundary is not affected. A formalisation of the
PBMEC discriminant function based on [154] is given below.

We are given a finite set of M categories {C1, ..., CM}. The model of the category
Cj, 1 ≤ j ≤ M , is represented by the parameter set λj which is a set of Pj prototypes
{rj,m | 1 ≤ m ≤ Pj}. For simplicity, all categories are expected to have the same number
of P prototypes, i.e. Pj = P , for all j. The m-th prototype of category Cj is denoted
by rj,m. Each prototype is often referred to as a reference vector. The overall system
parameters are denoted as Λ = {λ1, ..., λM}. It is essential that the discriminant function
in PBMEC is continuous and, at least, first-order differentiable with respect to the system
parameters, Λ, because the estimation of Λ is performed using gradient-based optimisation
approaches.

Given a sample x, the PBMEC discriminant function gj(x; Λ) is a distance-based
function that indicates the extent to which x belongs to the category Cj and is defined
as:

gj(x; Λ) =

{

P
∑

m=1

||x − rj,m||−ν

}− 1

ν

, (7.1)

where 1 ≤ ν < ∞. The discrimination function used in PBMEC is analogous to an
Lp-norm [155] of distances between the sample x and the prototypes rj,m, except that a
negative value of p is used in this case. For later reference, we refer to this norm as the
Lν-norm of distances. The term || · || in Eq. 7.1 denotes the distance function in which
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any suitable distance metric can be used. At this moment, we only focus on a simple
Euclidean distance defined as:

||x − rj,m|| = ((x − rj,m)T (x − rj,m))
1

2

=

(

D
∑

d=1

(xd − rj,m,d)
2

)

1

2

,
(7.2)

where both x and rj,m are D-dimensional vectors, x = (x1, ..., xD)T and rj,m = (rj,m,1, ..., rj,m,D)T .
The use of Euclidean distance can be generalised to the Mahalanobis distance, as discussed
Section 8.3.2.

Using the above discriminant function, the final classification is done by the simple
classification rule:

decide x ∈ Ci if gi(x; Λ) < gj(x; Λ) for all i 6= j, (7.3)

or alternatively:
decide x ∈ Ci if i = argmin

j
gj(x; Λ), (7.4)

which chooses the category that yields the smallest value of the discriminant function.
The Lν-norm distance in Eq. 7.1 shows that the contribution of each prototype to the
discriminant function is modulated by the parameter ν with the property:

lim
ν→∞

gj(x; Λ) = min
m

||x − rj,m||. (7.5)

For a large value of ν, the discriminant function converges to the distance between the
sample and its closest prototype, meaning that the category of sample x is inherited from
the closest prototype. This is the nearest-neighbor rule. Thus, the tuning of ν enables
the emulation of various decision rules. This make PBMEC a generalisation of various
classifier structures.

7.3.2 PBMEC Overview

By following the definition of the discriminant function in PBMEC, we focus on the train-
ing process that generates prototypes or reference vectors from the training samples. Fig-
ure 7.1 illustrates processes in PBMEC training and recognition stages. PBMEC training
is performed in two steps: the process of prototype initialisation and the discriminative
training process using the MCE criterion. The MCE training assumes a good pre-training
configuration. Thus, the prototype initialisation is required to place the reference vectors
in the proper general positions [17]. The MCE training process then re-adjusts these
prototypes to achieve the minimum classification error status on the training set, and
the trained prototypes are used for the recognition of unseen samples on the basis of the
above classification rule.

The prototype initialisation process in PBMEC is typically done by the traditional
k-means procedure. The k-means process is a clustering algorithm that performs on a
category-by-category basis to generate a set of prototypes representing each category. Its
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Figure 7.1: Process in PBMEC showing the detail of training and recognition stages.

general objective is to minimise the total distortion over the training data of the particular
category.

Suppose the category Cj consists of Nj training samples and let {xj
1,x

j
2, ...,x

j
Nj
} be

the training set of Cj. For a pre-chosen number of clusters P , the k-means algorithm
iteratively adjusts the centre of each cluster, rj,m where 1 ≤ m ≤ P , by a within-cluster
averaging process which minimises the distortion E(j) defined as:

E(j) =

Nj
∑

n=1

min
m

||xj
n − rj,m||, 1 ≤ m ≤ P . (7.6)

The centres of resulting clusters serve as the initial prototypes to be further trained by
MCE. An algorithm for k-means clustering iteratively performed on each category Cj is
given below [156]:

Step 1: Define the number of clusters, P , as a number of required prototypes and ran-
domly choose P samples, from the existing Nj training samples, to be the cluster
centres.

Step 2: Determine the closest cluster centre of each training sample and assign the sam-
ple to be a member of that cluster. The new clusters are subsequently formed.

Step 3: Obtain the centre of each new cluster by calculating the mean vector of the
samples that belong to the cluster. Suppose cluster m has Nj,m samples, each

sample can only be a member of one cluster, therefore
∑P

m=1 Nj,m = Nj. Let xj
n,m

be the n-th sample belonging to cluster m, the mean vector of cluster m is computed
by:

rj,m =

(

1

Nj,m

)Nj,m
∑

n=1

xj
n,m (7.7)
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Step 4: Repeat Step 2 and 3 until the change in the distortion is less than the predefined
threshold, i.e. there are only subtle changes in all clusters.

By following the above process, the optimal value of distortion in Eq. 7.6 can be
achieved. The k-means clustering algorithm generates a disjoint set of clusters with well
defined boundaries. This algorithm has been used as a standard prototype initialisation
process in PBMEC until now. There is, however, an obvious discrepancy between the
training and testing phrases in that the distance metric used in Eq. 7.6 does not conform
with the Lν-norm distance used in the PBMEC discriminant function. In this work, we
propose an alternative initialisation method which is better suited to the PBMEC system
than the convention k-means algorithm. This method is introduced and evaluated in
Section 8.3.3.

7.3.3 MCE Training in PBMEC

As discussed in Chapter 2, MCE training is a discriminative training approach that pro-
vides a direct relationship with the Bayes classifier. Applied to the prototype-based
classifier, it allows the training process to directly focus on minimising the classification
error. MCE training is performed by adjusting the initial prototypes after the proto-
type initialisation process. It aims at minimising the MCE objective function which is
a reflection of the classification errors. Consider a set of N training samples of M cate-
gories, where category Cj ∈ {C1, ..., CM} has Nj training samples and

∑M

j=1 Nj = N . Let

{xj
1,x

j
2, ...,x

j
Nj
} be the set of training samples of Cj and let Λ represent the overall system

parameters. The MCE objective function, introduced in Eq. 2.22, can be rewritten here
as:

fMCE(Λ) =
1

N

M
∑

j=1

Nj
∑

n=1

ℓj(x
j
n; Λ), (7.8)

where ℓj(x; Λ) represents the loss incurred when the classification decision of the sample
x is made, given that its correct category is Cj. Ideally, the step-wise 0–1 function should
be used as the loss function. The loss is incurred when x is misclassified, i.e. x is
recognised as Ck where k 6= j. However, the optimisation of fMCE is usually performed
by using gradient-based approaches which require a smooth loss function. The practical
loss function is defined as a function of the misclassification measure, dj(x; Λ), similar to
Eq. 2.24:

ℓj(x; Λ) = ℓ(dj(x; Λ)), (7.9)

where dj(x; Λ) is the misclassification measure of x given that its correct category is Cj.
The important properties of the loss function, ℓ(d), can be summarised as follows [27]:

• Value of loss varies between 0 and 1.

• The loss is a monotonically increasing function.

• The loss limits are 0 and 1, for d → −∞ and d → ∞, respectively.

There are several approximations in the literature that satisfy these conditions. The
widely used ones are the sigmoid and piece-wise linear functions discussed in Section 2.4.2.
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In this work, we use a more sophisticated loss function based on [27], which is described
in Section 8.4.1.

The misclassification measure of x is a function that maps the classification decision
of x into a scalar value. In addition, it provides an indication of how good the classification
is. The misclassification measure of x is defined as a difference between the discriminant
function for the correct category Cj, gj(x; Λ), and the discriminant functions of all other
categories, gk(x; Λ), where k 6= j. The misclassification measure used in PBMEC is:

dj(x; Λ) = gj(x; Λ) −







1

M − 1

M
∑

k=1
k 6=j

gk(x; Λ)−η







− 1

η

. (7.10)

This misclassification measure is slightly different from the one defined in Eq. 2.29, in
particular, the sign of many of the terms is changed. This is because the discriminant
function of PBMEC is a distance function whose smallest value represents the best cat-
egory. However, both definitions result in similar behaviour in that a positive sign of
the misclassification measure implies an incorrect decision, and a negative sign reflects
a correct decision. Given the true category Cj, the correct decision for x occurs when
gj(x; Λ) is the smallest discriminant value when compared to that of other categories. As
a result, the second term in Eq. 7.10 is larger than the first term. This accordingly yields a
misclassification measure with a negative sign. The η parameter is a positive integer that
controls the degree of contribution among the competing categories. It is an adjustable
parameter that acts as a smoothing factor in the same manner as the ν parameter in the
discriminant function. By setting η to ∞, the misclassification measure is approximated
by the difference between the discriminant value of the best, yet incorrect, category and
that of the true category.

7.3.4 Generalised Probabilistic Descent (GPD) Optimisation for
PBMEC

The MCE training in PBMEC is basically a process of parameter adjustments with an aim
of minimising the MCE objective function. In PBMEC, the parameters of our concern
are the prototypes. As discussed earlier, the typical methods for optimising the MCE
objective function, fMCE, are based on gradient-based approaches. In this section, the
most commonly used method for MCE training, namely Generalised Probabilistic Descent
(GPD) proposed by Katagiri et al. [28], is described. This optimisation technique is often
referred to as MCE/GPD in speech recognition research. The GPD method is closely
related to the Probabilistic Descent Method (PDM), one of the stochastic approximation
methods, proposed by Amari [23]. A distinct difference is that GPD is a general and
smoother version of PDM, and it can be applied to various recognition structures, includ-
ing the recognition of variable-length patterns. An extensive discussion of GPD, together
with its mathematical foundation, can be found in [28].

