gcd

fun gcd( m , n ) M/l:g-VlJrf
= let
val (g , r ) = divalg( m , n )
in
if r = 0 then n ~ QPGMIH>: _():;D (?'M/M)’@(IA\,
else gcd( n ,

r )
end ™ Q_’D(MIW):_@Cer}

p bhenns
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Theorem 60 Euclid’s Algorithm gcd terminates on all pairs of
positive integers and, for such m andn, gcd(m,n) Is the greatest
common divisor of m and n in the sense that the following two
properties hold:

(1) both gcd(m,n) | m and gcd(m,n) | n, and

(i1) for all positive integers d such that d | m and d | n it necessarily
follows that d | gcd(m,n).

PROOF:

[ (21 (i te oguivslisT Ereic
(\/ﬂé £ w2 A &y d}ﬁad(#«,ﬂ)
Mﬂ/{\ @Or,.,!/cv(h‘l? CD VH n D(gcd (W Vl))

— 2§04 ——



C{y%‘z_ /‘> =] S/’\f[!“ -
_— Vl/), Y' ﬁi ng - < M/L KIAVL
— m, f
R
v q>O O<r<n O<m<n /PS\/ ‘
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q’ >0, 7<T <T
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Fractions in lowest terms

fun lowterms( m , n )
= let
val gcdval = gcd( m , n )
in
( m div gcdval , n div gcdval )

end
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Some fundamental properties of gcds

EvererX

— d ’
2. (Associativity) d( d() g)(; (“m;)( dlZC)ﬁ//)f m 14)
seaihgcdlim, b)) = 8¢ PgC m),n), z—
prspd LA
(Linearityy ged(l-m,1-m) =1- gcd m,n d nm

PROOF: C&&Mm Cof -
(1) M«)VL 54560““)

ﬁk&/ﬁ%r/um&f ﬁj’(” W') g
od It ged (nym) = 9ed ()

(2) n<m |
aA\Ea (Dlstrrbtrtrmty)MC\/&)fﬂ’W) , D

o1 E

Lemma 62 For all positive integerst

@(Commutati ity) ccd(m, n




ﬁ@_’m Pl e o 0Cm<

!é}céf & aL>
Theor or positive integers k, m, andn, ifk | (m-n) and

gcd(k,m) =1 thenk | n.

PROOF: /ot b, m,n be }MYZLW VQV"/?.
Assuut. O | (mon) swol Cgedd () =1
Kf: kin
Bu@ od LueriT: h-ged (R w)=h

M(Z-k,m-m)
3??7@ Mw;kegr%w STul gwff@ﬁz
HM(, F NZ §ff( (Vl,k/&§> —
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Corollary 64 (Euclid’s Theorem) For positive integers m andn,
and prime p, ifp | (m-n) thenp | m orp | n.

Now, the second part of Fermat'’s Little Theorem follows as a
corollary of the first part and Euclid’s Theorem.

PROOF: [of m,n bt }/m%( M’(IVM de privd.

Lz) (P[Wl % W&'WB/l
1 L?JMQ W@N\S\MTL\J/L .
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NB . ke (R] (wdm)
05b futw) = Razh bl ) 1
gﬁ 4/ o, p-
| bﬂ@dm(f& [ /
"”\([M vFléldS of modular arithmetic

(= Lwa p) = 7= 1 (matp) f {nel o vadll Fle ejﬁ)ﬂ

Corollary 66 For prime p, every non-zero elementi of Z,

has [i" 2], as multiplicative inverse. Hence, Z, is what in
(z‘he mathematical jargon is referred to as a field.

Tetusks Ll The, 7' 4 (mat p)  (1404p)
L (P21 fed )
L [ 21 (wdp)
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Extended Euclid’s Algorithm

Example 67 (egcd(34,13) = ((5, —13), 1))

gcd(34,13) 34 = 2 13 + 8
= gcd(13,8) 13 =1. 8 4+ 5
= gcd(8,5) 8§ =15 4+ 3
= gcd(5,3) 5 =1 3 + 2
= gcd(3,2) 3 =1 2 + 1
= gcd(2,1) 2 =21 + 0
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Extended Euclid’s Algorithm

((5>_]3)> 1))

Example 67 (egcd (34, 13)

3
® o 1 o0
N — - - -
| | | | |
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| | I | N
© N M N -
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+ + + + + +
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| | | | |
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M — 0 N ™
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gcd(34,13)
gcd (13, 8)

ged(8,5)

ged(5, 3)

ged(3,2)

34
13

— 9929

13



gcd(34,13)
gcd (13, 8)

ged(8,5)

ged(5, 3)

ged(3,2)

8 = 34

= 13

= 13

= —1-34+3-13
3= 8
2= 5
1 = 3

D29 _ 5

13

34-2.13)

)



gcd(34,13)
gcd (13, 8)

ged(8,5)

ged(5, 3)

ged(3,2)

8 = 34 —2.
= 13 ~1.
= 13 ~1.
= —1-34+3-13

3= 8 —1.
= (34-2-13) -1
= 234+ (=5)-13

2 = 5 —

9929 }H

13

G

34 —-2-13)

5
(=1-34+3-13)




ged(34,13) || 8 = 34 —2. 13
gcd(13, 8) = 13 —1- °
— 13 ~1. (34-2-13)
= —1-34+3-13
gcd(8,5) 3= 8 —1- d
— B4—-213 1. (91-34+3.13)
— 2.34+(=5)-13
ecd(5,3) | 2= 5 ~1- 3
_ 334 +313 -1 (2-34+(—5)-13)
= —3-34+8-13
ocd(3,2) || 1= 3 —1. 2
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ﬁ(ﬁ( (Wl,l/\}; ,Z7 . M 4”/(9_'”/ %ﬂw//r S

gcd(34,13)
= gcd(13,8)

— ng(8> 5)

— ng(5> 3)

— ng(3>2)

Teged(mn

-

J

8 = 34
5 = 13
= 13
= —1-34+4+3-13
3= 8
—  (34-2-13)
— 2-34+(-5)-13
2 = 5
~ 9.34+3.13
= —3-34+8-13
jppa—
= (2 ( 5) 135
= 5.
t/] &'/1 w

__9%9 J _

o g,

—1- 8

G

1. (34 —-2-13)

—1- 5

{y

1o (=1-344+3-13)

—1- 3

1. (2-34+(=5)-1

—1- 2

1. (~3-34+8-13)
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