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Lecture 15

k shortest paths
@ We need at least one example of an interesting, non-idempotent,
semiring.

@ Recommended reading: Semiring frameworks and algorithms for
shortest-distance problems, Mehryar Mohri, Journal of Automata,
Languages and Combinatorics, v7, number 2, 2002
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k shortest paths

The T, semiring

77( = (Tka Dk, Rk, 6/(7 Tk)

where

(a0 -, a) @k (bo, ..

(80 -- -+ ) ®x (bo, ..

, bg) = ming(ag,..., ak, bo, ..., bx)
0k = (o0, 0, -+, ©)

, bg) = ming(ag + by, a + by, ...
1« = (0, 0, -+, ©)

, @k + by

T is (k — 1)-stable.
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Examples (®.). Note that T is not idempotent for k > 1.

(5, 8)

@2 (3, 6) = miny(5, 8, 3, 6)
(3, 5)

(1, 20) @2 (1, 20) = miny(1, 20, 1, 20)

= (17 1)
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Examples (®>)
(57 8) ®2 (37 6)

(57 8) X2 62

= mino(5+3,5+6,8+3, 8+6)

mina(8, 11, 11, 14)
= (8 11)

= ming(5 + 0, 5+ o0, 8 4+ 00, 8 + )

miny (oo, oo, 00, o)
(o0, )
02
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Mohri’'s example (here with k = 3)

90

0 1 2 3
0 | [o0,00,00] [1,00,00] [2,00,00] [o0,00,0]
A - 1 [00,00,00] [5,00,0] [00,00,00] [4,00,00]
2| [oo,0,00] [3,00,00] [00,00,00] [6,00,00]
3 | [00,00,00] [00,00,00] [0,00,00] [o0,00,0]
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Red indicates change from previous iteration

p°

0 1 2 3
0 [0,00,00] [1,00,00] [2,00,00] [o0,00,00]
A [00,00,00] [0,5,00] [o0,00,00] [4,00,00]
2| ] ] [3,00,0] ] [6,00,00]
3| [ | | [0, 0, ]
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0 1 2 3
o| [0,00,00] [1,5,6] [2,00,00] [5,8,00]
A2 — [00,00,0] [0,5,10] [4,00,0] [4,9,x0]
2 | [00,00,00] [3,8,0] [0,6,00] [6,7,0]
3 [O0,00,00] [3,00,00] [O,OO,OO] [0,6 OO]
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0 1 2 3
o[ [0,00,00] [1,5,6] [2,5,8] [5,8,9]
AD — 1 [00,00,00] [0,5,7] [4,9,00] [4,9,10]
2 [00,00,0] [3,8,9] [0,6,7] [6,7,12]
3| [o0,00,00] [3,8,00] [0,6,00] [0,6,7]
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0 1 2 3
o [ [0,00,00] [1,5,6] [2,5,8] [5,8,9]
AD _ [00,00,00] [0,5,7] [4,9,10] [4,9,10]
2 | [o0,00,00] [3,8,9] [0,6,7] [6,7,12]
3| [o0,00,00] [3,8,9] 1[0,6,7] [0,6,7]
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I
0 1 2 3
0 | [00,00,00] [1,00,00] [00,00,00] [00,00,00]
A - [00, 00, 0] [00,00,00] [1,00,00] [o0,00,0]
2| [oo,00,00] [00,00,00] [00,00,00] [1,00,00]
3 [1,00,00] [00,00,00] [00,00,00] [00,00,0]
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Solution A* reached at 11-th iteration

o0
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