In fact, the MCE objective function in Eq. 7.8 is an average of the individual loss
incurred for each training sample. Unlike the standard gradient descent methods, the
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GPD optimisation focuses on the reduction of these individual losses rather than directly
minimising fMCE. The probabilistic descent theorem [23] proves that the minimisation
of the individual losses leads to the minimisation of the average loss, at least to the local
minimum. The adjustment of the system parameters in GPD is performed adaptively
which means an update is done every time after the introduction of each training sample.
This is opposed to the batch updating in the standard gradient descent methods in which
parameters are adjusted after the entire training set is presented, i.e. after each training
iteration. Let us assume that the sample xτ of category Cj is presented at the discrete
time index τ . The parameter adaptation in GPD is performed according to:

Λτ+1 = Λτ − ǫτU∇ℓj(xτ ; Λτ ), (7.11)

where Λτ represents the system parameters at the arrival time of xτ , Λτ+1 is the updated
parameters and ǫτ is a time-decreasing step size equivalent to a learning rate in gradient
descent methods. Suppose we have an access to an infinite sequence of randomly selected
training samples. According to the probabilistic descent theorem, the following conditions
on ǫτ are required for the optimisation to converge:

∞
∑

τ=1

ǫτ → ∞ and (7.12)

∞
∑

τ=1

ǫ2
τ < ∞. (7.13)

However, only a limited number of training samples is available in practice. The learning
rate ǫτ is approximated by a monotonically decreasing function such as:

ǫτ = ǫ0

(

1 − τ

Nmax

)

, (7.14)

where ǫ0 is the initial learning rate and Nmax is the preset total number of adjustment
repetitions. In practice, training is repeatedly cycled over an entire set of training samples
for a predefined number of iterations, NIter. This yields a total number of adjustments
Nmax = NIter × N . The positive definite matrix U in Eq. 7.11 allows the learning rate
for different model parameters to be scaled differently. The above adaptation procedure
is applied to all adjustable PBMEC parameters. For the discriminant function in Eq. 7.1,
the only parameters we are interested in are the reference vectors. Additional updatable
parameters are introduced in Section 8.4.3. Clearly, the adaptation process involves the
computation of the gradient of individual losses with respect to the prototypes. This
process is described below.

Gradient Computation

To compute the gradient of loss with respect to (w.r.t) the reference vectors, its partial
derivatives w.r.t to each individual component of Λ have to be found. These components
consist of the misclassification measure, the discriminant function and the reference vec-
tors. The final gradient can be computed by using the chain rule. Suppose we want to
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find the gradient of loss w.r.t the reference vector ra,p, which is the p-th prototype be-
longing to category Ca. We need to perform the derivative dimension-by-dimension. The
D-dimensional vectors of sample x and the prototype ra,p are denoted by x = (x1, ..., xD)T

and ra,p = (ra,p,1, ..., ra,p,D)T , respectively. According to the chain rule, the gradient of
loss ℓ(dj(x; Λ)) of the sample x ∈ Cj w.r.t the d-th dimension element of such reference
vector, ra,p,d, is computed by:

∂ℓ(dj(x; Λ))

∂ra,p,d

=
∂ℓ(dj(x; Λ))

∂dj(x; Λ)

∂dj(x; Λ)

∂ga(x; Λ)

∂ga(x; Λ)

∂ra,p,d

. (7.15)

The derivative of loss ℓ(dj(x; Λ)) w.r.t the misclassification measure dj(x; Λ) is dependent
on the loss function we choose. This derivative can be denoted by:

∂ℓ(dj(x; Λ))

∂dj(x; Λ)
= ℓ′(dj(x; Λ)). (7.16)

The partial derivative of the misclassification measure dj(x; Λ) w.r.t the discriminant
function ga(x; Λ) of category Ca needs to be considered in two separate cases. The first
case, a = j, occurs when the prototype belongs to the correct category of x, and the
second case when the prototype belongs to any other categories, a 6= j. These can be
computed as follows:

Case 1: when a = j
∂dj(x; Λ)

∂ga(x; Λ)
= 1 (7.17)

Case 2: when a 6= j
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(7.18)

That is,

∂dj(x; Λ)

∂ga(x; Λ)
= −ga(x; Λ)−η−1

M − 1







1

M − 1

M
∑

k=1
k 6=j

gk(x; Λ)−η







−1−η

η

when a 6= j. (7.19)
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Finally, the partial derivative of the discriminant function ga(x; Λ) w.r.t the proto-
type element ra,p,d is performed by:

∂ga(x; Λ)

∂ra,p,d

=
∂

∂ra,p,d

{

P
∑

m=1

||x − ra,p||−ν

}− 1

ν

= −1

ν

{

P
∑

m=1

||x − ra,p||−ν

}− 1

ν
−1

∂

∂ra,p,d

{

P
∑

m=1

||x − ra,m||−ν

}

= −1

ν
||x − ra,p||−ν−1

{

P
∑

m=1

||x − ra,m||−ν

}

−1−ν
ν

∂||x − ra,p||
∂ra,p,d

.

(7.20)

In the case of using the Euclidean distance, the last term of the above equation can be
derived from Eq. 7.2 as:

∂||x − ra,p||
∂ra,p,d

= −(xd − ra,p,d)

||x − ra,p||
. (7.21)

The final gradient is computed by substituting the above partial derivatives into Eq. 7.15.
As mentioned, it is important to note that every function relating to the MCE training,
including the loss function, is continuous and differentiable due to a requirement of gra-
dient computations. Every time a new sample x is introduced, each reference vector of
all categories is updated according to Eq. 7.11. From Eq. 7.17 and 7.19, it is noticeable
that the update rules of two cases are different in their signs. This means the MCE/GPD
update rule for PBMEC pulls the prototypes of the correct category closer to the input
while the prototypes of other categories tend to be pushed away.

In fact, the MCE objective function in PBMEC can be minimised by using other
optimisation algorithms, such as the conjugated gradient descent and the QuickProp
algorithm described in Section 4.4.3. In these instances, the above gradient computation
is accumulated, and the update process is performed after the introduction of all training
samples, i.e. after one whole iteration.

After the MCE training process, the resulting prototypes can be used to recognise
unseen samples as shown in the PBMEC testing process in Figure 7.1. Several experiments
to evaluate the performance of PBMEC in handwritten character recognition problems
are presented in Chapter 8. These include some important findings relating to PBMEC
training.

7.4 Applications of Discriminative Prototype-Based

Classifiers

PBMEC theoretically aims at achieving the ultimate goal of pattern recognition, which
is minimum error, via the use of distance-based discriminant functions. However, it is
debatable how well the discriminative prototype-based classifiers will perform in practical
applications. Several efforts have been made to evaluate their performances over the
past decade. The MCE training process, in common with other discriminative training
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techniques, involves more computation than non-discriminative approaches. Despite this
fact, its computational requirement is outweighed by the compact and high-performance
systems, as described below.

MCE training has been successfully applied to a prototype-based speech recognition
system that employs Dynamic Programming (DP) for recognising sequential feature vec-
tors. This recogniser is often known as the MCE/GPD trained Dynamic Time Warping
(DTW) classifier. In [157], the system was evaluated on the phoneme recognition task
by using the standard Bell Labs E-set database. It demonstrated better recognition re-
sults than the HMM classifiers trained with ML on the same data. Further experiments
performed by Chang and Juang [158] increased the classification accuracies by using
the exponential-form distance metric associated with adjustable weighting factors. Both
methods required a large amount of computation for DP since they used full templates of
phonemes for the representation of each speech category.

Instead of using full templates of phonemes, McDermott and Katagiri [38] applied
PBMEC to model the speech category at the sub-phoneme level. The number of sub-
phoneme states was relatively small compared to [158]. It resulted in a comparable recog-
nition result while the amount of DP computation was significantly reduced. In later
work by McDermott and Katagiri [159], the PBMEC system was extended to the task of
continuous speech recognition by the use of a discriminant function that incorporated a
finite state machine determined by the grammar of the task. A detailed explanation of
the experiments in [38, 159] was summarised in [17]. Although an extensive evaluation of
loss smoothing was presented in those reports, other important smoothing factors, such
as ν in the discriminant function and η in the misclassification measure, have never been
addressed. Both ν and η were set to infinity. The setting of these smoothing parame-
ters needs to be studied in detail as it reflects the degree of contribution of competitive
reference vectors and other competitive categories, respectively.

Despite its success in speech recognition applications, there have been few attempts
in applying discriminative prototype-based classifiers to character recognition tasks. A
successful application was reported by Huo et al. [44] where the classifier was applied
to the task of printed Chinese character recognition. The system was trained on a very
large database with more than three million samples of almost seven thousand character
categories. The baseline result, using k-means clustering, on the testing set showed a
high recognition accuracy of above 99%. After the MCE training, the absolute result
was increased by 0.4%. Although this is equivalent to a 50% relative improvement in
recognition performance, it would be interesting to evaluate the system on higher variance
data, such as handwriting samples, where the initial accuracy is not high, and there is
plenty of room for improvement.

Other important work was done by Liu et al. [146] in which eleven prototype learn-
ing algorithms, including MCE, were evaluated and compared on the handwritten digit
and Chinese character recognition tasks. The results confirmed that the system trained
with MCE provided the best recognition accuracy. The study also revealed that an im-
provement in the recognition performance of the testing set was not as good as that of the
training set. This inability of a prototype-based classifier to generalise the unseen data
is probably due to non-smooth decision boundaries generated by the nearest-neighbour
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rule. With this in mind, the effect of smoothing factors discussed above should be studied
in detail.

7.5 Summary

The main purpose of this chapter is to present the concept of discriminative training in
the prototype-based classifiers. An introduction to the non-parametric recognition ap-
proaches, which include the nearest-neighbour (NN) classifiers, provides the foundation
of knowledge. The prototype-based classifier attempts to improve the storage require-
ment of the NN classifier and reduce its computational requirements, while maintaining
comparable performance. Several methods proposed in the literature have been used to
acquire the prototypes from the set of training samples. Among them, the method of us-
ing discriminative training to generate prototypes is promising since it aims to minimise
classification errors. In this chapter, two important aspects are extensively discussed:
the prototype-based classifier that employs MCE training, namely Prototype-Based Min-
imum Error Classifier (PBMEC), and its training process. Applications of PBMEC have
demonstrated its advantages over the other methods. However, we found that several
important aspects of PBMEC have never been addressed in the literature. Chapter 8
presents the applications of PBMEC to handwriting recognition problems and also takes
into account these aspects.
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Chapter 8

Evaluation of Discriminative

Prototype-Based Classifiers

8.1 Introduction

The previous chapter described how discriminative training can be applied to the prototype-
based recognition systems, MCE training in the Prototype-Based Minimum Error Classi-
fier (PBMEC) in particular. PBMEC provides a compact and powerful classifier which is
more applicable to the resource-constrained system than the conventional k-NN classifier.
Although PBMEC demonstrates good performance on a large number of applications in
speech recognition tasks, only a few efforts have been made to evaluate its performance on
other applications. Despite its reliable efficiency, much effort is still required to improve
the training process. For example, the PBMEC training process involves several settings
of smoothing parameters. Due to an absence of guidelines for these settings, most im-
plementations in the previous literature rely on an approximate method which somehow
restricts the discrimination ability of the PBMEC system. Furthermore, an inconsistency
between the criteria used in the conventional initialisation and the recognition processes
may unnecessarily affect its recognition performance. For these reasons, the aim of this
chapter is to experimentally evaluate the performance of PBMEC in handwriting recogni-
tion. We propose the methods to overcome the aforementioned problems and investigate
various aspects of PBMEC training.

