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Abstraction

▶ When faced with creating and maintaining a complex system,
the interactions of different components can be simplified by
hiding the details of each component’s implementation from
the rest of the system.

▶ Details of a component’s implementation are hidden by
protecting it with an interface.

▶ Abstraction is maintained by ensuring that the rest of the
system is invariant to changes of implementation that do not
affect the interface.
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Modules: structures

module I n t S e t = s t r u c t

type t = i n t l i s t

l e t empty = [ ]

l e t i s_empty = f u n c t i o n
| [ ] −> t r u e
| _ −> f a l s e

l e t equal_member ( x : i n t ) ( y : i n t ) =
x = y

l e t r e c mem x = f u n c t i o n
| [ ] −> f a l s e
| y : : r e s t −>
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Modules: structures
i f ( equal_member x y ) then t r u e
e l s e mem x r e s t

l e t add x t =
i f (mem x t ) then t
e l s e x : : t

l e t r e c remove x = f u n c t i o n
| [ ] −> [ ]
| y : : r e s t −>

i f ( equal_member x y ) then r e s t
e l s e y : : ( remove x r e s t )

l e t t o _ l i s t t = t

end
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Modules: structures

l e t one_two_three : I n t S e t . t =
I n t S e t . add 1

( I n t S e t . add 2
( I n t S e t . add 3 I n t S e t . empty ) )
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Modules: structures

open I n t S e t

l e t one_two_three : t =
add 1 ( add 2 ( add 3 empty ) )
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Modules: structures

l e t one_two_three : I n t S e t . t =
I n t S e t . ( add 1 ( add 2 ( add 3 empty ) ) )
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Modules: structures

module I n t S e tP l u s = s t r u c t
i n c l u d e I n t S e t

l e t s i n g l e t o n x = add x empty
end
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Modules: signatures

s i g
type t = i n t l i s t
v a l empty : ’ a l i s t
v a l i s_empty : ’ a l i s t −> boo l
v a l equal_member : i n t −> i n t −> boo l
v a l mem : i n t −> i n t l i s t −> boo l
v a l add : i n t −> i n t l i s t −> i n t l i s t
v a l remove : i n t −> i n t l i s t −> i n t l i s t
v a l t o _ l i s t : ’ a −> ’ a

end
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Modules: signatures

module I n t S e t : s i g
type t = i n t l i s t
v a l empty : i n t l i s t
v a l i s_empty : i n t l i s t −> boo l
v a l mem : i n t −> i n t l i s t −> boo l
v a l add : i n t −> i n t l i s t −> i n t l i s t
v a l remove : i n t −> i n t l i s t −> i n t l i s t
v a l t o _ l i s t : i n t l i s t −> i n t l i s t

end = s t r u c t
. . .

end
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Modules: signatures

module type I n tS e tS = s i g
type t = i n t l i s t
v a l empty : i n t l i s t
v a l i s_empty : i n t l i s t −> boo l
v a l mem : i n t −> i n t l i s t −> boo l
v a l add : i n t −> i n t l i s t −> i n t l i s t
v a l remove : i n t −> i n t l i s t −> i n t l i s t
v a l t o _ l i s t : i n t l i s t −> i n t l i s t

end

module I n t S e t : I n tS e tS = s t r u c t
. . .

end
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Modules: abstract types

l e t p r i n t_ s e t ( s : I n t S e t . t ) : u n i t =
l e t r e c l oop = f u n c t i o n

| x : : x s −>
p r i n t _ i n t x ;
p r i n t _ s t r i n g ” ” ;
l oop xs

| [ ] −> ()
i n

p r i n t _ s t r i n g ”{ ” ;
l oop s ;
p r i n t _ s t r i n g ”}”
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Modules: abstract types

module type I n tS e tS : s i g
type t
v a l empty : t
v a l i s_empty : t −> boo l
v a l mem : i n t −> t −> boo l
v a l add : i n t −> t −> t
v a l remove : i n t −> t −> t
v a l t o _ l i s t : t −> i n t l i s t

end

module I n t S e t : I n tS e tS = s t r u c t
. . .

end
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Modules: abstract types
# l e t p r i n t_ s e t ( s : I n t S e t . t ) : u n i t =

l e t r e c l oop = f u n c t i o n
| x : : x s −>

p r i n t _ i n t x ;
p r i n t _ s t r i n g ” ” ;
l oop xs

| [ ] −> ()
i n

p r i n t _ s t r i n g ”{ ” ;
l oop s ;
p r i n t _ s t r i n g ” } ” ; ;

Characters 172-173:
loop s;

^
Error: This expression has type IntSet.t

but an expression was expected of type
int list 14/ 45



Existential types

NatSet Impl =
𝜆𝛼 : : * .

