


Iteratively defined functions on finite lists

A⇤ , finite lists of elements of the set A

Given a set B, an element x0 2 B, and a function f : A � B � B,
the iteratively defined function listIter x0 f is the unique function
g : A⇤ � B
satisfying:

g Nil = x0

g (x :: `) = f x (g `)

for all x 2 A and ` 2 A⇤.
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Polymorphic lists

a list , 8a0 (a0 � (a � a0 � a0)� a0)

Nil , La, a0 (lx0 : a0
, f : a � a0 � a0 (x0))

Cons , La(lx : a, ` : a list(La0(

lx0 : a0
, f : a � a0 � a0(

f x (` a0 x0 f )))))
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List iteration in PLC

iter , La, a0(lx0 : a0
, f : a � a0 � a0(

l` : a list (` a0 x0 f )))

satisfies:
I ` iter : 8a, a0 (a0 � (a � a0 � a0)� a list � a0)

I iter a a0 x0 f (Nil a) =b x0

I iter a a0 x0 f (Cons a x `) =b f x (iter a a0 x0 f `)
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Standard ML signatures and structures

signature QUEUE =

sig

type ’a queue

exception Empty

val empty : ’a queue

val insert : ’a * ’a queue -> ’a queue

val remove : ’a queue -> ’a * ’a queue

end

structure Queue =

struct

type ’a queue = ’a list * ’a list

exception Empty

val empty = (nil, nil)

fun insert (f, (front,back)) = (f::front, back)

fun remove (nil, nil) = raise Empty

| remove (front, nil) = remove (nil, rev front)

| remove (front, b::back) = (b, (front, back))

end



PLC + existential types
Types
t ::= · · · | 9 a (t)

Expressions
M ::= · · · | pack (t, M) : 9 a (t) |

unpack M : 9 a (t) as (a, x) in M : t

Typing rules

(9intro)
G ` M : t[t0

/a]

G ` (pack (t0
, M) : 9 a (t)) : 9 a (t)

(9elim)
G ` E : 9 a (t) G, x : t ` M0

: t0

G ` (unpack E : 9 a (t) as (a, x) in M0
: t0) : t0

if a /2 ftv(G, t0)

Reduction

unpack (pack (t0
, M) : 9 a (t)) : 9 a (t)as (a, x)in M0

: t0 !
M0[t0

/a, M/x]
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Existential types in PLC

9 a (t) , 8b ((8a (t � b))� b)

pack (t0
, M) : 9 a (t) , Lb (ly : 8a (t � b) (y t0M))

unpack E : 9 a (t) as (a, x) in M0
: t0 , E t0(La (lx : t (M0)))

(where b /2 ftv(a t t0 M M0))

These definitions satisfy the typing and reduction rules on the
previous slide (exercise).
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