= X

true

false

if M then M else M
Ax (M)
MM
letx=MinM
nil
M:: M

caseMofnil=>=M |xu2x=>M

Mini-ML expressions

variable
boolean values

conditional

function abstraction
function application
local declaration

nil list

list cons

case expression
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Mini-ML types and type schemes

Types T == « type variable
bool type of booleans
T — T function type

T list list type

where « ranges over a fixed, countably infinite set TyVar.

Type Schemes o u= VA(7)

where A ranges overbsets of the set TyVar.

When A = {«1,...,a,} (mutually distinct type variables) we WD
VA (T) as mb\\\j
Vai,...,0, (T). ng{-\}’]
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Mini-ML types and type schemes

Types T == « type variable
bool type of booleans
T — T function type

T list list type

where « ranges over a fixed, countably infinite set TyVar.

Type Schemes o u= VA(7)

where A ranges over finite subsets of the set TyVar.

When A = {«1,...,a,} (mutually distinct type variables) we write
VA (T) as

Vaq, ..., 0 (T).
When A = {} is empty, we write VA (T) just as T. In other words,

we regard the set of types as a subset of the set of type schemes
by identifying the type T with the type scheme V{ } (7).



Mini-ML typing judgement

takes the form
I'-FM:t

where

» the typing environment I is a finite function from variables to
type schemes.

(We write T = {x1:04,...,%, : 0y} to indicate that I' has domain
of definition dom(I') = {x1,...,x,} (mutually distinct variables)
and maps each x; to the type scheme ¢; fori=1...n.)

» M is a Mini-ML expression

» T is a Mini-ML type.



Mini-ML type system, I

(var ) ——if (x:oc)€Tando > 7

I'Fx:T

(bool)

B ool if B € {true, false}

1“|—M1:bool r|—M2:T r|—M3:T

(if)
[ (if My then M else M3) : T



Specialising type schemes to types

A type T is a specialisation of a type scheme o =Vuay,...,a, (T)
if T can be obtained from the type T’ by simultaneously

substituting some types T; for the type variables a; (i =1,...,n):

T="1[tlay, ..., Tlay]

In this case we write |0 > T

E-g. VOC;@»(OZ-:-,[B) > }2’ ”)b&f{
5 Yo (x2p)> bood~p
bk W (at=p) ?; bool 5 bhoot




Specialising type schemes to types

A type T is a specialisation of a type scheme o =Vuay,...,a, (T)
if T can be obtained from the type T’ by simultaneously
substituting some types T; for the type variables a; (i =1,...,n):

T="1[tlay, ..., Tlay]

In this case we write |0 > T

(N.B. The relation is unaffected by the particular choice of names of
bound type variables in ¢.)
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Specialising type schemes to types

A type T is a specialisation of a type scheme ¢ = Vayq,..., &, (T/)
if T can be obtained from the type T’ by simultaneously
substituting some types T; for the type variables a; (i =1,...,n):

T="1[tlay, ..., Tlay]

In this case we write |0 > T

(N.B. The relation is unaffected by the particular choice of names of

bound type variables in ¢.)

The converse relation is called generalisation: a type scheme o
generalises a type T if 0 > T.



Mini-ML type system, 111

r,x2T1|—M2T2

if d I
TEFAx(M) : - 1 fx & dom(I)

(fn)

I-M:y—-1©H TI'FN:7m
r|—MN:T2

(app)



Mini-ML type system, 111

l",";x T;"|— M: o
FI—/\T\ M) : 11—~ T

(fn) if x € dom(T)

IFM:ti-n THEN:7
I'EFMN: 1o

(app)




Mini-ML type system, 11

i) i1 T list
(cons) I'EM:t T FL:Tlist
I'M:: L: tlist
I'-L:tlist THN:1T
. . H R /
(case) Ix:t,l:7tlistHFC: T fx 7€ and

' (caseLofnil=N|xu:l=C): 1 x, £ & dom(T)



Mini-ML type system, 111

I'-M;:T
ILx:VA =M, : T
X (7) s T. —if x ¢ dom(T) and
' (letx=M;inM;): T A = fto(t) — fto(T)

(let)



Mini-ML type system, 111

r|—M1:T
[Lx:VA(T)F My : 7

le ixdd : ;
( t) T |_ (let X = Ml in MZ) . T, Izq_iftvz):";(_)f:;(r)
S R;_\\\ Rhi
/ — S T—— S H‘x

\_ tv () = ol {W e wmrimhm_ia_mﬁw\é "

e

_: iﬁ:f (;E';j]' o fﬁ‘v’ [O}]




Example of using the (let) rule

(let)

[Lx:VA(t)F My : 7’

I+ M1 b
if x € dom(T') and

|fr|_M1:TiS

[E (letx=MpinM,): 7" 4 = fto(t) — fio(T)

y:B,z:Vy(y—-v—-bool) FAu(y) :a— B




Example of using the (let) rule

(let)

[Lx:VA(t)F My : 7’

I+ M1 b
if x € dom(T') and

|fr|_M1:TiS

[E (letx=MpinM,): 7" 4 = fto(t) — fio(T)

y:B,z:Vy(y—-v—-bool) FAu(y) :a— B

then A ={a, B} — {B} ={a} and VA (7T) =Va (a - B).




Example of using the (let) rule

| Ml . T
Ix:VA =M :
X (7) | 2: T —if x &€ dom(T) and
[E (letx=MiinM2): " 4 _ g(7) — fro(T)

(let)

fTHEFMy:Tis|y:B,z:Vy(y—=v7—-bool) FAu(y) :a— B

then A ={a, B} — {B} ={a} and VA (7T) =Va (a - B).
Soif [,x:VA(t)F My : T is

y:B,z:Vy(y—vy—-bool),x:Va(a—-B) F z(xy) (xnil) : bool




Example of using the (let) rule

I'|—M1:T
Ix:VA =M :
X (7) | 2: T —if x &€ dom(T) and
[E (letx=MiinM2): " 4 _ g(7) — fro(T)

(let)

fTHEFMy:Tis|y:B,z:Vy(y—=v7—-bool) FAu(y) :a— B

then A ={a, B} — {B} ={a} and VA (7T) =Va (a - B).

Soif [,x:VA(t)F My : T is
y:B,z:Vy(y—vy—-bool),x:Va(a—-B) F z(xy) (xnil) : bool

then applying (let) yields
y:B,z:Vy(y—vy—-bool) Fletx=Au(y)inz (xy) (xnil) : bool




Mini-ML type system, 111

Definition. We write

I'EM:VA(T)

tomeanI'FM:Tis

derivable from the Mini-ML typing rules and that

A = fto(t) — fto(T).



Mini-ML type system, 111

I'-M;:T
ILx:VA =M, : T
x: VA (T) M T. —if x & dom(T) and
I['-(letx=MinM,): 7" , = fto(t) — fto(T)

(let)

Definition. We write T M : VA (T)|tomeanT - M : T is
derivable from the Mini-ML typing rules and that

A = fto(t) — fto(T).

. . -
r|—M1.0' r,x.0'|—M2.T ifxsédom(l").)
' (letx=MyinM,) : T’

(So (let) is equivalent to
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