𝛼
× (𝛼 → Bool )
× ( Nat → 𝛼 → Bool )
× ( Nat → 𝛼 → 𝛼)
× ( Nat → 𝛼 → 𝛼)
× (𝛼 → L i s t Nat )

empty = Λ𝛼 : : * . 𝜆s : NatSet Impl 𝛼 .𝜋1 s
is_empty = Λ𝛼 : : * . 𝜆s : NatSet Impl 𝛼 .𝜋2 s
mem = Λ𝛼 : : * . 𝜆s : NatSet Impl 𝛼 .𝜋3 s
add = Λ𝛼 : : * . 𝜆s : NatSet Impl 𝛼 .𝜋4 s
remove = Λ𝛼 : : * . 𝜆s : NatSet Impl 𝛼 .𝜋5 s
t o _ l i s t = Λ𝛼 : : * . 𝜆s : NatSet Impl 𝛼 .𝜋6 s
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Existential types

nat_set_package =
pack L i s t Nat , 〈

n i l [ Nat ] ,
i s empty [ Nat ] ,
𝜆n : Nat . f o l d [ Nat ] [ Bool ]

(𝜆x : Nat .𝜆y : Bool . o r y ( equa l_nat n x ) )
f a l s e ,

cons [ Nat ] ,
𝜆n : Nat . f o l d [ Nat ] [ L i s t Nat ]

(𝜆x : Nat .𝜆 l : L i s t Nat
i f ( equa l_nat n x ) [ L i s t Nat ] l

( cons [ Nat ] x l ) )
( n i l [ Nat ] ) ,

𝜆 l : L i s t Nat . l 〉
as ∃𝛼 : : * . NatSet Impl 𝛼
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Existential types

open nat_set_package as NatSet , na t_se t

one_two_three =
( add [ NatSet ] na t_se t ) one

( ( add [ NatSet ] na t_se t ) two
( ( add [ NatSet ] na t_se t ) t h r e e

( empty [ NatSet ] na t_se t ) ) )
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Existential types

Γ ⊢ 𝑀 ∶ 𝐴[𝛼 ∶= 𝐵] Γ ⊢ ∃𝛼∶∶𝐾.𝐴 ∶∶ ∗ ∃-introΓ ⊢ pack 𝐵, 𝑀 as ∃𝛼∶∶𝐾.𝐴 ∶ ∃𝛼∶∶𝐾.𝐴
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Existential types in OCaml

Λ𝛼 : : * . 𝜆p : Bool .𝜆x :𝛼 .𝜆y :𝛼 .
i f p [𝛼 ] x y

Λ𝛼 : : * .Λ𝛽 : : * . 𝜆p : Bool .𝜆x :𝛼 .𝜆y :𝛽 .
i f p [ ∃𝛾 . 𝛾 ]

(pack 𝛼 , x as ∃𝛾 . 𝛾 )
(pack 𝛽 , y as ∃𝛾 . 𝛾 )
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Existential types in OCaml

Λ𝛼 : : * . 𝜆p : Bool .𝜆x :𝛼 .𝜆y :𝛼 .
i f p [𝛼 ] x y

Λ𝛼 : : * .Λ𝛽 : : * . 𝜆p : Bool .𝜆x :𝛼 .𝜆y :𝛽 .
i f p [ ∃𝛾 . 𝛾 ]

(pack 𝛼 , x as ∃𝛾 . 𝛾 )
(pack 𝛽 , y as ∃𝛾 . 𝛾 )
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Existential types in OCaml

fun p x y −> i f p then x e l s e y

∀𝛼 : : * . Bool → 𝛼 → 𝛼 → 𝛼

∀𝛼 : : * . ∀𝛽 : : * . Bool → 𝛼 → 𝛽 → ∃𝛾 : : * . 𝛾
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Existential types in OCaml

(* ∃𝛼.𝛼 × (𝛼 → 𝛼) × (𝛼 → string) *)
type t =

E : ’ a * ( ’ a −> ’ a )* ( ’ a −> s t r i n g ) −> t

l e t i n t s =
E(0 , ( fun x −> x + 1) , s t r i n g_o f_ i n t )

l e t f l o a t s =
E ( 0 . 0 , ( fun x −> x +. 1 . 0 ) , s t r i n g_ o f _ f l o a t )

l e t E( z , s , p ) = i n t s i n
p ( s ( s z ) )
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Parametricity
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Parametricity

▶ Polymorphism allows a single piece of code to be instantiated
with multiple types.