This chapter covers several key issues. First, the database and the feature extraction
method used in the experiments are introduced in Section 8.2. All processes in PBMEC
training are individually studied throughout the chapter. Section 8.3 focuses on the ini-
tialisation process and introduces the proposed initialisation method which is well suited
to PBMEC. Rigorous studies and extensive evaluations of the MCE training process in
PBMEC are performed in Section 8.4. These include a discussion of the loss function
used in this work and the effect of smoothing parameters in MCE. The performance of
PBMEC on different recognition tasks is compared with the baseline k-NN and other
classifiers. Section 8.5 presents a brief introduction and the evaluation of the discrimina-
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Numbers of samples 
Recognition Tasks 

Training sets Testing sets 
 

  

Digit Task 15,953 8,598 

Uppercase Task 28,069 16,401 

Lowercase Task 61,390 37,122 

 

Table 8.1: The number of training and testing samples for each character recognition
task in the UNIPEN database

tive feature extraction applications. Although the latter task is not the main objective
of this work, it demonstrates an alternative application of MCE training applicable to
feature transformation. Finally, the discussion and summary of the chapter are addressed
in Section 8.6.

8.2 Database and Feature Extraction

Prior to evaluating any classifier, the database and the feature extraction method used
in the experiments have to be defined. Among several publicly available databases, the
international Unipen Foundation has provided researchers with a valuable handwritten
character database, the UNIPEN database [160]. With a large number of handwriting
samples contributed by universities and companies, the UNIPEN database offers a multi-
writer handwriting database of English characters that consists of various character types,
ranging from isolated characters to cursive handwritten words. Several reports have pub-
lished recognition results based on this database and provided some reference points for
the comparison of different classifiers [161]. The UNIPEN database is designed for the
on-line handwriting recognition problems. The character is represented by its dynamic
information, i.e. a sequence of points sampled at equally spaced time intervals. Neverthe-
less, in this work, the problem of interest is the recognition of isolated off-line handwritten
characters, which requires the static information of the character data. With this in mind,
the character images are generated from the given dynamic information by using the map-
ping technique described in [162]. The characters are binarised and size-normalised giving
22×30-pixel bi-level images. The training and testing sets used in the experiments are de-
rived from the Train-R01/V07 and the DevTest-R01/V02 sets of the UNIPEN database,
respectively. Three recognition tasks from subsets 1a, 1b and 1c are considered, notably
the digit recognition (10 classes), the lowercase character recognition (26 classes) and the
uppercase character recognition (26 classes) tasks. Table 8.1 summarises the number of
character samples for each recognition task.

The next process is to decide what features should be extracted from the character
images. To achieve the highest recognition performance on any recognition task, it is
necessary to undertake an extensive exploration of various feature extraction methods.
However, due to a limited time frame for this research, only one feature extraction method
is evaluated. Much effort is devoted to improving the PBMEC training process. Given a
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particular feature extraction method, the relative gains in recognition accuracy sufficiently
indicate the effectiveness of this improvement.

As discussed Section 7.3, the architecture of PBMEC used in this research requires
only a single feature vector for each character sample. One of the potential feature extrac-
tion methods is to use the spectrum-based or spectral feature,1 whose value corresponds
to a frequency component in the character image. Here, the two-dimensional Discrete
Cosine Transform (DCT), which is the commonly used transform for image compression
and pattern recognition [163], is used. The detailed computation of the DCT can be found
in [164]. The DCT is more computationally efficient than the Discrete Fourier Transform
(DFT) since it is based on the real part of the Fourier series, without complex variables
involved. The strong energy compaction property of the DCT allows most of the signal
energy of the image to be concentrated in a few coefficients of the DCT while the re-
maining coefficients are not significant. Therefore, parameter tuning for the DCT feature
extraction can be performed by determining the number of coefficients required for the
representation of the image sample. Once it has been transformed, the inverse DCT is
used to reconstruct the image. The simplest indicator of measuring the difference between
the original and the reconstructed images is the Root Means Square Error (RMSE).

The DCT is applied to the 22×30-pixel character image and accordingly generates
the same size DCT image. Each pixel value in the DCT image corresponds to the DCT
coefficient for each frequency. The most significant coefficients are located at the low
frequency part, which is the top-left corner, of the DCT image. Low-pass filtering is per-
formed on the DCT matrices to reduce the number of coefficients. By empirically varying
the window size and reconstructing the images from the compressed DCT matrices, the
number of coefficients necessary for the feature vector is obtained. Figure 8.1 illustrates
the character samples and their reconstructed images based on different sizes of DCT
images. The RMSE of each transformation is also shown. We choose the 4×6-pixel DCT
image as the feature for the experiments throughout the chapter because it requires the
smallest dimension of DCT whose reconstructed images are still recognisable by humans.
This yields a 24-dimensional feature vector for each character image, which is equivalent
to an approximate 70% compression (the feature vector uses only 30% of the storage of
the 22×30-pixel image).

8.3 Evaluation of the Initialisation Process in PB-

MEC

In PBMEC, a prototype initialisation process is required to place the reference vectors into
the proper generic positions. These prototypes offer a good pre-training configuration for
the next MCE training stage. The following sections present the experiments to evaluate
various aspects of the initialisation process in PBMEC and the proposed initialisation
algorithm. These experiments are based on the database and feature vectors discussed in
Section 8.2.

1The experiments in this chapter had been carried out before the effectiveness of the Gabor features
presented in Chapter 6 was revealed.

141



Chapter 8. Evaluation of Discriminative Prototype-Based Classifiers
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Figure 8.1: Samples of the original character images and their reconstructed images
based on various sizes of the DCT feature, with the corresponding Root
Mean Square Error (RMSE) shown. The top and bottom rows represent
the samples from digit “3” and uppercase character“M”, respectively.

8.3.1 Lν-norm Contribution

The prototype initialisation process in PBMEC is usually done by the k-means clustering
algorithm. The main objective is to generate a set of prototypes that minimises the total
distortion over the training data, as a representative of each category. An algorithm
for the k-means clustering was described in Section 7.3.2. After defining the number of
clusters P , the training process is performed with the aim of minimising the distortion
E, defined in Eq. 7.6, on a category-by-category basis. The results of this process are
the reference vectors which serve as the initial prototypes to be refined by MCE training.
However, it is interesting to evaluate the performance of these prototypes, prior to the
MCE training process, by performing recognition on the unseen samples. At this stage,
the overall training process of PBMEC is reduced from Figure 7.1 to the one illustrated
in Figure 8.2.

Given the unseen sample, the recognition stage is performed by using the method
described in Section 7.3.1 which computes the discriminant function for each category

Training 

Process 

Feature 
Extraction

Prototype 
Initialisation 

Character 
images 

Feature 
vectors Initialised 

prototypes 

Character 
images 

Feature 
vectors

Recognition 
results 

Testing 
Process 

Feature 
Extraction

Recognition 
Process 

Figure 8.2: The reduced processes in PBMEC training for the evaluation of the pro-
totype initialisation process
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(Eq. 7.1). The category that yields the smallest value of the discriminant function is
chosen as the recognised category of that sample. Note that the discriminant function
involves the computation of an Lν-norm of the distances between the sample and all
reference vectors. The setting of the parameter ν in the Lν-norm computation is regarded
as the tuning of the smoothness degree in the decision boundaries. It controls the degree
of contributions for each prototype over the discriminant function in the following manner:
the higher the value of ν is, the less smooth the decision boundaries become. Non-smooth
decision boundaries may result in a classifier that is less generalised to the unseen samples,
as discussed in [26]. Moreover, the effect of the ν setting is carried on to the MCE training
process, where the optimisation of its objective function directly involves the gradients
of the discriminant function. From a literature survey in Section 7.4, it can be seen that
most of the previous work tends to simplify the calculation of the discriminant function by
setting ν to a very large value. This yields a discriminant function that converges to the
distance between the sample and its closest prototype, which enables some computational
savings. Thus far, there has been no theoretical guideline for choosing the appropriate
degree of smoothing; therefore the only way is to empirically evaluate each setting.

We perform a series of experiments in order to study the effect of the Lν-norm con-
tribution in the initialisation process. Each recognition task is performed separately. The
distance metric employed in the experiments is the Euclidean distance. Since the number
of prototypes for each category, P , has to be pre-specified, another set of experiments that
empirically adjusts the value of P is also carried out. In each setting of P , the system is
trained by using the k-means algorithm and the samples from the training set. Then, in
the recognition stage, the value of ν is varied and the classification performance on the
testing set is measured.

Figure 8.3 shows the performance of various classifier settings in the digit recognition
task. The horizontal axis represents the value of ν in the Lν-norm while the vertical axis
denotes the recognition results on the testing set. Each graph corresponds to each setting
of P , i.e. the number of prototypes per class. It is clear that the optimal performance
is achieved when the ν value ranges from 2 to 4, and is independent of the number
of prototypes per class. Note that setting ν to a large value is equivalent to using the
nearest neighbour rule, these results suggest that the classical use of the nearest neighbour
rule, whereby each category is represented by its closest prototypes to the sample, is not
optimal. The degree of smoothing introduced by setting ν to a relatively small value in
the Lν-norm of distances yields better performance. The results in both the lowercase and
uppercase character recognition tasks also demonstrate similar trends. However, before
this finding was revealed by Nopsuwanchai and Biem [165], we had already chosen the
value of ν = 5 as the initial setting for all experiments in the remaining sections. These
experiments are extremely time consuming and re-running them with ν = 3 or 4 will
not give significantly different results. Although setting ν = 5 does not result in the
best performance, it is close to the best in all cases and provides a unique initialisation
for all experiments which is valid for their comparisons. Table 8.2 summarises the best
recognition results of all recognition tasks achieved when ν = 5.
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Figure 8.3: The recognition performance of the initialisation process in the digit recog-
nition task showing the recognition results of the testing set versus the
value of ν for various recognition structures

 

Recognition Tasks 

Initialised  

Recognition Results 

(k-means Clustering) 
  

Digit Task 91.45 % 

Uppercase Task 82.42 % 

Lowercase Task 73.37 % 

 

Table 8.2: The recognition performance of the k-means initialisation process in all
recognition tasks

8.3.2 Effects of Distance Metrics

The distance metrics utilised in the previous experiments are based on the commonly used
Euclidean distance metric. In fact, any suitable distance metric can be applied to both
the k-means clustering process and the recognition process to compute the discriminant
functions. Using the Euclidean distance means that all components (or dimensions) in
the feature vector equally contribute to the calculation of its distance from the reference
vectors. In this case, the surfaces of a constant distance correspond to the spheroids
centred around the reference vectors. However, from the statistical point of view, a
distance that involves the variability of each component is preferred. Components with
high variability should receive less weight than those with low variability. This weighting
property is obtained by scaling all components with their inverse of variances, which
conforms to the definition of the Mahalanobis distance metric. The Mahalanobis distance
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Figure 8.4: The recognition performance of the k-means initialisation process in the
digit recognition task showing the recognition results of the testing set for
different distance metrics (ν = 5)

between the sample x and the prototype rj,m is defined as:

‖x − rj,m‖w = ((x − rj,m)T (Σj,m)−1(x − rj,m))
1

2

=

(

D
∑

d=1

1

σ2
j,m,d

(xd − rj,m,d)
2

)

1

2

,
(8.1)

where Σj,m is the diagonal covariance matrix of the m-th cluster of the category Cj and
σ2

j,m,d is the corresponding variance of the d-th component. Using the Mahalanobis dis-
tance yields equally distanced ellipsoids whose axes are in the direction of the eigenvectors
of Σ−1. For the special case where the variances in all components are identical, the Ma-
halanobis distance becomes equivalent to the Euclidean distance. Note that using the
Mahalanobis distance yields twice as many adjustable parameters as using the Euclidean
distance.

