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Lecture 8

k shortest paths

Recommended reading: Semiring frameworks and algorithms for

shortest-distance problems, Mehryar Mohri, Journal of Automata,

Languages and Combinatorics, v7, number 2, 2002
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k shortest paths

The Tk semiring

Tk ” pTk , ‘k , bk , 0k , 1k q

where

pa0, . . . , ak q ‘k pb0, . . . , bk q ” mink pa0, . . . , ak , b0, . . . , bk q

0k ” p8, 8, ¨ ¨ ¨ , 8q

pa0, . . . , ak q bk pb0, . . . , bk q ” mink pa0 ` b0, a0 ` b1, . . . , ak ` bk q

1k ” p0, 8, ¨ ¨ ¨ , 8q

Tk is pk ´ 1q-stable.
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Examples (‘2). Note that Tk is not idempotent for k ą 1.

p5, 8q ‘2 p3, 6q “ min2p5, 8, 3, 6q
“ p3, 5q

p1, 20q ‘2 p1, 20q “ min2p1, 20, 1, 20q
“ p1, 1q

Examples (b2)

p5, 8q b2 p3, 6q “ min2p5` 3, 5` 6, 8` 3, 8` 6q
“ min2p8, 11, 11, 14q
“ p8, 11q

p5, 8q b2 02 “ min2p5`8, 5`8, 8`8, 8`8q
“ min2p8, 8, 8, 8q
“ p8, 8q

“ 02
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Mohri’s example (here with k “ 3)

� ✁
✁

✂

✂ ✄

✄

☎

✆
✝

�

A “

»
——–

0 1 2 3

0 r8,8,8s r1,8,8s r2,8,8s r8,8,8s
1 r8,8,8s r5,8,8s r8,8,8s r4,8,8s
2 r8,8,8s r3,8,8s r8,8,8s r6,8,8s
3 r8,8,8s r8,8,8s r0,8,8s r8,8,8s

fi
ffiffifl
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Red indicates change from previous iteration

� ✁
✁

✂

✂ ✄

✄

☎

✆
✝

�

Ax1y “

»
——–

0 1 2 3

0 r0,8,8s r1,8,8s r2,8,8s r8,8,8s
1 r8,8,8s r0, 5,8s r8,8,8s r4,8,8s
2 r8,8,8s r3,8,8s r0,8,8s r6,8,8s
3 r8,8,8s r8,8,8s r0,8,8s r0,8,8s

fi
ffiffifl
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� ✁
✁

✂

✂ ✄

✄

☎

✆
✝

�

Ax2y “

»
——–

0 1 2 3

0 r0,8,8s r1, 5, 6s r2,8,8s r5, 8,8s
1 r8,8,8s r0, 5, 10s r4,8,8s r4, 9,8s
2 r8,8,8s r3, 8,8s r0, 6,8s r6, 7,8s
3 r8,8,8s r3,8,8s r0,8,8s r0, 6,8s

fi
ffiffifl
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� ✁
✁

✂

✂ ✄

✄

☎

✆
✝

�

Ax3y “

»
——–

0 1 2 3

0 r0,8,8s r1, 5, 6s r2, 5, 8s r5, 8, 9s
1 r8,8,8s r0, 5, 7s r4, 9,8s r4, 9, 10s
2 r8,8,8s r3, 8, 9s r0, 6, 7s r6, 7, 12s
3 r8,8,8s r3, 8,8s r0, 6,8s r0, 6, 7s

fi
ffiffifl
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� ✁
✁

✂

✂ ✄

✄

☎

✆
✝

�

Ax4y “

»
——–

0 1 2 3

0 r0,8,8s r1, 5, 6s r2, 5, 8s r5, 8, 9s
1 r8,8,8s r0, 5, 7s r4, 9, 10s r4, 9, 10s
2 r8,8,8s r3, 8, 9s r0, 6, 7s r6, 7, 12s
3 r8,8,8s r3, 8, 9s r0, 6, 7s r0, 6, 7s

fi
ffiffifl
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Another example : a simple cycle.

