
















































Primitive recursion
Theorem. Given f ∈ Nn

⇀N and g ∈ Nn+2
⇀N, there

is a unique h ∈ Nn+1
⇀N satisfying

{

h(⃗x, 0) ≡ f (⃗x)

h(⃗x, x + 1) ≡ g(⃗x, x, h(⃗x, x))

for all x⃗ ∈ Nn and x ∈ N.

We write ρn( f , g) for h and call it the partial function
defined by primitive recursion from f and g.
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Example: addition

Addition add ∈ N
2
�N satisfies:

{

add(x1, 0) ≡ x1

add(x1, x + 1) ≡ add(x1, x) + 1

So add = ρ1( f , g) where

{

f(x1) , x1

g(x1, x2, x3) , x3 + 1

Note that f = proj1
1 and g = succ ◦ proj3

3; so add can
be built up from basic functions using composition and
primitive recursion: add = ρ1(proj1

1, succ ◦ proj3
3).
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