Inverses

Definition 42

1. A number x is said to admit an additive inverse whenever there
exists a numbery such thatx +y = 0.
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Definition 42

1. A number x is said to admit an additive inverse whenever there
exists a numbery such thatx +y = 0.

2. A number x Is said to admit a multiplicative inverse whenever
there exists a numbery such thatx -y = 1.
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-- Proposition
Uniqueness :
-- Consider
(M:S5t)(e:M)( * :-M>M-M)
-- a set M with an element e and a binary operation * such that

( y*[x*z]=[y*x]*z : -- * 1Is associative
Viyxz : M} (y*(x*z))=((y*x)*z))
( [y*el=y : -- e is right neutral
W{y M}->y=(y*e))
( [e*z]=z : -- e 1s left neutral
V{z: M}->(e*z)=12)
-- For all
(xyz:M)
-- If
> ((y*x)==e ) --y is a left inverse of x
-- and
- == (X ¥ 2 ) ) -- 2z 1is a right inverse of X
-- then
- (y=2)

-- they are equal



Proof
Uniqueness M e * y*[x*z]=[y*x]*z y=[y*e] [e*z]=z X y z [y*X]=e e=[x*Zz]
b
=( y=[y*e] )
(y * e)
=( e=[x*z] |in-ctx y*- )
(y * (x *2z) )
=( y*[x*z]=[y*x]*z )
( (y *x ) * z)
=( [y*x]=e |in-ctx -*z )
(e * 2z )
=( [e*z]=z )

Z
=N
where
y* - M- M
y*- a =y * a
-*z M- M
-*¥z a = a ¥ z



Extending the system of natural numbers to: (i) admit all additive
iInverses and then (ii) also admit all multiplicative inverses for non-
zero numbers yields two very interesting results:

(1) the integers

Zi v ...—my ..., —1,0, 1, ..., n, ...

which then form what in the mathematical jargon is referred to
as a commutative ring, and

(il) the rationals Q@ which then form what in the mathematical jargon
Is referred to as a field.
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The division theorem and algorithm

\

Theorem 43 (Division Theore
positive natural numbern
andr such thatq > 0, 0
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The division theorem and algorithm

Theorem 43 (Division Theorem) For every natural number m and
positive natural number n, there exists a unique pair of integers q
andr suchthatq > 0,0 <r<n,andm=q-n+r.

Definition 44 The natural numbers q and r associated to a given
pair of a natural number m and a positive integer n determined by
the Division Theorem are respectively denoted quo(m,n) and
rem(m,n).
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The Division Algorithm in ML: ot | ”LV *{;a (0m)
fun divalg( m , n ) ﬂmaéalr) m < W N
A~
= let Z%L\g/& (\0m§ A, f!;fg'lﬂ“l)

fun diviter( q , r . P
—1fr<nthen(q_bv, ;([)V(Af/mau:«a /T\ @1"'0

else diviter( gq+1 , r-n 1’\\'( W\'.I- Nt r
in Wf T 7w dAV g f')
diviter( 0, m)  Clow Afi
end {5 fa[/(«yi,\u( I nvé/ﬂa«»‘(gr r) m’@*‘)*@"’\
a{} 1 frm o o (g
fun quo( m § n ) = #1( 1va1g( m, n) ) /\
fun rem( m , n ) = #2( divalg(m , n ) )
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Theorem 45 For every natural number m and positive natural
number n, the evaluation of divalg(m,n) terminates, outputing a
pair of natural numbers (qo, 1) such thatry < nandm = qo-n+ry.

PROOF:
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Proposition 46 Let m be a positive integer. For all natural
numbers k and 1,

k=1 (mod m) < rem(k,m) =rem(l,m) .

proor: Ll m be o g bt —':lV'
JA b sud 4 Lewsfud ol b,
(&) Bt rta (o) = rtm(Lom)

Ons o = ?'W'Ffﬂ“ékf“") /é:i’.vu @(,Z,m)
A L 2lgy ) e el el )
=) bwan
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Corollary 47 Let m be a positive integer.

- N&. pey QAMCVK,V\«)%
1. For every natural numbern, f - —

n =rem(n,m) (modm) . ?

PROOF: e
I/\/VJUL"J('e /
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Corollary 47 Let m be a positive integer.

1. For every natural number n,

n =rem(n,m) (modm) .

2. For every integer k there exists a unique integer [kl., such that

0<[klp,<m and k=[kl, (modm) .
VV\ AR Y~
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PROOF: v\ WA /\/‘\
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Modular arithmetic

For every positive integer m, the integers modulo m are:

Loy = O, 1, ..., m—1.

with arithmetic operations of addition +,,, and multiplication -,
defined as follows

k4+nl = k+1l, = rem(k+1l,m) ,
kml = k-1, = rem(k-1l,m)

forall 0 <k,l < m.
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