�

✁

✁

✂
✁

✄
✁

✁

A “

»
——–

0 1 2 3

0 r8,8,8s r1,8,8s r8,8,8s r8,8,8s
1 r8,8,8s r8,8,8s r1,8,8s r8,8,8s
2 r8,8,8s r8,8,8s r8,8,8s r1,8,8s
3 r1,8,8s r8,8,8s r8,8,8s r8,8,8s

fi
ffiffifl
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Solution A˚ reached at 11-th iteration

�

✁

✁

✂
✁

✄
✁

✁

Ax11y “

»
——–

0 1 2 3

0 r0, 4, 8s r1, 5, 9s r2, 6, 10s r3, 7, 11s
1 r3, 7, 11s r0, 4, 8s r1, 5, 9s r2, 6, 10s
2 r2, 6, 10s r3, 7, 11s r0, 4, 8s r1, 5, 9s
3 r1, 5, 9s r2, 6, 10s r3, 7, 11s r0, 4, 8s

fi
ffiffifl
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Lecture 9

Marrtelli’s semiring

Recommended reading: A Gaussian Elimination Algorithm for the

Enumeration of Cut Sets in a Graph. Alberto Martelli. Journal of

the ACM (JACM). v23, number 1, 1976.
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Reductions

If pS,‘,bq is a semiring and r is a function from S to S, then r is a

reduction if for all a and b in S

1 rpaq “ rprpaqq

2 rpa‘ bq “ rprpaq ‘ bq “ rpa‘ rpbqq

3 rpab bq “ rprpaq b bq “ rpab rpbqq

Note that if either operation has an identity, then the first axioms is not

needed. For example,

rpaq “ rpa‘ 0q “ rprpaq ‘ 0q “ rprpaqq
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Reduce operation

If pS, ‘, bq is semiring and r is a reduction, then let

redr pSq “ pSr , ‘r , br q where

1 Sr “ ts P S | rpsq “ su

2 x ‘r y “ rpx ‘ yq

3 x br y “ rpx b yq

Is the result always semiring?
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Application of reduction

Let’s try to build a semiring that uses paths to avoid counting to infinity!

First, a very useful construction:

union_liftpS, ‚q

Assume pS, ‚q is a semigroup. Let

union_liftpS, ‚q ” pPfinpSq, Y, ‚̂q

where

X ‚̂Y “ tx ‚ y | x P X , y P Y u,

and X ,Y P PfinpSq, the set of finite subsets of S.
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A semiring of elementary paths

Recall pathspEq

pathspEq ” union_liftpE˚, ¨, ǫq

where ¨ is sequence concatenation.

A path p is elementary if no node is repeated. Define the reduction

rpX q “ tp P X | p is an elementary pathu

Semiring of Elementary Paths

epathspEq “ redr ppathspEqq
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pathspEq example

0

1

2

3

4

tp0, 3qu

tp3, 0qu

tp1, 2qutp2, 1qu

tp1, 4qu

tp4, 1qu

tp0, 1qu

tp1, 0qu

tp0, 2qu

tp2, 0qu

tp2, 3qutp3, 2qu

tp2, 4qu

tp4, 2qu
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pathspEq example, adjacency matrix

I “

»
————–

0 1 2 3 4

0 tǫu tu tu tu tu
1 tu tǫu tu tu tu
2 tu tu tǫu tu tu
3 tu tu tu tǫu tu
4 tu tu tu tu tǫu

fi
ffiffiffiffifl

A “

»
————–

0 1 2 3 4

0 tu trp0, 1qsu trp0, 2qsu trp0, 3qsu tu
1 trp1, 0qsu tu trp1, 2qsu tu trp1, 4qsu
2 trp2, 0qsu trp2, 1qsu tu trp2, 3qsu trp2, 4qsu
3 trp3, 0qsu tu trp3, 2qsu tu tu
4 tu trp4, 1qsu trp4, 2qsu tu tu

fi
ffiffiffiffifl

Here I write a non-empty path p as rps.
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pathspEq example, solution

A˚p0, 0q “ tǫu

A˚p0, 4q “

$
’’’’’’&
’’’’’’%

rp0, 1q, p1, 4qs,
rp0, 1q, p1, 2q, p2, 4qs,
rp0, 2q, p2, 4qs,
rp0, 2q, p2, 1q, p1, 4qs,
rp0, 3q, p3, 2q, p2, 4qs,
rp0, 3q, p3, 2q, p2, 1q, p1, 4qs

,
//////.
//////-
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Now add some link weights ...