We perform the experiments to evaluate the performance of using the Mahalanobis
distance metric in comparison with the Euclidean distance. In the k-means clustering
process, the covariance matrices for all clusters and categories are computed to generate
the weighting factors after each training iteration. The final covariance matrices are
involved in the recognition process via the computation of distances in the discriminant
functions. The recognition performance is compared with the results in Section 8.3.1. In
the experiments, the value of ν is set to 5, and several settings of the prototype number
per class are evaluated.

The recognition results from the testing set in the digit recognition task are shown
in Figure 8.4. The horizontal axis represents the number of prototypes while the results of
using two different distance metrics are shown in different graphs. From the results, it can
be seen that the weighting factors introduced by the Mahalanobis distance are effective
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when the number of prototypes is small. For example, the result of 10 prototypes with the
Mahalanobis distance is equivalent to the Euclidean distance with 30 prototypes. How-
ever, as the number of prototypes increases, the Euclidean distance metric yields better
performance. The experimental results of the lowercase and uppercase character recogni-
tion tasks demonstrate similar behaviours. Although the underlying reason behind these
results remains unexplained, it is probable that, when the number of prototypes increases,
the Mahalanobis distance may require a large amount of training data to estimate the
covariance matrices and may not have yet reached its optimal performance. A conclusion
can be drawn from Figure 8.4 that, given a limited number of training samples, adding
more prototypes asymptotically yields better results than introducing the weighting fac-
tors based on the covariance matrices.

Note that the weighting factors introduced to the PBMEC system serve as the
supplementary adjustable parameters that can be refined by the MCE training, apart from
the conventional prototype training. These additional parameter adjustments may enable
further improvements in the MCE training stage, despite the degrading performance in
the initialisation process. The MCE training experiments in Section 8.4.3 also takes into
account this presumption.

8.3.3 Lν-norm-based k-means Initialisation

The k-means clustering algorithm, thus far, has been utilised as the standard initialisation
process in PBMEC. It aims at generating a set of prototypes that minimises the total
distortion over the training data. The distortion for each category is measured on the
basis of the previously introduced Eq. 7.6. Clearly, the distortion measure in the k-means
process uses the distance metric that does not match the Lν-norm metric used in the
discriminant function (Eq. 7.1). The results in Section 8.3.1 confirm that different settings
of ν in the Lν-norm metric provide significant variations in the recognition performance.
The k-means clustering does not, however, take into account the setting of ν. This
creates a discrepancy between the k-means-based training and the recognition processes
in PBMEC. With this in mind, we propose an alternative initialisation method, called
the Lν-k-means algorithm [165], which is an Lν-norm-based k-means algorithm suitable
for the PBMEC formalisation.

In the Lν-k-means algorithm, the distortion measure of the category Cj, encompass-
ing Nj training samples {xj

1,x
j
2, ...,x

j
Nj
}, is defined as:

E(j)
ν =

Nj
∑

n=1

{

P
∑

m=1

||xj
n − rj,m||−ν

}− 1

ν

. (8.2)

This is equivalent to:

E(j)
ν =

Nj
∑

n=1

gj(x
j
n; Λ), (8.3)

where Λ is the overall system parameters. The training process in the Lν-k-means algo-
rithm aims to minimise the above distortion measures for each category by adjusting the
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reference vectors. Beginning with the randomly generated prototypes, the optimisation
of Eq. 8.3 can be achieved by employing any gradient-based approaches derived from the
gradient computation in Eq. 7.20. In the case of using the Mahalanobis distance, the last
term in Eq. 7.20 becomes:

∂ ‖x − ra,p‖w

∂ra,p,d

= − 1

σ2
a,p,d

(xd − ra,p,d)

‖x − ra,p‖w

, (8.4)

and only the reference vectors are updated at each training iteration. The covariance
matrices are computed after each iteration accordingly.

The distortion E
(j)
ν in Eq. 8.3 uses a metric similar to the one in the PBMEC’s

discriminant function and is a generalisation of the nearest-neighbour-based metric used
in the classical k-means algorithm. It operates in a manner similar to the fuzzy k-means
algorithms [166] as each input sample is not assigned to any single cluster defined by a
single centroid. The distances to all centroids are taken into account in the computation
of the distortion. It is clear from Eq. 8.2 that:

lim
ν→∞

E(j)
ν = E(j), (8.5)

which means the Lν-k-means is equivalent to the classical k-means algorithm when the
value of ν is large.

The performance of the proposed Lν-k-means is evaluated in the PBMEC initial-
isation process by using both the Euclidean and the Mahalanobis distance metrics. In
the experiments, we set ν = 5 and perform the QuickProp optimisation for 80 iterations.
The recognition results are compared with the traditional k-means results in the previous
sections. Figure 8.5 shows the performance of the test set versus the number of proto-
types per class on the digit recognition task using (a) the Euclidean distance and (b) the
Mahalanobis distance. These results show that, regardless of the distance metrics, the
Lν-k-means is more efficient than the k-means algorithm, especially when a small number
of prototypes are used. For example, in the context of the Euclidean distance, a 15%
relative improvement from the k-means algorithm is achieved based on 15 prototypes per
class but only a 5% relative improvement is gained when using 60 prototypes per class.
Also, the Lν-k-means produces a more compact system: a system with 10 prototypes
per class generated by the Lν-k-means algorithm yields similar performance to a system
with 30 prototypes per class generated by the classical k-means algorithm. Similar results
are also obtained in the lowercase and uppercase character recognition tasks. Table 8.3
summarises the best recognition results of the Lν-k-means algorithm in all recognition
tasks when ν = 5, compared with the results in Table 8.2. It shows that the Lν-k-means
algorithm performs better than the classical k-means algorithm.

8.4 Evaluation of the MCE training process

8.4.1 The MCE Loss Function

In PBMEC, MCE training is performed by adjusting the initialised prototypes with the
aim of minimising the average loss over the training samples. The essential aspect of
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Figure 8.5: Comparison of the recognition performance between the standard k-means
and the proposed Lν-k-means initialisation algorithms in the digit recog-
nition task showing the recognition results on the testing set using (a) the
Euclidean distance and (b) the Mahalanobis distance (ν = 5)
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Initialised Recognition Results 

Recognition Tasks k-means 

Clustering

L -k-means 

Clustering

Digit Task 91.45 % 91.85 % 

Uppercase Task 82.42 % 83.15 % 

Lowercase Task 73.37 % 75.10 % 

Table 8.3: The recognition performance of the proposed Lν-k-means initialisation al-
gorithm in all recognition tasks

MCE training is to define the loss function as a function of trainable parameters that
reflects classification errors. In practice, the loss function is defined as a function of the
misclassification measure converting it into the value between 0 and 1. The positive sign of
the misclassification measure implies incorrect classification, hence incurring loss, while a
negative sign means correct classification and yields no loss. As discussed in Section 2.4.2,
the MCE approach approximates this ideal step-wise 0–1 loss function by a smooth and
differentiable loss function which is more suitable to gradient-based optimisation. The
majority of the MCE applications rely on either the sigmoid or the piece-wise linear
function as their MCE loss function. Tuning the parameters α or Q1 and Q2 in Eq. 2.25
and 2.26 allows us to control the extent of learning for the ambiguous samples which
appear close to the boundary between correct and incorrect classification. Although
the use of these functions has demonstrated good performance during the optimisation
process, the optimal choice for these parameters is difficult to determine. The work in [17]
provides evidence that the setting of these values has a significant impact on the ability
of the classifier to generalise the unseen data, and the optimal setting is achieved by
empirically varying these parameters.

In this work, we utilise a more sophisticated loss function proposed by Biem [27],
which automatically determines the loss parameters from the training data. Its underlying
inspiration stems from the important properties of the loss function, ℓ(d), as discussed in
Section 7.3.3, i.e.

• Value of loss varies between 0 and 1.

• The loss is a monotonically increasing function.

• The loss limits are 0 and 1, for d → −∞ and d → ∞, respectively.

With the above definitions, the loss function can be viewed as the cumulative distribution
function of the random variable Y on the one-dimensional space spanned by the values
of d. Its derivative is the probability density function of Y . Given the PBMEC system
parameters Λ, the recogniser establishes a mapping between each sample x and the cor-
responding misclassification measure d(x; Λ). We, therefore, can obtain the probability
distribution of the misclassification measures d for all samples. The advantage of consid-
ering the MCE loss as a distribution function in this way is that it can be automatically
estimated from the data. By specifying the functional form of the probability density
function, the loss parameters are estimated from the data based on the ML estimation
using an EM algorithm. As a result, the loss ℓ(d) can be viewed as a probability measure
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P (Y < d; Λ) while its derivative ℓ′(d) is represented by P (Y = d; Λ). Here, the derivative
of the loss function is modelled by Gaussian mixtures, which are defined as:

ℓ′(d) =
L
∑

i=1

ci

1

σi

√
2π

exp

(

−(d − µi)
2

2σ2
i

)

=
L
∑

i=1

ci N (d, µi, σi),

(8.6)

where L is a predefined number of mixtures, and the parameter ci controls the contribution
of the i-th Gaussian mixture within the loss function. The N (·, µi, σi) is the normal
distribution with the mean µi and variance σi representing each mixture. From the
definition of ℓ′(d) in Eq. 8.6, the corresponding loss function can be obtained by the anti-
derivative function of ℓ′(d). Following is an example of the resulting loss functions which
satisfies the MCE loss requirements:

ℓ(d) =
L
∑

i=1

ci

(

1

2
erf

(

(d − µi)
2

2σ2
i

)

+
1

2

)

, (8.7)

where erf(·) is the error function (also called the Gauss error function) encountered in
integrating the normal distribution, and is defined as:

erf(x) =
2√
π

∫ x

0

exp (−y2)dy. (8.8)

ML estimation is performed by applying the EM algorithm discussed in Section 3.3.1
directly [27, 48]. The optimal parameters of the loss function, which include ci, µi and
σi, are then obtained. The number of mixtures L is the only parameter that needs to be
pre-specified. It does not require as much rigorous tuning as the typical loss functions.
The one-mixture case (L = 1) is analogous to using a sigmoid except that its parameters
are learned from the data. Using more mixtures allows a modelling of asymmetric loss
functions. Note that using extensive numbers of mixtures may generate a loss function
that is overly fitted to the training data while being less generalised to the unseen samples.
In this work, two Gaussian mixtures (L = 2) are used throughout the remaining exper-
iments. The estimation of loss parameters is carried out as a separate process at every
iteration of MCE training. A detailed explanation and illustration of this loss function
can be found in [27].

