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Recall our basic iterative algorithm

A = |
Ak+D = AAR o

A closer look ...
AWDG]) = 1) @DAG Y JAK (u, j)
= //@@ (i, W) A (u, j)
(I, u)eE

v

This is the basis of distributed Bellman-Ford algorithms (as in RIP and
BGP) — a node i computes routes to a destination j by applying its link
weights to the routes learned from its immediate neighbors. It then
makes these routes available to its neighbors and the process
continues...
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What if we start iteration in an arbitrary state M?

In a distributed environment the topology (captured here by A) can
change and the state of the computation can start in an arbitrary state
(with respect to a new A).

AL — M
k+1 k
ALY~ AAK @

Theorem

For 1 < k,
Ay = AfM@ AT

If A is g-stable and g < k, then

Ay = AM @ A*
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RIP-like example (see RFC 1058)

AN AT
F @0 @ @B

Adjacency matrix A+ Adjacency matrix Ao
o 1 2 3 o 1 2 3

0 o 1 1 o 0 o 1 1 o

1 1 oo 1 1 1 1 oo 1 o

2 1 1 o 10 2 1 1 o 10

3 v 1 10 o 3 w o 10 o

Using AddZero(oo, (N, min, +)) but ignoring inl and inr

tgg22 (cl.cam.ac.uk) L11: Algebraic Path Problems with applice T.G.Griffin@©2017 4/33



RIP-like example — counting to convergence (2)

AN A

1 1 1 1 1

The solution A} The solution A3
0o 1 2 3 o 1 2 3

ol 0 1 1 2 ol O 1 1 11

111 0 11 1 10 1 1

2|1 1 1 0 2 21 1 1 0 10

3|21 20 3| 11 11 10 O
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RIP-like example — counting to convergence (3)

The scenario: we arrived at A, but then links {(1,3), (3,1)} fail. So
we start iterating using the new matrix Ao.

Let Bk represent Azﬁ,’,o, where M = A7.
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RIP-like example — counting to convergence (4)
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RIP-like example — counting to convergence (5)
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RIP-like example — counting to infinity (1)

AN A

1 1 1 1 1
o @® @
The solution A} The solution A3
0 1 2 3 o 1 2 3
o[ 0 1 1 2 0 0O 1 1 w
1 1 0 1 1 1 1 0 1 o
211 1 0 2 2 1 1 0 o
31 2 1 2 0 3| o o w 0
Now let By represent A3§,’|‘>, where M = Af.
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RIP-like example — counting to infinity (2)
0 1 2 3
o[ 0 1 1 2 o 1 o 3
B, — |10 1] o[ 0 1 1 377
211 1 0 2
51 2 0 B T i 0 1 377
S L % 7 2|1 1 0 377
_ o 1 23 _ 3| o o oo 0
0 o 1 1 2 .
1 1 0 1 3
B = 211 1 02 o 1t 2 3
3| o 0o o 0 0 0O 1 1 999
- 0 1 2 3 - B . 1 1 0 1 999
ol o 1 1 37 98 T 1 1 0 999
111 0 1 3 3w © o 0
B = .11 1 0 3 ;
3] © o o 0 |
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RIP-like example — What’s going on?

Recall

AL (i, j) = AKM(i, j) @ A*(i, j)

@ A*(i, j) may be arrived at very quickly

@ but AKM(/, j) may be better until a very large value of k is reached
(counting to convergence)

@ or it may always be better (counting to infinity).

Solutions?
@ RIP: 0 =16
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Other solutions?

The Border Gateway Protocol (BGP)

BGP exchanges metrics and paths. It avoids counting to infinity by
throwing away routes that have a loop in the path.

The plan ...

Starting from (N, min, +) we will attempt to construct a semiring
(using our lexicographic operators) that has elements of the form
(d, X), where d is a shortest-path metric and X is a set of paths.
Then, by succsessive refinements, we will arrive at a BGP-like solution.J
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A useful construction: The Lifted Product

Lifted product semigroup

Assume (S, o) is a semigroup. Let lift(S, o) = (fin(2°), &) where

XeY ={xey|xeX, ye Y}

{1, 3,17} + {1, 3, 17} = {2, 4, 6, 18, 20, 34}
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Some rules (remember 2 < |S]|)

AS(lift(S,e)) < AS(S,e)

ID(lift(S, o)) < ID(S,e) (&= {a})

AN(lift(S,)) < TRUE (w = {})

CM(lift(S,¢)) < CM(S,e)

SL(1ift(S,8)) < IL(S, ) vIR(S,e) v (IP(S,e) A|S|=2)
IP(lift(S,e)) < SL((S,s))

TL(lift(S,s)) < FALSE

IR(lift(S,s)) <« FALSE
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Turn the Crank ...

IP(life(Lift({t, f}, A))
SL(lift({t, f}, A)

IL({t, f}, A) v IR({t, f}, A) v (AP({t, }, A) A|{L, f}]=2)
FALSE v FALSE v (TRUE A TRUE)

TRUE

(O

Note

This kind of calculation become more interesting as we introduce more
complex constructors and consider more complex properties ...
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Let’s use lift to construct bi-semigroups ...

Union with lifted product
Assume (S, o) is a semigroup. Let

union_lift(S, ) = (Pn(S), U, #)

where
XeY ={xey|xeX, yeY}

and X, Y € Psn(S), the set of finite subsets of S.

@ {}istheO
if « has idenity «, then {a} is the 1
a non-empty sequence will be written as [sp, S1, -+, Sk]
when does it have an annihilator for u?
we really need some inference rules here ...
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paths(E) over graph G = (V, E)
paths(E) = union_lift(E*, -)

where - is sequence concatenation.