Let’s use

AddZerop8, pN, min, `q ~̂ pathspEqq

I “

»
————–

0 1 2 3 4

0 p0, tǫuq 8 8 8 8
1 8 p0, tǫuq 8 8 8
2 8 8 p0, tǫuq 8 8
3 8 8 8 p0, tǫuq 8
4 8 8 8 8 p0, tǫuq

fi
ffiffiffiffifl

A “

»
————–

0 1 2 3

0 8 p2, trp0, 1qsuq p1, trp0, 2qsuq p6, trp0, 3qsuq
1 p2, trp1, 0qsuq 8 p5, trp1, 2qsuq 8 p4, trp
2 p1, trp2, 0qsuq p5, trp2, 1qsuq 8 p4, trp2, 3qsuq p3, trp
3 p6, trp3, 0qsuq 8 p4, trp3, 2qsuq 8
4 8 p4, trp4, 1qsuq p3, trp4, 2qsuq 8
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Solution

A˚ “

»
————–

0 1 2

0 p0, tǫuq p2, trp0, 1qsuq p1, trp0, 2qsuq
1 p2, trp1, 0qsuq p0, tǫuq p3, trp1, 0q, p0, 2qsuq
2 p1, trp2, 0qsuq p3, trp2, 0q, p0, 1qsuq p0, tǫuq
3 p5, trp3, 2q, p2, 0qsuq p7, trp3, 2q, p2, 0q, p0, 1qsuq p4, trp3, 2qsuq
4 p4, trp4, 2q, p2, 0qsuq p4, trp4, 1qsuq p3, trp4, 2qsuq
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Starting in an arbitrary state? No!

0

1

2 3

1 11

1 10 0

1

2 3

11

1

Let us try this again ...
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Starting in an arbitrary state? No!

using

AddZerop8, pN, min, `q ~̂ pathspEqq

...
...

...

B998 “

»
——–

0 1 2 3

0 p0, tǫuq p1, trp0, 1qsuq p1, trp0, 2qsuq p999, tuq
1 p1, trp1, 0qsuq p0, tǫuq p1, trp1, 2qsuq p999, tuq
2 p1, trp2, 0qsuq p1, trp2, 1qsuq p0, tǫuq p999, tuq
3 8 8 8 p0, tǫuq

fi
ffiffifl

...
...

...
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Starting in an arbitrary state?

Solution: use another reduction!

rpinrp8qq “ inrp8q

rpinlqps,W q “

"
inrp8q if W “ tu

inlps,W q otherwise

Now use this instead

redr pAddZerop8, pN, min, `q ~̂ pathspEqqq
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Starting in an arbitrary state?

B0 and B1

»
——–

0 1 2 3

0 p0, tǫuq p1, trp0, 1qsuq p1, trp0, 2qsuq p2, trp0, 1q, p1, 3qsuq
1 p1, trp1, 0qsuq p0, tǫuq p1, trp1, 2qsuq p1, trp1, 3qsuq
2 p1, trp2, 0qsuq p1, trp2, 1qsuq p0, tǫuq p2, trp2, 1q, p1, 3qsuq
3 p2, trp3, 1q, p1, 0qsuq p1, trp3, 1qsuq p2, trp3, 1q, p1, 2qsuq p0, tǫuq

»
——–

0 1 2 3

0 p0, tǫuq p1, trp0, 1qsuq p1, trp0, 2qsuq p2, trp0, 1q, p1, 3qsuq
1 p1, trp1, 0qsuq p0, tǫuq p1, trp1, 2qsuq 8
2 p1, trp2, 0qsuq p1, trp2, 1qsuq p0, tǫuq p2, trp2, 1q, p1, 3qsuq
3 8 8 8 p0, tǫuq

fi
ffiffifl
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Starting in an arbitrary state?

B2 and B3

»
——–

0 1 2 3

0 p0, tǫuq p1, trp0, 1qsuq p1, trp0, 2qsuq p3, trp0, 2q, p2, 1q, p1, 3qsuq
1 p1, trp1, 0qsuq p0, tǫuq p1, trp1, 2qsuq 8
2 p1, trp2, 0qsuq p1, trp2, 1qsuq p0, tǫuq p3, trp2, 0q, p0, 1q, p1, 3qsuq
3 8 8 8 p0, tǫuq

fi
ffiffifl

»
——–

0 1 2 3

0 p0, tǫuq p1, trp0, 1qsuq p1, trp0, 2qsuq 8
1 p1, trp1, 0qsuq p0, tǫuq p1, trp1, 2qsuq 8
2 p1, trp2, 0qsuq p1, trp2, 1qsuq p0, tǫuq 8
3 8 8 8 p0, tǫuq

fi
ffiffifl
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Min-set operations

Suppose ď is a partial order on S, pS, bq is a semigroup, and

X ,Y Ď S.

minďpX q ” tx P X | @y P X ,  py ă xqu

PfinpS, ďq ” tX Ď S | X finite and minďpX q “ Xu

X ‘ď
min Y ” minďpX Y Y q

X bď
min Y ” minďpX b̂Y q

Note that over PfinpS, ďq the operation ‘ď
min is always idempotent.

