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Dependent Types

A brief look at some category theory for modelling type
theories with dependent types.

Will restrict attention to the case of Set, rather than in
full generality.

Further reading:
M. Hofmann, Syntax and Semantics of Dependent Types. In: A.M. Pitts and
P. Dybjer (eds), Semantics and Logics of Computation (CUP, 1997).

L14 155



Simple types

⋄, x1 : T1, . . . , xn : Tn ⊢ t(x1, . . . , xn) : T

Dependent types

⋄, x1 : T1, . . . , xn : Tn ⊢ t(x1, . . . , xn) : T(x1, . . . , xn)

and more generally

⋄, x1 : T1, x2 : T2(x1), x3 : T3(x1, x2), . . . ⊢

t(x1, x2, x3, . . .) : T(x1, x2, x3, . . .)
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If type expressions denote sets, then

a type T(x) dependent upon x : I

should denote

an indexed family of sets (E i | i ∈ I)

i.e. E : I→ Set is a set-valued function on a set I.
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For each I ∈ Set, let SetI be the category with

! obj(SetI) " (obj Set)I, so objects are I-indexed
families of sets, X = (Xi | i ∈ I)

! morphisms f : X → Y in SetI are I-indexed
families of functions
f = ( fi ∈ Set(Xi, Yi) | i ∈ I)

! composition: (g ◦ f) " (gi ◦ fi | i ∈ I)
(i.e. use composition of functions in Set at each index i ∈ I)

! identity: idX " (idXi | i ∈ I)
(i.e. use identity functions in Set at each index i ∈ I)
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For each p : I→ J in Set, let p∗ : SetJ → SetI be
the functor defined by:

p∗

⎛

⎜

⎜

⎝

Yj

fj

Y ′j

j ∈ J

⎞

⎟

⎟

⎠

"

⎛

⎜

⎜

⎝

Yp i

fp i

Y ′p i

i ∈ I

⎞

⎟

⎟

⎠

i.e. p∗ takes J-indexed families of sets/functions to I-indexed ones by
precomposing with p
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Dependent products
of families of sets

For I, j ∈ Set, consider the functor
π∗1 : SetI → SetI×J induced by precomposition with
the first projection function π1 : I× J→ I.

Theorem. π∗1 has a left adjoint Σ : SetI×J → SetI.

Proof. We apply the Theorem from Lecture 13: for each E ∈ SetI×J we define
Σ E ∈ SetI and ηE : E→ π∗1 (Σ E) in SetI×J with the required universal
property. . .
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Dual of the Theorem:

G : C← D has a left adjoint iff for all X ∈ C there are
F X ∈ D and ηX ∈ C(X, G(F X)) with the universal
property:

for all Y ∈ D and f ∈ C(X, G Y)
there is a unique f ∈ D(F X, Y)
satisfying G f ◦ ηX = f

L13 152



Theorem. π∗1 has a left adjoint Σ : SetI×J → SetI.

For each E ∈ SetI×J, define Σ E ∈ SetI to be the function mapping each
i ∈ I to the set

(Σ E)i " ∑j∈J E(i,j) = {(j, e) | j ∈ J ∧ e ∈ E(i,j)}
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Theorem. π∗1 has a left adjoint Σ : SetI×J → SetI.

For each E ∈ SetI×J, define Σ E ∈ SetI to be the function mapping each
i ∈ I to the set

(Σ E)i " ∑j∈J E(i,j) = {(j, e) | j ∈ J ∧ e ∈ E(i,j)}

and define ηE : E→ π∗1 (Σ E) in SetI×J to be the function mapping each

(i, j) ∈ I× J to the function (ηE)(i.j) : E(i,j)→ (Σ E)i given by e *→ (j, e) .

Universal property–
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Theorem. π∗1 has a left adjoint Σ : SetI×J → SetI.

For each E ∈ SetI×J, define Σ E ∈ SetI to be the function mapping each
i ∈ I to the set

(Σ E)i " ∑j∈J E(i,j) = {(j, e) | j ∈ J ∧ e ∈ E(i,j)}

and define ηE : E→ π∗1 (Σ E) in SetI×J to be the function mapping each

(i, j) ∈ I× J to the function (ηE)(i.j) : E(i,j)→ (Σ E)i given by e *→ (j, e) .

