
CLRS3 lemma 24.15 (used in Bellman-Ford). Consider a weighted directed 

graph. Consider any shortest path from 𝑠 to 𝑡,

𝑠 = 𝑣0 → 𝑣1 → ⋯ → 𝑣𝑘 = 𝑡.

Suppose we initialize the data structure by

𝑣.dist = ∞ for all vertices other than 𝑠

𝑠.dist = 0

and then we perform a sequence of relaxation steps that includes, in order, 

relaxing 𝑣0 → 𝑣1, then 𝑣1 → 𝑣2, then … then 𝑣𝑘−1 → 𝑣𝑘. After these 

relaxations, and at all times thereafter, 𝑣𝑘.dist = distance(𝑠 to 𝑣𝑘).

We’ll prove by induction that, after the 𝑖th edge has been relaxed, 
𝑣𝑖.dist = distance(𝑠 to 𝑣𝑖)

BASE CASE 𝑖 = 0: Note that 𝑠 = 𝑣0. We initialized 𝑠.dist = 0, and 
distance 𝑠 to 𝑠 = 0, so the induction hypothesis is true.

INDUCTION STEP: …
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A cut is a partition of the vertices into two sets, 
𝑉 = 𝑆 ∪ ҧ𝑆, with the source vertex 𝑠 ∈ 𝑆 and 
the sink vertex 𝑡 ∈ ҧ𝑆.

The capacity of the cut is

capacity 𝑆, ҧ𝑆 = 

𝑢∈𝑆, 𝑣∈ ҧ𝑆∶
𝑢→𝑣

𝑐(𝑢 → 𝑣)

MAX-FLOW MIN-CUT THEOREM
For any flow 𝑓 and any cut (𝑆, ҧ𝑆),

value 𝑓 ≤ capacity(𝑆, ҧ𝑆)

𝑆

ҧ𝑆





Given a dataset of images, how can we 
train a neural network to be able to 
generate realistic fakes?

Flickr-Faces-HQ Dataset (FFHQ)
https://github.com/NVlabs/ffhq-dataset



Given a dataset of images, how can we 
train a neural network to be able to 
generate realistic fakes?

random 
noise 𝑍

fake image
𝑋 = 𝑓(𝑍)

generator
network

This problem turns out to have close links to the max-flow min-cut theorem: 
they’re both about Lagrangian duality …



Maths for NST B lecture 17

A right-circular cylinder of radius 𝑟 and height ℎ has 
volume 𝜋𝑟2ℎ and surface area 2𝜋𝑟2 + 2𝜋𝑟ℎ. Given the 
surface area is 𝐴, find the largest possible volume.

𝑟

ℎ

1. Write out the Lagrangian ℒ, as above
2. For a given 𝜆, find 𝑟 ≥ 0 and ℎ ≥ 0 to maximize ℒ(𝑟, ℎ; 𝜆)
3. Choose 𝜆 so that these 𝑟 and ℎ satisfy the constraint

ℒ 𝑟, ℎ; 𝜆 = 𝜋𝑟2ℎ − 𝜆 2𝜋𝑟2 + 2𝜋𝑟ℎ − 𝐴
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This argument 
is called 
“weak 
Lagrangian
duality”

For every 𝜆, and for every (𝑟, ℎ) such that area 𝑟, ℎ = 𝐴,

volume 𝑟, ℎ = 𝜋𝑟2ℎ
= 𝜋𝑟2ℎ − 𝜆 area 𝑟, ℎ − 𝐴
= ℒ 𝑟, ℎ; 𝜆
≤ max

𝑟′,ℎ′≥0
ℒ 𝑟′, ℎ′; 𝜆

≔ cap(𝜆)

Thus, for every 𝜆,
max

𝑟,ℎ ∶ area 𝑟,ℎ =𝐴
volume(𝑟, ℎ) ≤ cap(𝜆)

Thus, 
max

𝑟,ℎ ∶ area 𝑟,ℎ =𝐴
volume(𝑟, ℎ) ≤ min

𝜆
cap(𝜆)



Section 6.2
Given a weighted directed graph 𝑔 with a 
source 𝑠 and a sink 𝑡, find a flow from 𝑠
to 𝑡 with maximum possible value.

The Lagrangian is

ℒ 𝑓; 𝜆 = 

𝑢:𝑠→𝑢

𝑓𝑠𝑢 − 

𝑤:𝑤→𝑠

𝑓𝑤𝑠 − 

𝑣≠𝑠,𝑡

𝜆𝑣 

𝑢:𝑣→𝑢

𝑓𝑣𝑢 − 

𝑤:𝑤→𝑣

𝑓𝑤𝑣

Lagrangian weak duality says that for any flow 𝑓 and for any 𝜆,

val 𝑓 ≤ max
𝑓′:0≤𝑓′≤𝐶

ℒ(𝑓′; 𝜆)
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𝑣≠𝑠,𝑡

𝜆𝑣 

𝑢:𝑣→𝑢
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Lagrangian weak duality says that for any flow 𝑓 and for any 𝜆,

val 𝑓 ≤ max
𝑓′:0≤𝑓′≤𝐶

ℒ(𝑓′; 𝜆)

The max-flow 
min-cut 
theorem is an 
application of 
Lagrangian
weak duality