8.4.2 Effects of Smoothing in MCE training

Smoothness in the decision boundaries is essential to the generation of a classifier that
does not overly fit to the training samples, thereby providing good generalisation on the
unseen data. In PBMEC, the degree of smoothness can be adjusted in many stages of
the training process, such as the Lν-norm contribution in the initialisation process and
the loss function tuning discussed in the previous section. In the MCE training process,
another smoothing factor is also introduced. That is, the parameter η in the computation
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Figure 8.6: The recognition performance of the MCE training process in the digit
recognition task showing the recognition results of the testing set versus
the value of η for various recognition structures.

of the misclassification measure in Eq. 7.10. The η parameter is a positive adjustable
parameter that controls the degree of contributions among the competing categories,
hence the flexibility of the discriminative ability. It acts as a smoothing factor in the
same manner as the ν parameter in the discrimination function. Most of the previous
work relies on a simplification method that takes into account the correct category and
the best competing category in particular. By specifying η to be ∞, the misclassification
measure is approximated to the difference between the discriminant value of the best, yet
incorrect, category and that of the true category.

In this work, experiments are carried out to evaluate the effect of the η parameter
tuning in the same fashion as that of the Lν-norm contribution in Section 8.3.1. Starting
with the k-means initialised prototypes, MCE training is performed by using the GPD
optimisation and the previously discussed loss function. Parameter updating in MCE
training is carried out for 80 iterations. We set the value of ν to 5 and vary the value of
the η parameter. The Euclidean distance metric is used in the experiments. The digit
recognition performance for several classifier configurations on the testing set is shown in
Figure 8.6. From the results, there exists a range of η setting between 10 and 30 that
provides a relatively high recognition performance. The experiments on the other two
recognition tasks show similar results. These results suggest that the smoothness degree
in the MCE training requires careful tuning, and that the very large value of η widely
used in the literature (see Section 7.4) does not produce optimal recognition performance.
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8.4.3 Experimental Results of MCE Training in PBMEC

This section presents the experiments of evaluating the performance of MCE training
in the PBMEC system. Typically, when the Euclidean distance is used to compute the
discriminant function, the only parameters subject to training by MCE are the reference
vectors. On the contrary, the use of the Mahalanobis distance metric introduces more
adjustable parameters (i.e. the weighting factors) into the distance computation. There-
fore, the goals of this section are to study the effect of using different distance metrics
and to determine which system parameters contribute most to the highest recognition
performance. Although the introduction of these parameters does not demonstrate good
performance in the initialisation process, additional refinement by MCE training would
enable further improvements. In this case, the options available for the MCE training
are i) only reference vector training, ii) only weighting factor training, and iii) simultane-
ously training both reference vectors and weighting factors. The parameters that are not
updated by MCE remain at their initialised values.

The weighting factors are trained by using the gradient-based optimisation approach
in the same manner as in the reference vector training. The chain rule similar to Eq. 7.15
is applied to compute the gradient of loss with respect to the d-th dimension element of
the weighting factor. Such an element of the p-th prototype belonging to category Ca is
represented by wa,p,d = 1

σ2
a,p,d

, hence a positive number. The training process, however,

does not necessarily guarantee the final positive results. Therefore, the use of an auxiliary
function is introduced to enforce this constraint on the training process. One applicable
function is the log function, and the training process attempts to update the log wa,p,d

rather than the typical wa,p,d. In this case, the following computation is required to
complete the chain rule:

∂ ‖x − ra,p‖w

∂ log wa,p,d

= wa,p,d

∂||x − ra,p||Mah

∂wa,p,d

=
1

2 σ2
a,p,d

(xd − ra,p,d)
2

‖x − ra,p‖w

.

(8.9)

Substituting Eq. 8.4 into Eq. 8.9 yields:

∂ ‖x − ra,p‖w

∂ log wa,p,d

= −1

2
(xd − ra,p,d)

∂ ‖x − ra,p‖w

∂ra,p,d

. (8.10)

Given the loss function in Section 8.4.1 and the appropriate degree of smoothness
(Section 8.4.2), the experiments of MCE training are performed by starting with the initial
prototypes from the Lν-k-means clustering process. The QuickProp algorithm is utilised
throughout the experiments as it empirically gives relatively higher improvements in the
recognition performance than the GPD optimisation employed in the previous section.
Parameter updating is carried out for 80 iterations, and the ν and η parameters are set
to 5 and 20, respectively. Figure 8.7 shows the recognition performance in the testing
set of the digit recognition task for various training configurations. From the results, the
MCE process can improve the relatively low performance generated by the Mahalanobis
distance to the level equivalent to that of using the Euclidean metric. Even though,
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Figure 8.7: The recognition performance of the MCE training process in the digit
recognition task showing the recognition results on the testing set using
various distance metrics and various parameter training (ν = 5 and η =
20)

in the case of using the Mahalanobis distance, prototype optimisation is more effective
than weighting factor optimisation, the best result is achieved when both prototypes and
weights are updated simultaneously. The best result obtained by MCE training gives the
recognition rate at 94.69%, which is equivalent to a 42% relative error reduction from the
Lν-k-means performance.

Experiments on the uppercase and lowercase recognition tasks were carried out.
The best results achieved by MCE training among all distance metrics and all tasks are
summarised in Table 8.4. Compared to the Lν-k-means results in Table 8.3, MCE training
achieves a relative improvement between 15% and 35%, depending on the recognition task.
It also displays the performance of the best k-NN classifier (k = 5) for each particular
task and an estimated amount of storage required for each classifier. The amount of
storage is approximated from the number of prototypes required to achieve the particular
performance. The k-NN classifier experiments are based on the same feature extraction
method used in the PBMEC system. It can be seen from the results that the performance
of PBMEC and the k-NN are statistically equivalent. However, the PBMEC system
requires significantly fewer parameters to reach the performance of the k-NN classifier.
Although there are other applicable methods [137, 146] for the reduction of the storage
space required in the k-NN classifiers, these results clearly demonstrate that the PBMEC
training approach together with our proposed techniques yield compact recognisers which
are suitable for deployment in limited-resource systems.
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PBMEC System k-NN Classifier 
Recognition 

Tasks Recognition 

Results
Sizes

Recognition 

Results
Sizes

Digit Task 94.69 % 28 kB 94.39 % 1.46 MB

Uppercase Task 85.71 % 195 kB 85.90 % 2.57 MB

Lowercase Task 81.21 % 195 kB 81.30 % 5.62 MB

Table 8.4: Comparison of the recognition performance and the estimated amount of
storage space between PBMEC and the k-NN classifier

OffSNT Classifier 
Convolutional Networks 

Classifier (LeNet-5)Recognition 

Tasks Recognition 

Results
Sizes

Recognition 

Results
Sizes

Digit Task 96.00 % 6.1 MB 95.87 % 230 kB 

Uppercase Task 89.90 % 59 MB 88.90 % 240 kB 

Lowercase Task 84.00 % 76 MB 85.22 % 240 kB 

Table 8.5: Comparison of the recognition performance and the estimated amount of
storage space between the off-line scanning n-tuple and the convolutional
networks classifiers

Although this study does not aim at achieving the highest possible recognition per-
formance on the UNIPEN database, it is interesting to compare the performance of the
PBMEC system with other classifiers. The classifiers chosen for the comparison are the
off-line scanning n-tuple (OffSNT) and the variation of the convolutional networks, namely
LeNet-5, which are among the highly efficient classifiers. The OffSNT [162] extracts static
features from the original character images to chain codes which are further segmented
into several n-tuples, each of which becomes an index of the feature entry in the mem-
ory table. Despite its efficiency, the OffSNT requires an extensive amount of storage
spaces since all related n-tuple templates need to be located. On the other hand, the
convolutional networks [1] characterise a special instance of multi-layer networks trained
with the gradient descent approach. Its distinct property is the feature extractor which
is embedded in the classifier design through the use of multiple convolutional layers (see
Section 6.5.4). The performance comparison of these classifiers for each recognition task2

is shown in Table 8.5. Compared with the results in Table 8.4, these classifiers exhibit
better recognition performance than the PBMEC system. The underlying reason behind
these results is mainly because the features used in PBMEC are less efficient than the
other two classifiers. In fact, it is unfair to compare their performance directly since the
input of both the OffSNT and LeNet-5 is based on the bitmap images, which conveys
whole information of the characters to the classifiers, whereas our PBMEC implemen-
tation relies on the compressed (only 24 dimensions) Discrete Cosine Transform (DCT)

2The OffSNT results are courtesy of Eugene Ratzlaff, IBM T. J. Watson Research Center.
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feature vectors. Obviously, an in-depth study is required to select more powerful feature
extraction methods for PBMEC, and such study is beyond the scope of this dissertation.
Nevertheless, the results suggest that PBMEC, together with our proposed techniques,
has the potential to afford a compact classifier with high performance equivalent to other
efficient classifiers.

8.5 Discriminative Feature Extraction in PBMEC

Feature extraction is considered one of the most important stages in classification prob-
lems. It is a process of extracting essential features from each input pattern while the
classification process attempts to assign a class label to the particular features. Most
conventional feature extraction methods are constructed in isolation from the design of
classifiers. The criteria used in the feature extraction process are not consistent with
those used in the classification process, hence there is no interaction between the design
of these two stages. Although the conventional methods have demonstrated successful
results to some extent, there is plenty of room for improvement. Several feature transfor-
mation techniques can be applied to reduce dimensionality of the extracted features and
to generate a de-correlated set of features which may or may not take into account the
discrimination between different classes. Examples of such transformation techniques are
Principal Component Analysis (PCA, see Section 6.3.2) and Linear Discriminant Analysis
(LDA) [11]. Nevertheless, these transformations are not optimised in accordance with the
training criteria of the classifiers. Once transformed, the features also remain unchanged
throughout the training process. The results from Section 8.4.3 suggest that the high
performance of the convolutional neural networks stems from its efficient feature extrac-
tor which is embedded in the classifier design, and the optimisation of both the feature
extractor and the classifier is performed simultaneously.

