Big unions

Definition 86 Let U be a set. For a collection of sets & ¢ P(P(U)),
we let the big union (relative to U) be defined as

JF = {xeU|IAeTF.xecA} € PU)
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Big intersections

Definition 88 Let U be a set. For a collection of sets & C P(U), we
let the big intersection (relative to U) be defined as

NF = {xeU|VAeTF.xecA} .
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PROOF: /{Zéj: ! OLNacuft%

cn reDF /
o NEEN >y Ce F xel Re N

F
o NCNF B WCF hnc N & -

Z %N .
Vnew neOF @WM\/ k/i’é? n éS\(Q)LQ&"
Ba V\/Lﬂufldhmgl/\ V\/QN«

— 170 —




)31 = §X 5= XUY
ARG LD ZQXUYTﬁAUQ%

V2 eY

Union axiom

Every collection of sets has a union.

UF

xeJTF & IXeTF.xeX
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For non-empty F we also have

NF

defined by

Vx. x€eNTF & (VXeTF.xeX)
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D1isjoint unions

Definition 90 The disjoint union A W B of two sets A and B is the
set

AWB = ({1} xA)U ({2} xB) .

APB=S (1,4) 4641 § (2,b) | beT .

Thus,

Vx.x € (AWB) < (JacA.x=(l,a)) V (IbeB.x=(2,b)).

Famd( £ . SxFyxX = S (#,2) | 26X ¢
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Proposition 92 For all finite sets A and B,

) — #(AUB) = #A +#B .

PROOF IDEA: A ond B are ASDM
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Corollary 93 For all finite sets A and B,

#(AWB) = #A 4+ #B .
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Relations

Definition 95 A (binary) relation R from a set A to a set B

R:A——B or RcRelA,B) ,

|44

RCAxXxB or RePAxB) .

Notation 96 One typically writes aRb for (a,b) € R.
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Examples:

» Empty relation.
D:A—+B (a0 b & false)

» Full relation.
(AxB):A—+B (a (A xB)b & true)

» l|dentity (or equality) relation.
ida ={(a,a)|lacA}:A—A (aidp @’ &= a=ad’)

» Integer square root.
R={(mn)|m=n*}:N-+Z (MRn & m=n?
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Internal diagrams

Example:
R=1{1(0,0),(0,—1),(0,1),(1,2),(1,1),(2,1) } :N——=Z
S=1{1(1,0),(1,2), (2,3) } 1 Z—+Z




Relational composition

R A28 S P+5C

CS JZ> A—5 C
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Theorem 98 Relational composition is associative and has the
identity relation as neutral element.

» Associativity.
ForallR:A—+—B,S:B—+—C,andT:C—+—D,

(ToS)oR = To(SoR)

» Neutral element. l/\ f)(/%%\% %@ M/{%%/h e

For allR : A —+ B, SO)QJ
ROidA:R:idBOR . /A/ @J

F=t=

_1R1 —



Relational extensionality
R=§:A—+—B

|ff
Vae A.VYbeB. aRb & aSb
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Theorem 100 Matrix multiplication /s associative and has the
identity matrix as neutral element.
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elations from [m] to [ ] and (m x n)-matrices over Booleans
provide two alternative views of the same structure.

This carries over to identiies and to compositorymultplication
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