▶ Polymorphism is parametric when all of the instances behave
uniformly.

▶ Where abstraction hides details about an implementation
from the outside world, parametricity hides details about the
outside world from an implementation.
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Modules: functors

module type Eq = s i g
type t
v a l equa l : t −> t −> boo l

end

module type SetS = s i g
type t
type e l t
v a l empty : t
v a l i s_empty : t −> boo l
v a l mem : e l t −> t −> boo l
v a l add : e l t −> t −> t
v a l remove : e l t −> t −> t
v a l t o _ l i s t : t −> e l t l i s t

end
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Modules: functors

SetS wi th type e l t = foo

expands to

s i g
type t
type e l t = foo
v a l empty : t
v a l i s_empty : t −> boo l
v a l mem : e l t −> t −> boo l
v a l add : e l t −> t −> t
v a l remove : e l t −> t −> t
v a l t o _ l i s t : t −> e l t l i s t

end
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Modules: functors

SetS wi th type e l t := foo

expands to

s i g
type t
v a l empty : t
v a l i s_empty : t −> boo l
v a l mem : foo −> t −> boo l
v a l add : foo −> t −> t
v a l remove : foo −> t −> t
v a l t o _ l i s t : t −> foo l i s t

end
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Modules: functors

module Set (E : Eq )
: SetS wi th type e l t := E . t = s t r u c t

type t = E . t l i s t

l e t empty = [ ]

l e t i s_empty = f u n c t i o n
| [ ] −> t r u e
| _ −> f a l s e

l e t r e c mem x = f u n c t i o n
| [ ] −> f a l s e
| y : : r e s t −>

i f (E . equa l x y ) then t r u e
e l s e mem x r e s t
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Modules: functors

l e t add x t =
i f (mem x t ) then t
e l s e x : : t

l e t r e c remove x = f u n c t i o n
| [ ] −> [ ]
| y : : r e s t −>

i f (E . equa l x y ) then r e s t
e l s e y : : ( remove x r e s t )

l e t t o _ l i s t t = t

end
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Modules: functors

module In tEq = s t r u c t
type t = i n t
l e t equa l ( x : i n t ) ( y : i n t ) =

x = y
end

module I n t S e t = Set ( In tEq )
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Universal types

Set Imp l =
𝜆𝛾 : : * . 𝜆𝛼 : : * .

𝛼
× (𝛼 → Bool )
× (𝛾 → 𝛼 → Bool )
× (𝛾 → 𝛼 → 𝛼)
× (𝛾 → 𝛼 → 𝛼)
× (𝛼 → L i s t 𝛾 )

empty = Λ𝛾 : : * . Λ𝛼 : : * . 𝜆s : Se t Imp l 𝛾 𝛼 .𝜋1 s
is_empty = Λ𝛾 : : * . Λ𝛼 : : * . 𝜆s : Se t Imp l 𝛾 𝛼 .𝜋2 s
mem = Λ𝛾 : : * . Λ𝛼 : : * . 𝜆s : Se t Imp l 𝛾 𝛼 .𝜋3 s
add = Λ𝛾 : : * . Λ𝛼 : : * . 𝜆s : Se t Imp l 𝛾 𝛼 .𝜋4 s
remove = Λ𝛾 : : * . Λ𝛼 : : * . 𝜆s : Se t Imp l 𝛾 𝛼 .𝜋5 s
t o _ l i s t = Λ𝛾 : : * . Λ𝛼 : : * . 𝜆s : Se t Imp l 𝛾 𝛼 .𝜋6 s
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Universal types

EqImpl =
𝜆𝛾 : : * . 𝛾 → 𝛾 → Bool

equa l = Λ𝛾 : : * . 𝜆s : EqImpl 𝛾 . s
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Universal types
set_package =

Λ𝛾 : : * . 𝜆eq : EqImpl 𝛾 .
pack L i s t 𝛾 , 〈

n i l [ 𝛾 ] ,
i s empty [ 𝛾 ] ,
𝜆n : 𝛾 . f o l d [ 𝛾 ] [ Bool ]

(𝜆x : 𝛾 .𝜆y : Bool . o r y ( equa l [ 𝛾 ] eq n x ) )
f a l s e ,

cons [ 𝛾 ] ,
𝜆n : 𝛾 . f o l d [ 𝛾 ] [ L i s t 𝛾 ]