However, bď
min may not be. Question: is minď always a reduction?
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Example over N ˆ N

pa, bq ĺ pc, dq ” pa ď cq ^ pb ď dq

min
ĺ

ptp10, 100q, p9, 99q, p99, 9q, p99, 10quq

“ tp9, 99q, p99, 9qu

tp1, 0q, p0, 1qu p` ˆ `qďmin tp1, 0q, p0, 1qu

“ min
ĺ

´
tp1, 0q, p0, 1qu {p` ˆ `q tp1, 0q, p0, 1qu

¯

“ min
ĺ

ptp2, 0q, p1, 1q, p0, 2quq

“ tp2, 0q, p1, 1q, p0, 2qu
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Observation

Incomparable relation

a #ď b ”  pa ď bq ^  pb ď aq

Claim 12.1

If x , y P minďpX q and x ‰ y , then x # y .

Set like minďpX q are often called (finite) antichains over pS, ďq.
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Suppose D P tL, Ru. Let ď ” ďD
‘ and define

MpD, pS, ‘, bqq ” pPfinpS, ďq, bď
min, ‘

ď
minq

N pD, pS, ‘, bqq ” pPfinpS, ďq, ‘ď
min, b

ď
minq

Recall: a ďL
‘ b ” a “ a‘ b and a ďR

‘ b ” b “ a‘ b.

I suspect that 16 lectures could easily be dedicated to only M and N

...

IMPORTANT NOTE: So as not to reveal too much wrt Homework 2, I

will assume for the rest of this lecture that pS, ‘, bq has any

conditions needed to guarantee that both MpD, pS, ‘, bqq and

N pD, pS, ‘, bqq are semirings and that minď acts as a reduction over

pPpSq, Y, b̂q.
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Looking at solutions over N

pN, ‘, bq ” N pD, pS, ‘, bqq

A˚pi , jq “
ð

pPPpi, jq

ò
ePp

Apeq

“ min
ď
p

ď

pPPpi, jq

ò
ePp

Apeqq

“ min
ď
p

ď

pPPpi, jq

min
ď
p
â̂
ePp

Apeqqq

“ min
ď
p

ď

pPPpi, jq

â̂
ePp

Apeqq

This assumes that minď acts as a reduction.
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What if ‘ is selective?

Then

min
ď
pX q ”

"
tu pif X “ tuq
txu pif X ‰ tu and x is ď-least value in X q

and for non-empty X and Y we have

X b Y “ txub tyu “ min
ď
tx b yu “ tx b yu.

sp « N pL, pN, min, `qq

sp ” AddZerop8, pN, min, `qq N pL, pN, min, `qq

inlp0q t0u
inlp17q t17u
inrp8q tu
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So N is more interesting when ‘ is not selective!

Let’s compare

N1 ” AddZerop8, pN, min, `q ˆ pN, min, `qq

with

N2 ” N pL, pN, min, `q ˆ pN, min, `qq
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Example with N1

A1

�

✁

✂✄☎ ✁✆

✝

✂✁☎ ✄✆

✄

✂✁☎ ✝✆✂✁☎ ✞✆

✂✟☎ ✁✆

A˚
1

✠ ✡✠☛ ✠☞

✌

✡✍☛ ✌☞

✍

✡✌☛ ✎☞

✎

✡✌☛ ✍☞

✡✠☛ ✠☞

✡✌☛ ✏☞

✡✎☛ ✎☞ ✡✠☛ ✠☞

✡✍☛ ✌☞

✡✠☛ ✠☞

Each component is associated with a shortest path.
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Example with N2