Thus far, this chapter has featured the applications of discriminative training in the
classification process. However, discriminative training is also applicable to feature ex-
traction, thereby providing a unified framework that utilises the same training criteria for
both feature extraction and classification processes. The discriminative feature extraction
(DFE) approach proposed by Biem and Katagiri [154, 167, 168] provides a novel method
to classifier design. The purpose of DFE is to generate the optimal feature extractor as
well as the classifier by using the objective function that is directly related to the classi-
fication error. DFE is an extended application of the MCE/GPD discriminative training
to feature optimisation which is embedded in the design of an MCE-trained classifier. It
has been successfully applied to many speech recognition tasks and has demonstrated an
improvement in the recognition performance. Detailed summaries of these applications
can be found in [27].

In the light of this, the potential applications of discriminative training to the feature
extraction process in the PBMEC context are briefly introduced. Its objective is to
incorporate DFE into the PBMEC framework based on [167] and to evaluate the DFE
performance in the character recognition problems. The diagram in Figure 8.8 shows the
modified processes in the PBMEC system where the additional feature transformation
process is presented. The classifier and the feature transformer are jointly optimised by
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Figure 8.8: Process of DFE training in the PBMEC framework showing the additional
feature transformation process

using the MCE criterion. The formalisation of this process and its evaluation are discussed
in the following sections.

8.5.1 Formalisation of DFE in PBMEC

The feature extraction process can be viewed as a mapping from the input sample s to a
corresponding feature pattern x through a function F(·), given its parameter set Θ, i.e.
FΘ(s) = x. The discriminant function gj(x; Λ), therefore, is represented by gj(FΘ(s); Λ).
It is clear that the feature extraction and classification processes are constructed based
on different sets of parameters, Θ and Λ respectively, whose optimisation is performed
separately. The DFE approach attempts to integrate the design of these processes by
using a single set of system parameters Φ = {Θ, Λ}. The resulting discriminant function
becomes gj(FΦ(s); Φ) and subsequently allows the feature extractor to participate in the
classification decision. Obviously, there are various choices for the feature extraction
function FΦ(·), ranging from the linear to non-linear mapping. As a preliminary study,
our focus is on the linear transformation function which is a product of the transformation
matrix t and the input sample s, i.e. x = ts.

Let x be the D-dimensional feature vector (x1, ..., xD)T , and s be the L-dimensional
input sample (s1, ..., sL)T , the d-th element of x is computed by:

xd =
L
∑

l=1

td,l sl, (8.11)

where td,l is the element in the d-th row and l-th column of the transformation matrix t.
MCE training in DFE aims at finding the transformation matrix that minimises either the
MCE objective function or the individual loss. The gradient-based optimisation methods,
such as GPD or QuickProp, can be applied for this purpose. This requires a gradient
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computation of loss with respect to each individual component of the transformation
matrix. According to the chain rule and the misclassification measure definition (Eq. 7.10),
the gradient of loss ℓ(dj(x; Φ)) of the feature vector x ∈ Cj w.r.t the transformation matrix
element td,l is derived as:

∂ℓ(dj(x; Φ))

∂td,l

= ℓ′(dj(x; Φ)

(

∂gj(x; Φ)

∂td,l

− ∂Gj(x; Φ)

∂td,l

)

, (8.12)

where Gj(x; Φ) is the second term in Eq. 7.10, i.e.

Gj(x; Φ) =







1

M − 1

M
∑

k=1
k 6=j

gk(x; Φ)−η







− 1

η

. (8.13)

The computation of
∂gj(x;Φ)

∂td,l
in Eq. 8.12 is performed by the following chain rule:

∂gj(x; Φ)

∂td,l

=
∂gj(x; Φ)

∂xd

∂xd

∂td,l

. (8.14)

Consider Eq. 7.1 and 8.11, when applying DFE to the PBMEC system, the above partial
derivative becomes:

∂gj(x; Φ)

∂td,l

=
P
∑

m=1

(−∂gj(x; Φ)

∂rj,m,d

)

sl. (8.15)

By multiplying ℓ′(dj(x; Φ)) to the above equation, this gradient can be computed based
on the gradient of loss with respect to the prototype in Eq. 7.15:

ℓ′(dj(x; Φ))
∂gj(x; Φ)

∂td,l

= −
P
∑

m=1

∂ℓ(dj(x; Φ))

∂rj,m,d

sl. (8.16)

In the same manner, the second term in Eq. 8.12 is derived as:

ℓ′(dj(x; Φ))
∂Gj(x; Φ)

∂td,l

= −
M
∑

k=1
k 6=j

P
∑

m=1

∂ℓ(dj(x; Φ))

∂rk,m,d

sl. (8.17)

Finally, by substituting Eq. 8.16 and 8.17, the gradient computation in Eq. 8.12 is
obtained by:

∂ℓ(dj(x; Φ))

∂td,l

= −
M
∑

k=1

P
∑

m=1

∂ℓ(dj(x; Φ))

∂rk,m,d

sl. (8.18)

The gradient computation in the above equation is rather intuitive since the transforma-
tion matrix is shared among all samples of each category, hence summation across all
categories. From the above equation, the discriminative ability of this gradient inher-
its from the gradient of loss with respect to the prototypes, which is embedded in its
computation. The optimisation of both the transformation matrix and the prototypes
is performed simultaneously, leading to a unified framework for feature extraction and
classification in the PBMEC.
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Figure 8.9: The recognition performance of the DFE training in the digit recogni-
tion task showing the recognition results on the testing set using various
parameter training (ν = 5 and η = 20)

8.5.2 Experimental Results of DFE in PBMEC

This section is devoted to the evaluation of DFE in the PBMEC system, based on its
formalisation in Section 8.5.1. The DFE experiments, which utilise the Euclidean distance
metric, are carried out in the digit recognition task. DFE is applied to map the input
s, the 24-dimensional DCT vector, to the DFE-transformed vector x that has similar
dimensionality to s. In this case, the transformation matrix t is the 24×24 matrix subject
to optimisation by MCE. Beginning with the initial prototypes from the Lν-k-means
clustering process and the transformation matrix t initialised by the identity matrix, the
DFE training process simultaneously adjusts both the prototypes and the transformation
matrix based on the MCE criterion. The results are then compared with the MCE training
results in Section 8.4.3. An alternative training condition is obtained by optimising only
the transformation matrix by DFE while leaving all prototypes at their initial positions.
The advantage of this latter context is that it enables an exclusive evaluation of DFE
without the contribution of the prototype training.

In the experiments, the ν and η parameters are set to 5 and 20, respectively. The
DFE training is carried out for 80 iterations using the QuickProp algorithm. Figure 8.9
shows the recognition results for various system configurations. It is interesting to note
that even though all samples and categories share a single feature transformation ma-
trix, its optimisation alone yields around 15% to 25% error reduction from the initial
configuration, which is significant, given the fact that all prototypes are fixed at their
initial positions. However, compared with the MCE results, the prototype optimisation
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is far more efficient than the feature optimisation. Furthermore, the joint optimisation of
features and prototypes is expected to produce the best recognition accuracy, yet it only
achieves performance equivalent to the prototype optimisation results. Our assumption
is that the system may have reached its optimal results, hence indicating the highest
capability obtainable from the compressed 24-dimensional DCT features. The reduction
of the DCT coefficients could drop a significant amount of information from the original
bitmap image, as discussed in Section 8.2. For a more comprehensive study of DFE, the
transformation process should use the original bitmap image (rather than the compressed
24-dimensional DCT features) as the input sample s and allow the transformation ma-
trix optimised by DFE to generate the transformed features based on the MCE criterion.
Another alternative is to use a non-linear feature transformation instead of the linear
transformation discussed in this section. However, these studies are beyond the scope of
this dissertation.

8.6 Discussion and Summary

The Prototype-Based Minimum Error Classifier (PBMEC) has demonstrated good per-
formance on a large number of applications in speech recognition tasks. It employs the
MCE criterion to create prototypes with the aim of minimising the classification error.
In this chapter, the successful applications of PBMEC to the off-line handwriting recog-
nition problems are described. Despite its reliable efficiency, much effort is still required
to improve the training processes of PBMEC. With this in mind, each training process
in PBMEC is extensively studied. The data set used for the evaluation is based on the
UNIPEN database. The key findings of this chapter can be summarised as follows:

• In the initialisation process, the evaluation of an Lν-norm contribution to the PB-
MEC discriminant function is conducted. The setting of the ν parameter in the
Lν-norm is regarded as the tuning of the smoothness degree in the decision bound-
aries, which has a significant influence over the recognition performance. Although
widely used in the majority of the previous work, an approximation method that
specifies ν to be a very large value is proven not optimal.

• The PBMEC discriminant function involves the computation of distances between
the samples and the prototypes to which any suitable distance metrics can be ap-
plied. The effects of using two different distance metrics are examined. It is shown
that, as the number of prototypes increases, the Euclidean distance metric yields
better performance than the Mahalanobis distance. The experimental results of all
recognition tasks demonstrate similar behaviour. It is probable that, as the num-
ber of prototypes increases, the Mahalanobis distance may require a large amount
of training data to estimate the covariance matrices. Given a limited number of
training samples, adding more prototypes asymptotically yields better results than
introducing the weighting factors based on the covariance matrices.

• The k-means clustering algorithm, thus far, has been employed as the standard
initialisation process in PBMEC. However, the inconsistency between the criteria
used in the initialisation and recognition processes may unnecessarily affect the
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recognition performance. With this in mind, we propose an alternative initialisation
method, namely the Lν-k-means algorithm, which is the Lν-norm-based k-means
algorithm. This proposed method results in an improvement in the recognition
accuracy compared to the conventional k-means algorithm; therefore it is more
suitable for PBMEC.

• The degree of smoothness in the decision boundaries also plays an important role in
the MCE training process since it has a significant impact on the ability of PBMEC
to generalise the unseen data. In the PBMEC training, the degree of smoothness can
be controlled by the loss function tuning and the η parameter in the computation
of the misclassification measure. We utilise a sophisticated loss function proposed
in [27], which does not require the tuning of loss parameters, because they are auto-
matically determined from the training data. The η parameter, on the other hand,
allows us to control the degree of contributions among the competitive categories.
Hence, its value should be carefully chosen. The results suggest that an approxima-
tion method, which sets η to a very large value widely used in the literature, does
not produce the optimal recognition performance.

• It is shown that our proposed techniques in PBMEC training demand significantly
fewer parameters to achieve performance comparable to the k-NN classifier, based
on similar feature extraction method. As a result, it is more suitable for deployment
in the resource-constrained systems.