Universal property–existence part: given any X ∈ SetI and f : E→ π∗1 (X)

in SetI×J, we have E
ηE

f

π∗1 (Σ E)

π∗1 ( f )

Σ E

f

π∗1 (X) X

where for all i ∈ I, j ∈ J and e ∈ E(i,j) f i(j, e) " f(i,j)(e)
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Theorem. π∗1 has a left adjoint Σ : SetI×J → SetI.

For each E ∈ SetI×J, define Σ E ∈ SetI to be the function mapping each
i ∈ I to the set

(Σ E)i ! ∑j∈J E(i,j) = {(j, e) | j ∈ J ∧ e ∈ E(i,j)}

and define ηE : E→ π∗1 (Σ E) in SetI×J to be the function mapping each

(i, j) ∈ I× J to the function (ηE)(i.j) : E(i,j)→ (Σ E)i given by e &→ (j, e) .

Universal property–uniqueness part: given g : Σ E→ X in SetI making

E
ηE

f

π∗1 (Σ E)

π∗1 (g)

π∗1 (X)

commute in SetI×J,

then for all i ∈ I, and (j, e) ∈ (Σ E)i we have

f i(j, e) ! f(i,j)(e) = (π∗1 g ◦ ηE)(i,j) e = (π∗1 g)(i,j)((ηE)(i,j) e) ! gi(j, e)

so g = f . "
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Dependent functions
of families of sets

We have seen that the left adjoint to π∗1 : SetI → SetI×J is given by
dependent products of sets.

Dually, dependent function sets give:

Theorem. π∗1 has a right adjoint Π : SetI×J → SetI.

Proof. We apply the Theorem from Lecture 13: for each E ∈ SetI×J we define
Π E ∈ SetI and εE : π∗1 (Π E)→ E in SetI×J with the required universal
property. . .
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Characterisation of right adjoints
Theorem. A functor F : C→ D has a right adjoint iff
for all D-objects Y ∈ D, there is a C-object G Y ∈ C
and a C-morphism εY : F(G Y)→ Y with the following
“universal property”:

(UP)
for all X ∈ C and g ∈ D(F X, Y)
there is a unique g ∈ C(X, G Y)
satisfying εY ◦ F(g) = g

∀

Y

F X

g
∃!

G Y

X

g with

F(G Y)
εY

Y

F X

F g
g
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Theorem. π∗1 has a right adjoint Π : SetI×J → SetI.

For each E ∈ SetI×J, define Π E ∈ SetI to be the function mapping each
i ∈ I to the set

(Π E)i " ∏j∈J E(i,j) = { f ⊆ (Σ E)i | f is single-value and total}

where f ⊆ (Σ E)i is

single-valued if ∀j ∈ J,∀e, e′ ∈ E(i,j), (j, e) ∈ f ∧ (j, e′) ∈ f ⇒ e = e′

total if ∀j ∈ J,∃e ∈ E(i,j) (j, e) ∈ f

Thus each f ∈ (Π E)i is a dependently typed function mapping elements j ∈ J
to elements of E(i,j) (result set depends on the argument j).
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Theorem. π∗1 has a right adjoint Π : SetI×J → SetI.

For each E ∈ SetI×J, define Π E ∈ SetI to be the function mapping each
i ∈ I to the set

(Π E)i " ∏j∈J E(i,j) = { f ⊆ (Σ E)i | f is single-value and total}

and define εE : π∗1 (Π E)→ E in SetI×J to be the function mapping each

(i, j) ∈ I× J to the function (εE)(i,j) : (Π E)i → E(i,j) given by f *→ f j =

unique e ∈ E(i,j) such that (j, e) ∈ f .

Universal property–
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in SetI×J, we have Π E π∗1 (Π E)
εE

E

X

f

π∗1 (X)

π∗1 ( f )
f

where for all i ∈ I and x ∈ Xi f i x " {(j, f(i,j) x) | j ∈ J}
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Theorem. π∗1 has a right adjoint Π : SetI×J → SetI.

For each E ∈ SetI×J, define Π E ∈ SetI to be the function mapping each
i ∈ I to the set

(Π E)i " ∏j∈J E(i,j) = { f ⊆ (Σ E)i | f is single-value and total}
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unique e ∈ E(i,j) such that (j, e) ∈ f .

Universal property–uniqueness part: given g : X → Π E in SetI making

π∗1 (Π E)
εE

E

π∗1 (X)

π∗1 (g)
f

commute in SetI×J,

then for all i ∈ I, j ∈ J and x ∈ Xi we have

f i x j " f(i,j) x = (εE ◦π∗1 g)(i,j) x = (εE)(i,j)(gi x) " gi x j

so g = f . #
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