SpwWp
For our graph G = (V, E), we will build a “shortest paths with paths”
semiring

spwp = AddZero(0, (N, min, +) X paths(E))

Given an arc (i, j) we will give it a weight of the form

A(i, j) = inl(n, {[(, )I})

for some n e N. However, for ease of reading we will write

A(i, j) = (n, {[(1, H]})

and so on.
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Recall : RIP-like counting to convergence

AN A

1 1 1 1 1
@10 @B 0—@
The solution A} The solution A3

o 1 2 3 0 1 2 3
ol 0O 1 1 2 0 0O 1 1 11
1 1 0 1 1 1 1 o 1 11
2 1 1 0 2 2 1 1 0 10
312 1 20 3 11 11 10 O

Imagine that we have augmented this example with paths.
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Let By = AY be the solution for the (path augmented) matrix A;:

0 1 2 3
0 (0, {e}) (1,{[(0, ]}) (1,{[(0,2)]}) (2,{[(0,1),(1,3)]})
1 (1,{[(1,0)]}) (0, {e}) (1,{[(1,2)]}) (1,{[(1,3)]})
2 (1,{[(2,0)]}) (1,{[(2, 1)]}) (0, {e}) (2,{[(2,1),(1,3)]})
3 | (2,{[3,1),(1,001}) (L{IG D) (2,{(3,1),(1,2)]}) (0, {e})
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B
Now, arcs (1, 3) and (3, 1) vanish! With the new (path-augmented)
matrix Ao, we start the iteration in the “old state” By. After one iteration
we have
B1 (07 3) = (2,{[(0,1),(1,3)]})
B:(1,3) = (3,{[(1,0),(0,1),(1,3)],[(1,2),(2,1),(1,3)]})
B1 (27 3) = (27{[(271)7(173)]})
B1 <3a 0) = (117{[(372)7 (270)]}) (Stable')
B1 (37 1) - (117{[(372)7 (27 1)]}) (Stable')
B:i(3,2) = (10,{[(3,2)]}) (stable!)
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After another iteration we have

32(07 3) = (37{[(072)’(271)7(173)]})
B>(1,3) = (3,{[(1,0),(0,1),(1,3)].[(1,2),(2,1),(1,3)]})

B2(2,3) = (3,{[(2,0),(0,1),(1,3)]})
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Bs

After another iteration we have

B3(0> 3) - (47{[(071)7(170)7(071>7(173)]a
[(0,1),(1,2),(2,1),(1,3)],
[(0,2),(2,0),(0,1),(1,3)]})

83(173) = (47{[(170)7(072)7(271)7(173)]7
[(1,2),(2,0),(0,1),(1,3)]})

B3(2> 3) = (47{[(270)7(072)7(27 )7(173)]7
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Finally, the problem is resolved at the 11-th iteration:

0 2 3
0 (0, {¢}) (1,{[(0, 1) (1,{[(0,2)]})  (11,{[(0,2),
L (1,{[(1,0)]}) (0, {e}) (141,21} (11,{[(1,2),
2 (1,{[(2,0)]}) (1,{[2, D]} (0, {¢}) (10,{[(2,
3 | (11,{[(3,2),(2,0)]}) (11,{[(3,2),(2,1)]}) (10,{[(3,2)]}) (0, {e
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Recall RIP-like counting to infinity

AN A
@0 F—®  ®

It should be clear that we have not yet reached our goal. This example J

will lead to sets of ever longer and longer paths and never terminate.
How do we fix this?
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Reductions

If (S,®,®) is a semiring and r is a function from Sto S, then ris a
reduction if for all aand bin S

Q r(a) =r(r(a)
Q r(adb)=r(r(a@®b)=r(a®r(b))
Q r(a®b)=r(r(a®b) =r(ax r(b))

v

Note that if either operation has an identity, then the first axioms is not
needed. For example,
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Reduce operation

If (S, ®, ®) is semiring and r is a reduction, then let
redr<8) = (Sr, @r, ®r> Where

Q@ S ={seS|r(s) =s}
Q X®ry=r(xey)
QO x®ry=r(x®y)

Is the result always semiring?
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Elementary paths reduction

Recall paths(E)
paths(E) = union_lift(E™, -)

where - is sequence concatenation.

A path p is elementary if no node is repeated. Define the reduction

r(X) = {pe X | pis an elementary path}

Semiring of Elementary Paths
epaths(E) = red,(paths(E)) }
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Starting in an arbitrary state?
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Starting in an arbitrary state? No!

using
AddZero(co, (N, min, +) x epaths(E)) J
0 1 2
0 0,{e}) ({0, D]}) (1,{[(0,2)]}) (999, {})
Bose = | (LULOIY — (0.4ep) — (1,4[(1,2)]}) (999, 4})
2 | (L{[2,00) {01} O ) (999,{})
3 00 00 o0 (0, {€})
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Solution: use another reduction!

r(inr(c0)) = inr(c0)
. B inr(o0) if W={}
r(inl)(s, W) = { inl(s, W) otherwise
Now use this instead
red,;(AddZero(oo, (N, min, +) X epaths(E)))

29/33
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Starting in an arbitrary state?

BO and B1

31/33
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Starting in an arbitrary state?
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Homework 3 (due 6 November)

@ Prove
SL(lift(S,e)) < IL(S,e) vIR(S,e) v (IP(S,e) A | S|=2)

@ Characterise exactly when union_lift(S, e) is a semiring.
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