In comparison with the off-line scanning n-tuple and the convolutional networks clas-
sifiers, PBMEC yields less effective performance in the same recognition tasks. However,
this result is not regarded as a fair and impartial comparison since the input of the other
two classifiers is based on the bitmap images, which conveys whole information of the char-
acters to the classifiers, whereas our PBMEC implementation relies on the compressed
(only 24 dimensions) Discrete Cosine Transform (DCT) feature vectors. Obviously, much
effort is required to select more powerful feature extraction methods. The applications of
the discriminative feature extraction (DFE) to improve the feature extraction process are
also described as an alternative method. PBMEC, together with our proposed techniques,
has the potential to afford a compact classifier with high performance equivalent to other
efficient classifiers.
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Chapter 9

Conclusions

This chapter concludes the thesis with a summary of the present study (Section 9.1),
followed by suggestions for future research in Section 9.2.

9.1 Research Summary

The most desirable property of handwriting recognition systems is their ability to cope
with variations in writing style while distinguishing similar characters. In order to achieve
this property, improvements can be made at any stage of the recognition process. This re-
search particulary focuses on improving the classification stage, by introducing alternative
training methods that enhance the discriminative abilities of the recognisers.

The conventional method for training the classifiers based on Maximum Likelihood
(ML) estimation is presented in Chapter 2. The basis of ML training aims at building
a model to represent the data of each class, by using the samples that belong to the
corresponding class. It is regarded as a non-discriminative training method which needs
to rely on the assumption that the correct functional form of the probability distribution
is known. In contrast, discriminative training uses data from all competing classes when
training the recogniser for each class. It attempts to directly determine the class decision
boundaries through the optimisation of discriminative training criteria, without relying
on the model correctness assumption. The chapter also outlines the rationale behind
two popular discriminative training criteria: Maximum Mutual Information (MMI) and
Minimum Classification Error (MCE). MMI training is intended to maximise the mutual
information between the samples and their correct categories. On the other hand, MCE
focuses on minimising the classification error during the training process.

One of the research contributions is that it demonstrates the effectiveness of discrim-
inative training in handwriting recognition, which significantly improves the recognition
performance of the non-discriminatively optimised systems. This important finding in-
dicates that a gain in the recognition performance can be achieved without completely
changing the classifier design, but rather through the use of the better training approach.
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It is also essential as a foundation for future applications of discriminative training to
other problems in handwriting recognition. In addition, the research covers the inves-
tigative and extensive studies of various aspects of discriminative training, which can be
summarised in the following sections. The key contributions of this research can be found
in Section 1.6.

9.1.1 Discriminative Training in HMMs

Hidden Markov Model (HMM) classifiers have been widely applied to handwriting recog-
nition problems because of their ability to model continuous signals and capture statistical
variations of natural handwriting. In these applications, HMMs are commonly trained
by ML estimation via the powerful Baum-Welch optimisation algorithm, as discussed in
Chapter 3. The concept of discriminative training in the HMMs is introduced as an alter-
native training method to ML training, with the emphasis on MMI training. The review
of previous applications of MMI training in speech recognition has shown an improve-
ment in the recognition performance when compared to ML training. However, there
has been scant empirical evidence of its success in the handwriting recognition problem.
The Baum-Welch algorithm is inapplicable to MMI training. The unavailability of the
powerful optimisation algorithm may have prevented the extensive usage of MMI training
in handwriting recognition.

For these reasons, Chapter 4 investigates various optimisation techniques for MMI
training in the HMM-based handwriting recognition system, which include the EBW, Gra-
dient Descent and QuickProp algorithms. We focus on the problem of on-line handwritten
digit recognition. The secondary goal is to evaluate the performance of MMI training un-
der a highly constrained environment, such as the system based on tied-mixture density
HMMs (TDHMMs). The HMM classifier used in this study has a different structure
from most applications of MMI training in the literature. The Gaussian parameters are
shared among all states of the models, and optimising the Gaussian parameters in one
model has an impact on those of other models. Among the three optimisation algorithms,
the QuickProp algorithm proves to be the most efficient in the long run, although the
Extended Baum-Welch gives the highest growth rate during the first few iterations.

The experiments show that MMI training is effective and improves the recognition
performance when compared to ML training, despite being applied to such a highly tied
system. In addition, the trade-off between using the tied-mixture system and the contin-
uous density HMMs (CDHMMs), where there is no parameter tying involved, is revealed.
The ML-trained TDHMM system yields higher recognition accuracy than that of the ML-
trained CDHMM system. However, when MMI training is applied, the CDHMM system
achieves a significantly higher gain in the recognition accuracy than the TDHMM one.

Finally, the experiments of investigating which HMM parameters yield maximum
discriminative abilities are carried out. Although the highest performance is obtained
when all HMM parameters are trained by MMI, it is found that optimising Gaussian pa-
rameters exhibits higher gain in the recognition accuracies than the mixture coefficient op-
timisation, in both the TDHMM and CDHMM contexts. This is rather counter-intuitive
in the context of TDHMMs because the mixture coefficients are the only parameters
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which are not shared across the models and therefore expected to carry more discrimina-
tive abilities than the means and covariance matrices. Nevertheless, this finding suggests
that, when designing the MMI training algorithms, much effort should be put into the
optimisation of Gaussian parameters.

9.1.2 Thai Handwriting Recognition and MMI Training

The Thai characters pose a unique challenge for automatic handwriting recognition due
to their similarity in shapes, with only slight variations in their small details, such as
loops and curls. Chapter 5 gives an overview of the problem of Thai character recognition
and a comprehensive review of previous research. The majority of previous studies rely
on the presence of the character details as the important clues to identify the characters.
However, these details are often attenuated in an unconstrained-writing style. Instead of
searching for specially defined local structural features, we use the efficiently computed
global features and a trainable classifier.

A high-performance system for off-line Thai handwriting recognition based on the
HMMs and MMI training is introduced in Chapter 6. Much effort has been made to
construct a database of Thai handwritten characters for this research, due to a lack of the
standard database. To generate a sequence of feature vectors from the character image,
the sliding-window technique is employed. Prior to performing MMI training, the feature
extraction methods that yield reasonably good results on the ML-trained system need to
be put in place. Extensive experiments are also carried out to find the most appropriate
structure of the HMMs. The Gabor wavelet features yield the highest results among
various investigated features, and are used throughout the experiments. We propose two
different techniques: block-based PCA and composite images, which help improving the
recognition performance of the system. The block-based PCA is an alternative way to
apply PCA to the feature vectors that enhances the features extracted from vertical blocks
in the frame image. On the other hand, the composite image is a concatenation of an
original image with a 90-degree rotated image and a polar transformation of itself.

The MMI training experiments are carried out by using a variation of the EBW
algorithm [10]. This algorithm is superior to the original EBW because it allows us to
specify the smoothing parameters at the Gaussian level. The settings of these parame-
ters are also more convenient than those in the QuickProp algorithm. The experiments
demonstrate that the algorithm is effective and requires only a small number of MMI
training iterations to achieve 100 % accuracy on the training set. However, only a slight
increase in the recognition accuracy of the testing set is achieved, indicating that the
system is not well generalised to the unseen data. We notice that the denominator like-
lihoods (the negative term in the MMI objective function) tend to be dominated by the
correct character. To overcome this problem, we investigate the use of probability scaling
in the MMI objective function which enables more characters to compete with the correct
character. The compelling results show a significant improvement in the generalisation
of the system. Finally, we introduce a more efficient way to compute the denominator
likelihoods which takes into account only the N most likely characters specified by the
N -best lists. Not only does this technique reduce the computational time of MMI train-
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ing, it also improves the recognition performance of the testing set. The best recognition
result obtained from MMI training is 95.98% accuracy compared with 88.42% from ML
training without the proposed methods, or equivalent to 65% relative error reduction. It
is shown that the performance of our proposed system and the MMI training techniques
for Thai handwriting recognition is slightly better than that achieved in the convolutional
networks system.

9.1.3 Discriminative Training in Prototype-Based Classifiers

Apart from the application of discriminative training to the HMM-based recogniser, the
present study shows that discriminative training is also effective when applied to the
prototype-based handwriting recognition system. Because the prototype-based classifier
is not explicitly probabilistic, the MCE criterion is deemed more applicable than the
MMI criterion. Chapter 7 gives an overview of non-parametric classification techniques
and presents the use of the MCE criterion in the prototype-based classifier, namely the
Prototype-Based Minimum Error Classification (PBMEC), including a detail of its train-
ing process. PBMEC training is performed in two sequential stages: prototype initiali-
sation and MCE training. Our extensive literature survey reveals that several important
aspects of PBMEC training have never been addressed in the literature, such as the guide-
line for determining the values of smoothing parameters and the inconsistencies between
the criteria used in the initialisation and recognition processes.

We take into account these aspects when applying PBMEC to the off-line hand-
writing recognition problem in Chapter 8. The PBMEC system is implemented and
evaluated on the databases of isolated digits and English characters. The training pro-
cess of PBMEC involves several settings of the smoothing parameters. For example, the
contribution of each prototype to the PBMEC discriminant function is modulated by the
parameter ν in the Lν-norm distance metric, and the degree of contribution among sev-
eral competing categories is controlled by the parameter η in the misclassification-measure
computation. Most implementations of PBMEC in the literature rely on an approxima-
tion method which sets these parameters to ∞. Extensive experiments have revealed
that such a method does not yield the optimal results since the recognition performance
of PBMEC can be significantly improved when these parameters are carefully chosen.
These parameters play an important role in controlling the degree of smoothness in the
decision boundaries and have a significant impact on the ability of PBMEC to generalise
the unseen data.

We propose a novel method for prototype initialisation in PBMEC to overcome the
inconsistency between the criteria used in the initialisation and recognition processes.
This method is based on the Lν-norm distance metric and demonstrates an improvement
in the recognition accuracy when compared to the conventional k-means algorithm. It
is shown that the PBMEC system requires a much smaller number of parameters than
the k-NN classifier in order to achieve equivalent recognition performance. In addition,
the potential application of discriminative training to the feature extraction process in
the PBMEC context is explored and suggests that there is much room for improvement.
In particular, emphasis should be placed on acquiring more powerful feature extraction
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methods.

9.2 Suggestions for Future Research

There is a wide range of potential research aspects to which the present study can be ex-
tended. These include the applications of discriminative training to different handwriting
recognition problems and the improvements of existing techniques. Suggestions for future
research areas are given in the following sections.

9.2.1 Discriminative Training and Cursive Handwriting Recog-
nition

The results of discriminative training methods presented in this thesis are very promising.
Even though the scope of the present study is limited to isolated character recognition,
these methods can be potentially applied to cursive handwriting recognition problems.
Given a vast wealth of literature regarding the HMM-based cursive handwriting recogni-
tion systems, it is anticipated that these methods may be of general use to improve the
performance of those ML-trained systems.

