
Mini-ML expressions

M ::= x variable
| true boolean values
| false
| if M then M else M conditional
| lx (M) function abstraction
| M M function application
| let x = M in M local declaration
| nil nil list
| M :: M list cons
| case M of nil ) M | x :: x ) M case expression



Mini-ML types and type schemes

Types t ::= a type variable
| bool type of booleans
| t � t function type
| t list list type

where a ranges over a fixed, countably infinite set TyVar.

Type Schemes s ::= 8A (t)

where A ranges over finite subsets of the set TyVar.

When A = {a
1

, . . . , an} (mutually distinct type variables) we write
8A (t) as

8a
1

, . . . , an (t).

When A = {} is empty, we write 8A (t) just as t. In other words,
we regard the set of types as a subset of the set of type schemes

by identifying the type t with the type scheme 8{ } (t).
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Mini-ML typing judgement

takes the form
G ` M : t

where
I the typing environment G is a finite function from variables to

type schemes.
(We write G = {x

1

: s
1

, . . . , xn : sn} to indicate that G has domain
of definition dom(G) = {x

1

, . . . , xn} (mutually distinct variables)
and maps each xi to the type scheme si for i = 1 . . . n.)

I M is a Mini-ML expression

I t is a Mini-ML type.



Mini-ML type system, I

(var �)
G ` x : t

if (x : s) 2 G and s � t

(bool)
G ` B : bool

if B 2 {true, false}

(if)
G ` M

1

: bool G ` M
2

: t G ` M
3

: t

G ` (if M
1

then M
2

else M
3

) : t



Specialising type schemes to types

A type t is a specialisation of a type scheme s = 8a
1

, . . . , an (t0)
if t can be obtained from the type t0 by simultaneously
substituting some types ti for the type variables ai (i = 1, . . . , n):

t = t0[t
1

/a
1

, . . . , tn/an]

In this case we write s � t

(N.B. The relation is una�ected by the particular choice of names of
bound type variables in s.)

The converse relation is called generalisation: a type scheme s
generalises a type t if s � t.
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Mini-ML type system, III

(fn)
G, x : t

1

` M : t
2

G ` lx (M) : t
1

� t
2

if x /2 dom(G)

(app)
G ` M : t

1

� t
2

G ` N : t
1

G ` M N : t
2

(let)

G ` M
1

: t
G, x : 8A (t) ` M

2

: t0

G ` (let x = M
1

in M
2

) : t0 if x /2 dom(G) and
A = ftv(t)� ftv(G)

Definition. We write G ` M : 8A (t) to mean G ` M : t is
derivable from the Mini-ML typing rules and that
A = ftv(t)� ftv(G).

(So (let) is equivalent to

G ` M
1

: s G, x : s ` M
2

: t0

G ` (let x = M
1

in M
2

) : t0 if x /2 dom(G).)
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Mini-ML type system, II

(nil)
G ` nil : t list

(cons)
G ` M : t G ` L : t list

G ` M :: L : t list

(case)

G ` L : t list G ` N : t0

G, x : t, ` : t list ` C : t0

G ` (case L of nil ) N | x :: `) C) : t0 if x 6= ` and
x, ` /2 dom(G)
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Example of using the (let) rule

(let)

G ` M
1

: t
G, x : 8A (t) ` M

2

: t0

G ` (let x = M
1

in M
2

) : t0 if x /2 dom(G) and
A = ftv(t)� ftv(G)

If G ` M
1

: t is y : b, z : 8g (g � g � bool) ` lu (y) : a � b

then A = {a, b}� {b} = {a} and 8A (t) = 8a (a � b).

So if G, x : 8A (t) ` M
2

: t0 is
y : b, z : 8g (g � g � bool), x : 8a (a � b) ` z (x y) (x nil) : bool

then applying (let) yields
y : b, z : 8g (g � g � bool) ` let x = lu (y) in z (x y) (x nil) : bool
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