(𝜆x : 𝛾 .𝜆 l : L i s t 𝛾 .
i f ( equa l [ 𝛾 ] eq n x ) [ L i s t 𝛾 ] l

( cons [ 𝛾 ] x l ) )
( n i l [ 𝛾 ] ) ,

𝜆 l : L i s t 𝛾 . l 〉
as ∃𝛼 : : * . Se t Imp l 𝛾 𝛼
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Universal types

Γ ⊢ 𝑀 ∶ ∀𝛼∶∶𝐾.𝐴 Γ ⊢ 𝐵 ∶∶ 𝐾 ∀-elimΓ ⊢ 𝑀 [𝐵] ∶ 𝐴[𝛼 ∶= 𝐵]
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Universal types in OCaml

(* ∀𝛼.𝛼 → 𝛼 *)
l e t f x = x

(* (∀𝛼.List 𝛼 → 𝐼𝑛𝑡) → 𝐼𝑛𝑡 *)
l e t g h = h [ 1 ; 2 ; 3 ] + h [ 1 . 0 ; 2 . 0 ; 3 . 0 ]

Characters 27-30:
let g h = h [1; 2; 3] + h [1.0; 2.0; 3.0]

^^^
Error: This expression has type float

but an expression was expected of type int
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Universal types in OCaml

Λ𝛼 : : * . 𝜆 f :𝛼 → I n t .𝜆x :𝛼 .𝜆y :𝛼 .
p l u s ( f x ) ( f y )

Λ𝛼 : : * .Λ𝛽 : : * . 𝜆 f :∀𝛾 . 𝛾 → I n t .𝜆x :𝛼 .𝜆y :𝛽 .
p l u s ( f [𝛼 ] x ) ( f [𝛽 ] y )
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Universal types in OCaml
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Universal types in OCaml

fun f x y −> f x + f y

∀𝛼 : : * . (𝛼 → I n t ) → 𝛼 → 𝛼 → I n t

∀𝛼 : : * . ∀𝛽 : : * . (∀𝛾 : : * . 𝛾 → I n t ) → 𝛼 → 𝛽 → I n t
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Universal types in OCaml

(* ∀𝛼.List 𝛼 → 𝐼𝑛𝑡 *)
type t = { h : ’ a . ’ a l i s t −> i n t }

l e t l e n = {h = L i s t . l e n g t h }

(* (∀𝛼.List 𝛼 → 𝐼𝑛𝑡) → 𝐼𝑛𝑡 *)
l e t g r = r . h [ 1 ; 2 ; 3 ] + r . h [ 1 . 0 ; 2 . 0 ; 3 . 0 ]
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Higher-kinded types

f : ∀F : : *→* .∀𝛼 : : * . F 𝛼 → (F 𝛼 → 𝛼) → 𝛼

x : L i s t ( I n t × I n t )

f x
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Higher-kinded types

𝐹 𝛼 ∼ List(Int × Int)

𝐹 = List 𝛼 = Int × Int
𝐹 = Λ𝛽.List(𝛽 × 𝛽) 𝛼 = Int
𝐹 = Λ𝛽.List(Int × Int)
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Lightweight higher-kinded types

A set 𝐅 of functions such that:

∀𝐹, 𝐺 ∈ 𝐅. 𝐹 ≠ 𝐺 ⇒ ∀𝑡.𝐹(𝑡) ≠ 𝐺(𝑡)
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Lightweight higher-kinded types

type ’ a t = ( ’ a * ’ a ) l i s t
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Lightweight higher-kinded types

type l s t = L i s t
type opt = Option

type ( ’ a , ’ f ) app =
| Ls t : ’ a l i s t −> ( ’ a , l s t ) app
| Opt : ’ a op t i on −> ( ’ a , opt ) app

(’a, lst ) app ≈ ’a list

(’a, opt) app ≈ ’a option
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Lightweight higher-kinded types

type ’ f map = {
map : ’ a ’ b . ( ’ a −> ’b ) −>

( ’ a , ’ f ) app −> ( ’ b , ’ f ) app ;
}

l e t f : ’ b map −>
( in t , ’ b ) app −> ( s t r i n g , ’ b ) app =

fun m c −>
m.map

( fun x −> ” I n t : ” ^ ( s t r i n g_o f_ i n t x ) )
c
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Lightweight higher-kinded types

l e t lmap : l s t map =
{map = fun f ( L s t l ) −> Lst ( L i s t .map f l )}

l e t l = f lmap ( Ls t [ 1 ; 2 ; 3 ] )

l e t omap : opt map =
{map = fun f (Opt o ) −> Opt ( Option .map f o )}

l e t o = f omap (Opt (Some 6) )
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Lightweight higher-kinded types

Generalised in the Higher library
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