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Continuous functions of two arguments

Proposition. Let D, E, I be cpo’s. A function
f : (D x E) — F is monotone if and only if it is monotone in

each argument separately:

Vd,d' € D,ece E.dCd = f(d,e) C f(d,e)
Vde D,e,e e E.eCe = f(d,e)C f(d,€).

Moreover, it is continuous if and only if it preserves lubs of chains

in each argument separately:

f( dmve):

m>0

n>0

f(dm,e)

= m>0
fd, | |en)=| | f(d en).
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e A couple of derived rules:

(f monotone)

fU,, zms L, yn) = Uy f(2k, yk)
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Function cpo’s and domains

Given cpo’s (D, Cp) and (E, Cg), the function cpo
(D — F, L) has underlying set

(D — F) © {f|f:D— FEisa continuous function }

and partial order: f C f/ 4 vd € D. f(d) Cg f'(d).

e

Dogfi - = A= C L. inf-8)

[néN)

g (L) ()= (Feed )
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Function cpo’s and domains

Given cpo’s (D, Cp) and (E, Cg), the function cpo
(D — F, L) has underlying set

(D— F) © {f|f:D— FEisa continuous function }

and partial order: f C f’ W v ¢ D. f(d) Cg f'(d).

e A derived rule:

fEbpsm 9 TEDY

f(z) T g(y)

46



Lubs of chains are calculated ‘argumentwise’ (using lubs in F/):

| | fo = MdeD. || fuld) .

n>0 n>0

"’@—56') b AUL@ "‘LE

¢

If £ is a domain, thensois D — F and Lp .g(d) = Lg,all
de D.
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Lubs of chains are calculated ‘argumentwise’ (using lubs in F/):

| | fo = MdeD. || fuld) .

n>0 n>0

e A derived rule:

(L fr) (L ) = Ly fro ()

If E/ is adomain, thensois D — Fand L. p ,g(d) = Lg,all
de D.
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Continuity of composition gyg,((;}(
P

For cpo’s D, E/, F', the composition function
o: ((E—=F)x(D—FE)— (D—F)
defined by setting, forall f € (D — E)andg € (EF — F),

gof = Ad € Dg(f(d))

IS continuous.
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Continuity of the fixpoint operator

Let D be a domain.

By Tarski's Fixed Point Theorem we know that each
continuous function f € (D — D) possesses a least

fixed point, fiz:(f) € D.. q Ae Mi/ 2 Lt d
— L ] |
Proposition. The function P"I"”f// 4 ytoa 3@ N

fir: (D—D)— D P_}Z‘QA?;U 7&“@)

IS continuous.
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Topic 4

Scott Induction
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NItk T~ T PROPER T

Scott’s Fixed Point Induction Principle

Let f : D > D be a continuous function on a domain D.

For any admissible subset S C D, to prove that the least

fixed point of fisin S, i.e. that
ed pointor J Is e. tha | B}éﬁ):“—) ')QMZ—L)
fir(f) €S, "

it suffices to prove CN-‘ZE‘!) _'/7@;48
vdeD(deS = f(d)eS). 7%”6‘g
£ feg

Ve S LA S o) //
deS = L) e< B %(ue§vk

FRHES (NIE L) ==y =7




Chain-closed and admissible subsets

Let D be a cpo. A subset S C D is called chain-closed iff
forallchainsdg T di Edo T ... inD

Q\/(m) (n>0.dp€S) = (| ]di) €S

n>0

If D is adomain, S C D is called admissible iff it is a
chain-closed subset of D and 1. € S.
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Chain-closed and admissible subsets

Let D be a cpo. A subset S C D is called chain-closed iff
forallchainsdg T di Edo T ... inD

(¥n>0.d, € S) (Ud)

n>0

If D is adomain, S C D is called admissible iff it is a
chain-closed subset of D and 1. € S.

A property ®(d) of elements d € D is called chain-closed
(resp. admissible) iff {d € D | ®(d)} is a chain-closed
(resp. admissible) subset of D.
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Building chain-closed subsets ()

Let D, E be cpos.

Basic relations:

e Forevery d € D, the subset

Wd) = {zeD|zCd)

of I is chain-closed.

e [he subsets

{(z,y) e Dx D |z Ly}
{(:IJ,y)EDXD x:y}

and

of D x D are chain-closed.
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Example (I): Least pre-fixed point property

Let D be adomainandlet f : D — D be a continuous function.

Vde D.f(d)Cd = fiz(f)Cd
-




Example (I): Least pre-fixed point property

Let D be adomainandlet f : D — D be a continuous function.

Vde D. f(d)Cd = fiz(f) T d

Proof by Scott induction.

Let d € D be a pre-fixed point of f. Then,

r € (d) rCd
f(z) T f(d)
flz) Ed

flz) €l

I

VR

d)

Hence,

fiz(f) € Ud) .

54



Building chain-closed subsets (ll)

Inverse image:
Let f : D — FE be a continuous function.

If S is a chain-closed subset of £ then the inverse image
f7'S = {zeD]f(z)eS)

is an chain-closed subset of D).
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Example (ll)

Let D) be adomain andlet f, g : D — D be continuous
functions such that f o g = g o f. Then,

f(L) Eg(L) = fix(f) E fix(g) -

Proof by Scott induction.

Consider the admissible property ®(z) = (f(z) C g(z))
of D.

Since

f(x) Eg(x) = g(f(x)) E g(g(x)) = f(g(z)) E g(g(x))
we have that

f(fiz(g)) C g(fix(g)) .
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