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Anapph#tn .

For strings w
,

u

'

over an alphabet E
,

u
'

L u iff Fa EE
.

aw
'

= u

defines a well-founded
relation on sthigs -

Exercisel.LI There is no string u over { at
.

an = wb for district symbols
a and

bin
E

.

Root Assume
there were ( to obtain

.

a
contradiction )

.

Then

there would be a L minimal string u s
.

t
.

au = ub

But then u = aul
,

i
. ofau

'
=faults

i
.

au
' = nib But u

' Lu
.

#
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The principle of well-founded induction

mmmm

Let L be well-founded on A
.

To prove Hac .
A

.

Pca )

it suffices to prone
that for all a c- A

,

( Fb La
.

Pcb ) ) ⇒ Pca )
.

( Fb e A
.

b La ⇒ Pcb ) )

Examples
run

41
On IN where m h miff anti

-

- w in Nl

Oh IN where man iff men in

IN

.

Ow Boolean propositions where ALB
-

Nt A is aabexpuenwi

of B



Examples of definition by well-founded indication
.

( aka
. well-founded recursion )

.

•• rein ( min ) = new ( m
- n

,
n ) if m

>
w

{
m t

men
wet .

L on Nx IN where Cml
,

n
' I 2 ( mm )

iffn'Cnn
.

if nlm
• god l min ) =

{ ngedcmnemlm.us
) otherwise

writ .

L on NIXN where fun
'

, nil L ( mm ) iff n' Ln
.

ul
=

1
.

if h=o

•. Factorial function -
L

n .

-in
.

• Fibonacci numbers feel
-

- o f CI )
-

- y

f- I n ) -

- flu - it t flu -2 ) u > I



Definition by Well-founded recursion
mmmm

Suppose L is a well-founded relation on B
.

Suppose F ( b
,

a
,

.
.

.

.ca .

.
.

. ) E C
,

a set
,

for all be B
,

Ce
,

.
.

.

see ,

-

-
. E C

.

Then a recursive definition .

for all be B
,

f- ( b ) = F ( b
,

fcb ,
)

,

.
. .

,

f-Cbn )
,

-
- - )

.

with b
, ,

.
. .

,

bae
,

.

.
. L b

,

determines

a unique function f from
B to C

.



theorem i ) ged C mm ) I me and god C min ) I n

(2) t.de IN
.

d Im & d In ⇒ dlgedcmm )

for all m
,

n > o in IN
.

Boots By well-founded
induction ment .

( m

'

,

n

'

) L ( m
,

n ) iff n 's n

for min
'

,

m
,

w 30 in Nl
. Clearly L is well - feed .

We take as uidnchoi hypothesis

P ( m
,

n ) iff i ) and (2) hold of

m
,

u

DO
in IN

.

To apply well-founded induction
.

RIP

V-m.no#0niN.(V-fmi,nijLCm,n).PCmhi
) ) ⇒ Plan )

.



Let min
> O hi IN

.

Assume the!n7LCm
,

n )
.

Pcm ! nd
.

RIP Pcm
,

n )

,
i.e .

C) ed ) for mon .

Case n Im
-

d) Then gedlm.nl = u try definition .

Hence gedcm.in ) In
,

m directly

( Recall if
k In & nlm then KI m )

(2) Suppose
d EN and d Im

,

n
.

Then
,

d) n = gedcmin )
.



Casentm Then by dtfn , gedlm.nt-gedln.am/m.nD

As Cn,
realm ,D) L ( m

,

n ) - recall Of remain ) dm -

we have Pcn ,
remcm.us )

.

£byItTy

(1)
Hence gedlm.nl

-

- gcdcn.renlm.nl )

In
,

remaining

:
. gedcmm ) Im ,n by

Cor
.

57711 )
.

(2) Let d Im ,
n .

Then
,

from Pln
,

remfu.us )
,

d I ged ( n
,

new ( mm ) ) = ged
C m

,

n )
.

Ie
.

Plan )
.

By well-founded
induction we

conclude

V-m.in > Orin .

Pcna )
. DX



Instead granted
:

g
I n

.

ten ( m
,

n )

ftp.glmih-J
m

=
 

g.
h t ranch

,
n )

Hangin glue Cmon )

. : g
I m .

.

.

. gl
us

,

u
.



Ackermann 's function from Nix IN to IN

mmmm

ack ( O
,

n ) = ht 1

ack ( m
,

o ) =
ask ( m

- I
, 1) if m > O

auk ( m
,

n ) = ack C m - I
,

ackcm
,

n - D ) if min > o

[ = ack ( m - I
,

k ) where k = aekcm
,

n
-

D.)

• Why is this a good definition
.

of a function ?

a.

Why does its evaluationterminate ?

•
What is the well - founded

relation wet .

which paris
on

the wks
.

are decreasing ?

Answer : the lexicographic product of s and s

where s is
"

less than
"

on IN
.



The

lexicographic
product of relations

mmmm

Let <
a

be well-founded on A
.

Let s
B

be well-founded on

B'
.

Then
,

Lea
,

is well-founded on
Ax B where

Catb
'

) Len
,

( a. biff

a

'

ha a
or ( a=a

'
&

b'↳ b )
.

To see Tex is well-founded consider

.
.

. fan
,

bn ) .
.

. 2 ( an
,
b.) L ( ai

, b.) Lea
,

Cao,

bo )

lex lex lex