In some application domains where a lexicon (a dictionary with restricted vocabu-
lary) contains a very limited vocabulary (i.e., less than 200 words), such as the recognition
of the currency amount written on bank cheques, each word in the lexicon can be modelled
by an HMM. In this case, the problem is converted into isolated word recognition, and
the techniques reported in this thesis can be directly applied. However, when the lexicon
size becomes larger, isolated word recognition may not be appropriate, due to the lack
of training data. HMM modelling should be performed at the character level in which
two different approaches can be applied: segmentation-based and segmentation-free. The
segmentation-based approach attempts to segment the handwritten word into characters.
This approach converts the problem of cursive handwriting recognition into the isolated
character recognition problem to which our techniques are applicable. Nevertheless, it
requires a very powerful segmentation procedure in order to achieve good performance.

Since HMMs are capable of modelling continuous signals, the segmentation-free
approach is deemed more appropriate. In this case, HMMs are modelled at the charac-
ter basis, and the word model is constructed by concatenating corresponding character
models, as indicated by its entry in the dictionary. Both ML and MMI training can be
performed without knowing character boundaries. The implementation of MMI training
is, however, more complicated because the denominator likelihoods need to be computed
from the competing word models. N -best lists can be used to limit the computation to
only the most likely competing word models. The use of lattices (see [10, 33]) is also
promising as an alternative to the use of N -best lists. In addition, language models and
prior probabilities can be employed to improve the performance of sentence recognition.
These open up novel research avenues for the applications of MMI training to cursive
handwriting recognition. Recent studies [4, 169] have provided baseline results for cursive
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handwriting recognition based on the ML-trained HMM systems with lexicons contain-
ing up to 50,000 words. Further evaluations of the performance of MMI training in these
recognition tasks are required. It is also interesting to investigate the use of MCE training
technique described in [43] on these tasks and compare the results with those of ML and
MMI training.

An additional future research direction includes a derivation of novel discriminative
training criteria that better suit to the cursive handwriting recognition problem. More-
over, PBMEC also has potential to be applied to cursive handwriting recognition, analo-
gous to its applications to speech recognition, by incorporating a Dynamic Programming
procedure and a multi-state architecture [17].

9.2.2 Thai Handwriting Recognition

The techniques introduced in this research can be directly applied to other HMM-based
isolated handwriting recognition systems, such as the Sinhala handwriting recognition
system presented in [125]. While the results presented in Chapter 6 are promising, they
require handwritten texts to be segmented into individual Thai characters. When writing
is done quickly and carelessly, the correct segmentation tends to be hardly achieved be-
cause contiguously written characters may connect to each other, yet without any change
in each character’s appearance. This is a difficult problem because touching Thai char-
acters can occur at both the horizontal or vertical positions since some characters can be
written above or below other characters. The method to tackle this problem is either to
concentrate on improving the segmentation procedure or to utilise a segmentation-free ap-
proach. Analogous to cursive handwriting recognition, HMMs and discriminative training
can be applied to a segmentation-free approach, as discussed in Section 9.2.1. However,
this requires further explorations of techniques to model vertical touching characters by
HMMs. It is also necessary to establish standard Thai handwriting databases with a large
number of samples, both off-line and on-line, for future studies.

9.2.3 Improvements of Existing Techniques

In addition to the above suggestions, some aspects in the present study can be further
improved. These require additional investigations summarised as follows:

• Further studies to evaluate the proposed techniques in Chapters 4, 6 and 8 on
other standard databases, e.g. NIST databases [141, 142], are important to provide
baseline results in order to compare with other recognition methods.

• Although various aspects of discriminative training have been studied in this thesis,
we do not intend to directly compare the recognition performance among several
discriminative training criteria. Future studies could take advantage of other dis-
criminative training criteria proposed in the literature, such as Minimum Phone
Error (MPE) [10] and Sigmoid-MMI (SMMI) [30], including MCE, and evaluate
their recognition performance on the HMM-based handwriting recognition system.
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• Apart from the optimisation algorithms for MMI training explored in this thesis,
it is interesting to study other optimisation techniques, such as on-line learning
methods [70], in greater depth.

• The proposed techniques based on block-based PCA and composite images should
be further applied to other recognition tasks in order to investigate their general
usage.

• Although the use of probability scaling in MMI training has significantly improved
the generalisability of our recognition system, it is expected to yield less improve-
ment when applied to cursive handwriting recognition, due to a higher variance in
the data. Further investigations may be required to derive alternative methods that
reduce the variance of the denominator statistics more efficiently.

• Much effort is required to obtain better feature extraction methods to be used in the
PBMEC system. One possibility is to use the Gabor features described in Chapter 6.
Also, the use of discriminative feature extraction (DFE) in PBMEC could be further
improved by computing the transformed vector from the raw bitmap images. In this
way, DFE could capture statistical variations among the character images, rather
than the features which are already compressed (such as the DCT and the Gabor
features). Another alternative is to use a non-linear feature transformation instead
of the linear transformation.

• Further experiments to evaluate the performance of other prototype reduction tech-
niques, such as reduced NN and LVQ, on the recognition problems in Chapter 8
would provide additional baseline results for the comparisons with the performance
of PBMEC system.
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Appendix A

Derivatives of the MMI Objective Function

This appendix presents the derivatives of the MMI objective function with respect to the
mixture coefficients of the HMMs.

Consider a set of R training samples O = {OT1

1 , ...,OTr
r , ...,OTR

R } and their correct
category C = {C1, ..., Cr, ..., CR}, where Cr ∈ {C1, ..., CM}, and M is the total number of
character classes. Each sample OTr

r is represented by a sequence of Tr feature vectors,
{or,1, ...,or,t, ...or,Tr

}. The model parameters of the HMM that represents character Ci

are denoted by λi. From Eq. 2.21, the MMI objective function can be rewritten here as:

fMMI =
1

R

R
∑

r=1

(

log P (OTr

r |Cr) − log
M
∑

l=1

P (OTr

r |Cl)P (Cl)

)

. (A.1)

Note that the term 1
R

in the above equation is normally omitted during the optimisation
of fMMI . Differentiating Eq. A.1 with respect to ci,j,k, the k-th mixture coefficient of
model λi and state sj, gives:

∂fMMI

∂ci,j,k

=
R
∑

r=1

(

∂ log P (OTr
r |Cr)

∂ci,j,k

− ∂

∂ci,j,k

log
M
∑

l=1

P (OTr

r |Cl)P (Cl)

)

. (A.2)

The computation of this derivative is done by considering each term in the brackets
individually.

Consider the first term in Eq. A.2, the derivative of the log likelihood, log P (OTr
r |Cr),

with respect to ci,j,k. The calculation of likelihood probabilities can be approximated
by using only the best state sequence obtained from the Viterbi path, as discussed in
Section 4.2.2, instead of considering all possible state sequences. Given the state sequence
QTr = {q1, ..., qTr

} obtained from the Viterbi path, where qt is the state at time t, this
derivative can be computed from Eq. 3.6 as follows:
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Case 1: when Cr = Ci

∂ log P (OTr
r |Cr)

∂ci,j,k

=
∂

∂ci,j,k

(

Tr
∑

t=2

log aqt−1qt
+

Tr
∑

t=1

log bqt
(or,t)

)

=
Tr
∑

t=1

1

bqt
(or,t)

∂bqt
(or,t)

∂ci,j,k

(A.3)

Case 2: when Cr 6= Ci

∂ log P (OTr
r |Cr)

∂ci,j,k

= 0. (A.4)

From Eq. 3.4, the output probability at state sj is calculated by:

bj(ot) =

Kj
∑

m=1

cj,m N (ot,µj,m,Σj,m), (A.5)

where Kj is the number of Gaussian mixtures in state sj. Substituting the above equation
into Eq. A.3 yields:

∂ log P (OTr
r |Cr)

∂ci,j,k

=
1

ci,j,k

Tr
∑

t=1

ci,j,k N (or,t,µi,j,k,Σi,j,k)
∑Kj

m=1 ci,j,m N (or,t,µi,j,m,Σi,j,m)
, (A.6)

where qt = sj and Cr = Ci.

By defining

δ(r, i) =

{

1 ; when Cr = Ci

0 ; otherwise
, (A.7)

and

γr
i,j,k(t) =

ci,j,k N (or,t,µi,j,k,Σi,j,k)
∑Kj

m=1 ci,j,m N (or,t,µi,j,m,Σi,j,m)
when qt = sj, (A.8)

and γr
i,j,k(t) = 0 otherwise, we can reformulate Eq. A.3 and A.4 as:

∂ log P (OTr
r |Cr)

∂ci,j,k

=
1

ci,j,k

Tr
∑

t=1

γr
i,j,k(t)δ(r, i). (A.9)

The term γr
i,j,k(t) represents the probability of occupying the k-th mixture component in

state sj of model λi. It is also known as an occupation count.

The next task is to compute the derivative in the second term of Eq. A.2. Since the
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prior probabilities P (Cl) are constant, this derivative becomes:

∂

∂ci,j,k

log
M
∑

l=1

P (OTr

r |Cl)P (Cl) =
∂

∂ci,j,k

log
M
∑

l=1

P (OTr

r |Cl)

=
1

∑M

l=1 P (OTr
r |Cl)

M
∑

l=1

∂P (OTr
r |Cl)

∂ci,j,k

=
1

∑M

l=1 P (OTr
r |Cl)

M
∑

l=1

P (OTr

r |Cl)
∂ log P (OTr

r |Cl)

∂ci,j,k

.

(A.10)

Given the fact that ∂ log P (OTr
r |Cl)

∂ci,j,k
= 0 when l 6= i, the above equation can be computed

from Eq. A.9 as follows:

∂

∂ci,j,k

log
M
∑

l=1

P (OTr

r |Cl)P (Cl) =
1

ci,j,k

Tr
∑

t=1

P (OTr
r |Ci)

∑M

l=1 P (OTr
r |Cl)

γr
i,j,k(t). (A.11)

We define an anti-occupation count γr
i,j,k(t), which is obtained by passing the sample

OTr
r into each of the competing models, including the correct one, as:

γr
i,j,k(t) =

P (OTr
r |Ci)

∑M

l=1 P (OTr
r |Cl)

γr
i,j,k(t). (A.12)

Hence, the derivative in Eq. A.11 can be written as:

∂

∂ci,j,k

log
M
∑

l=1

P (OTr

r |Cl)P (Cl) =
1

ci,j,k

Tr
∑

t=1

γr
i,j,k(t). (A.13)

By substituting Eq. A.9 and A.13 into Eq. A.2, the final derivative of fMMI with
respect to ci,j,k becomes:

∂fMMI

∂ ci,j,k

=
1

ci,j,k

R
∑

r=1

Tr
∑

t=1

(

γr
i,j,k(t)δ(r, i) − γr

i,j,k(t)
)

. (A.14)

Although the derivative presented in this appendix is performed in the context of the
continuous density HMMs (CDHMMs), it is also applicable to the tied-mixture density
HMM (TDHMM) system. In this latter case, the computation of the occupation counts
is slightly different from Eq. A.8, as shown in Eq. 4.9.
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