A2

�

✁

✂✄☎✆ ✁✝✞

✟

✂✄✁✆ ☎✝✞

☎

✂✄✁✆ ✟✝✞✂✄✁✆ ✠✝✞

✂✄✡✆ ✁✝✞

A˚
2

☛ ☞✌☛✍ ☛✎✏

✑

☞✌✒✍ ✑✎✍ ✌✓✍ ✔✎✏

✓

☞✌✑✍ ✒✎✏

✒

☞✌✑✍ ✓✎✏

☞✌☛✍ ☛✎✏

☞✌✑✍ ✕✎✏

☞✌✕✍ ✒✎✍ ✌✒✍ ✖✎✏ ☞✌☛✍ ☛✎✏

☞✌✗✍ ✑✎✍ ✌✓✍ ✗✎✏

☞✌☛✍ ☛✎✏
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Now add paths to N2

Note that

ppN, min, `q ˆ pN, min, `qq ~̂ pathspEq

is not well-formed since pN, min, `q ˆ pN, min, `q is not selective.

N3 ” N pL, ppN, min, `q ~̂ pathspEqq ˆ ppN, min, `q ~̂ pathspEqqq

N3 has values of the form

tppm1,Q1q, pn1,P1qq, ppm2,Q2q, pn2,P2qq, ¨ ¨ ¨ , ppmk ,Qk q, pnk ,Pk qqu
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A3 over N3

�

✁

✂✄✄☎✆ ✂✝✄�✆ ✁✞✟✠✞✆ ✄✁✆ ✂✝✄�✆ ✁✞✟✠✞✞✠

✡

✂✄✄✁✆ ✂✝✄�✆ ✡✞✟✠✞✆ ✄☎✆ ✂✝✄�✆ ✡✞✟✠✞✞✠

☎

✂✄✄✁✆ ✂✝✄�✆ ☎✞✟✠✞✆ ✄✡✆ ✂✝✄�✆ ☎✞✟✠✞✞✠

✂✄✄☎✆ ✂✝✄✁✆ �✞✟✠✞✆ ✄✁✆ ✂✝✄✁✆ �✞✟✠✞✞✠

✂✄✄✁✆ ✂✝✄✁✆ ✡✞✟✠✞✆ ✄☛✆ ✂✝✄✁✆ ✡✞✟✠✞✞✠

✂✄✄✁✆ ✂✝✄✡✆ �✞✟✠✞✆ ✄☎✆ ✂✝✄✡✆ �✞✟✠✞✞✠

✂✄✄✁✆ ✂✝✄✡✆ ✁✞✟✠✞✆ ✄☛✆ ✂✝✄✡✆ ✁✞✟✠✞✞✠

✂✄✄☞✆ ✂✝✄✡✆ ☎✞✟✠✞✆ ✄✁✆ ✂✝✄✡✆ ☎✞✟✠✞✞✠

✂✄✄✁✆ ✂✝✄☎✆ �✞✟✠✞✆ ✄✡✆ ✂✝✄☎✆ �✞✟✠✞✞✠

✂✄✄☞✆ ✂✝✄☎✆ ✡✞✟✠✞✆ ✄✁✆ ✂✝✄☎✆ ✡✞✟✠✞✞✠
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Compare!

A˚
1p1, 3q “ p3, 3q

A˚
2p1, 3q “ tp4, 3q, p3, 9qu

A˚
3p1, 3q “ tpp4, trp1, 0q, p0, 3qsuq, p3, trp1, 0q, p0, 3qsuqq,

pp3, trp1, 2q, p2, 0q, p0, 3qsuq, p9, trp1, 2q, p2, 0q, p0, 3qsuqqu

A˚
1p0, 1q “ p2, 1q

A˚
2p0, 1q “ tp3, 1q, p2, 7qu

A˚
3p0, 1q “ tpp3, trp0, 1qsuq, p1, trp0, 1qsuqq,

pp2, trp0, 2q, p2, 1qsuq, p7, trp0, 2q, p2, 1qsuqqu

Are we happy?
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Hmmm, wait a minute!

A˚
1p1, 2q “ p1, 4q

A˚
2p1, 2q “ tp1, 4qu

A˚
3p1, 2q “ tpp1, trp1, 2qsuq, p4, trp1, 2qsuqq,

pp9, trp1, 0q, p0, 3q, p3, 2qsuq, p4, trp1, 0q, p0, 3q, p3, 2qsuqq,
pp4, trp1, 0q, p0, 2qsuq, p4, trp1, 0q, p0, 2qsuqqu

What is going on? The order and the related notion of incomparability

are both rather complicated ...
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Now, turning to solutions over M

pM, ‘, bq ”MpD, pS, ‘, bqq

A˚pi , jq “
ð

pPPpi, jq

ò
ePp

Apeq

“
ð

pPPpi, jq

min
ď

˜ď

ePp

Apeq

¸

“ min
ď

˜
â̂

pPPpi, jq

min
ď

˜ď

ePp

Apeq

¸¸

“ min
ď

˜
â̂

pPPpi, jq

ď

ePp

Apeq

¸

This assumes that minď acts as a reduction (hands waving ...)
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Martelli’s Semiring

Let G “ pV , Eq be a directed graph.

