CLRS3 lemma 24.15 (used in Bellman-Ford). Consider a weighted directed
graph. Consider any shortest path from s to t,
S=Vyg >V > >V, =t
Suppose we initialize the data structure by
v.dist = oo for all vertices other than s

s.dist=0
and then we perform a sequence of relaxation steps that includes, in order,
relaxing vy — v4, then v; = v,, then ... then v, _; — vy. After these
relaxations, and at all times thereafter, v;, . dist = distance(s to vy).

We'll prove by induction that, after the ith edge has been relaxed,
v;.dist = distance(s to v;)

BASE =

; that s = vy. We initialized s.dist = 0, and
stance(sto s) = 0,

the induction hypothesis is true.
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INDUCTION STEP: ...






Max-Flow Min-Cut
and
Lagrangian optimization
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A cut is a partition of the vertices into two sets,
IV =85 US, with the source vertex s € S and
the sink vertext € S.

The capacity of the cut is
capacity(S,S) = Z c(u - v)

UES, VES:
uU-v

MAX-FLOW MIN-CUT THEOREM
For any flow f and any cut (S, S),

value(f) < capacity(S, S)
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Given a dataset of images, how can we
train a neural network to be able to
generate realistic fakes?

Flickr-Faces-HQ Dataset (FFHQ)
https://github.com/NVlabs/ffhg-dataset



Given a dataset of images, how can we
train a neural network to be able to
generate realistic fakes?

o
cllelelyy o >/<./: fake image
noise Z ~ \ﬁ. VEENAVA
generator
k network /

This problem turns out to have close links to the max-flow min-cut theorem:
they’re both about Lagrangian duality ...



Maths for NST B lecture 17 .
A right-circular cylinder of radius  and height h has ~—
volume 7t h and surface area 2rr? + 2nrh. Given the h
surface area is A, find the largest possible volume.
e P N
L(r,h; 1) =nr?’h — A2nr? + 2nrh — A)
1. Write out the Lagrangian L, as above
2. Foragiven A, findr = 0 and h = 0 to maximize L(7, h; 4)
3. Choose A so that these r and h satisfy the constraint
= ™2
Stepl: b,E: Zﬂ’[’">(q”r+2n[ﬂ\ =0 h
2T 7 N
r=
2% _ m — N (20r) =0 >
2h

4

5 . A 32
s 91V Vzrrth= lgrn ~ o 2‘?"3

Ghep3:  2avt 4 21vh= A=

s
= Vg



Maths for NST B lecture 17

A right-circular cylinder of radius  and height h has
volume 7t h and surface area 2rtr? + 2mrh. Given the
surface area is A4, find the largest possible volume.

L(r,h; 1) =nr?’h — A2nr? + 2nrh — A)

For every A, and for every (7, h) such that area(r, h) = A,

volume(r, h) = nr?h
= nr?h — A(@rea(lr, A \=_A4)
= L(r,h; 1)
< max L(r',h"; 1)

r’' ,h'>0

= cap(4)

Thus, for every A,

<
r,h: aggl(),{,h):A VOlume(r, h) = Cap(/l)

Thus,

< mi
r,h: alr*rele?()f*,h):,q Volume(r, h) - mlln cap(A)

This ar gument
is called

“weak
Lagrangian
duality”



Section 6.2

Given a weighted directed graph g with a
source s and a sink t, find a flow from s
to ¢t with maximum possible value.

M x Cani2e val (14 = z 7(5“ " wjég{ws

Uu: §+4
over  fe IRE, Oﬁ{w £ Cuy fw«i( eaL;,q “-—vV ?
vV \{s, €
Goch flat ZFN'Z{WV‘O (No.,u Vv € §

NIVTA WiW Ry

The Lagrangian is
*C(f;/D = < Z f:?u _ Z fws) _ Z /117( z fvu _ z fwv)
u:s->u W:W-S V#S,t u:v-u W:w-v

Lagrangian weak duality says that for any flow f and for any 4,

< &
val(f) < o max LG5



The Lagrangian is

L(f:/l)=<z fum ) m)—Za(Z fum ). fwv)

u:s—-u W:wW-S V#S,t u:v-u W:iw-v
Lagrangian weak duality says that for any flow f and for any 4, \
val < max L(f;A
()< ,max_L(f';2)
’ ’ J 1 '1 vzse
L) = Z 8 (Zfowm L fuv) whe S0 0] Tl
V,U:V—vn vu v, wiw sV MTn—CUt
2L 6 E - 2 &4 theorem is an
nbiarh b avb application of
- Z/ b fio (5.-6) Lagrangian
aprat Y acS, bes )
A . cw it Sx& (Gan i . weak dualit
Thw 5 maximizd of (ab = go‘) 'l da <9y - 20 i @ @s, bes Y
7 ba:dy I} abon meesid

: . ; e (5,3)
Weak dwaldty holds for ony X. Lot consicler >\,‘=01 ;i ::ﬁ for sO™C ¢

For sueh a N mMmax L(f'; )\\ > Z o . copacity (s, §) /
oL("( a€s, b ¢s