M1pGq ”MpR, p2E , Y, Yqq

What does it do?

If every arc pi , jq is has weight Api , jq “ ttpi , jquu, then A˚pi , jq is

the set of all minimal arc cut sets for i and j .

Definition

A arc cut set C Ď E for nodes i and j is a set of arcs such there is

no path from i to j in the graph pV , E ´ Cq.

C is minimal if no proper subset of C is an arc cut set.
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A1

�

✁

✂✂✄�☎ ✁✆✝✝

✞

✂✂✄�☎ ✞✆✝✝

✟

✂✂✄�☎ ✟✆✝✝

✂✂✄✁☎ �✆✝✝

✂✂✄✁☎ ✞✆✝✝

✂✂✄✞☎ �✆✝✝

✂✂✄✞☎ ✁✆✝✝

✂✂✄✞☎ ✟✆✝✝

✂✂✄✟☎ �✆✝✝

✂✂✄✟☎ ✞✆✝✝
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Part of A˚1

A˚
1p0, 1q “ ttp0, 1q, p2, 1qu,

tp0, 1q, p0, 2q, p0, 3qu,
tp0, 1q, p0, 2q, p3, 2quu

A˚
1p0, 2q “ ttp0, 2q, p1, 2q, p3, 2qu,

tp0, 1q, p0, 2q, p3, 2qu,
tp0, 1q, p0, 2q, p0, 3qu,
tp0, 2q, p0, 3q, p1, 2quu

A˚
1p2, 0q “ ttp2, 0q, p2, 1q, p3, 0qu,

tp1, 0q, p2, 0q, p3, 0qu,
tp1, 0q, p2, 0q, p2, 3qu,
tp2, 0q, p2, 1q, p2, 3quu

A˚
1p2, 3q “ ttp2, 0q, p2, 1q, p2, 3qu,

tp0, 3q, p2, 3qu,
tp1, 0q, p2, 0q, p2, 3quu

�

✁

✂

✄
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Homework 2

union_liftpS, ‚q

Assume pS, ‚q is a semigroup. Let

union_liftpS, ‚q ” pPfinpSq, Y, ‚̂q

where

X ‚̂Y “ tx ‚ y | x P X , y P Y u,

and X ,Y P PfinpSq, the set of finite subsets of S.

Let

SEMIRINGpS, ‘, bq ” pS, ‘, bq is a semiring

Problem 1 (35 marks)

Find a Q1 such that

SEMIRINGpPfinpSq, Y, ‚̂q ô Q1pS, ‚q.

tgg22 (cl.cam.ac.uk) L11: Algebraic Path Problems with applications to Internet Routing Lectures 8 and 9T.G.Griffin c©2015 44 / 47



Homework 2

Let ď be a partial order on S. For X Ď S, define

min
ď
pX q ” tx P X | @y P X ,  py ă xqu.

Define

PfinpS, Àq ” tX Ď S | X finite and min
ď
pX q “ Xu.

Problem 2 (15 marks)

Prove that pPfinpS, ďq, ‘ď
minq where

A ‘ď
min B ” min

ď
pAY Bq

is a semigroup. It is clear that tu is the identity. Is there always an

annihilator?
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Homework 2

Problem 3 (15 marks)

Let pS, bq be a semigroup over the ordered set pS, ďq. Let

A bď
min B ” min

ď
ptab b | a P A, b P Buq

Find a Q3 such that

Q3pS, ď, bq ô ASpPfinpS, ďq, bď
minq.

It is clear that tu is the annihilator. Is there always an identity?
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Homework 2

Suppose S ” pS, ‘, b, 0, 1q is a semiring.

T ” pPfinpS, ďq, bď
min, ‘

ď
minq

where a ď b ” a‘ b “ a (the left natural order).

Problem 4 (35 marks)

Find a Q4 such that

SEMIRINGpSq ñ pSEMIRINGpT q ô Q4pSqq.
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