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Pre-fixed points L)

Let D be aposetand f : D — D be a function. /—C°) /{”‘6[7&1

An element d € D is a pre-fixed point of f if it sat|sf|esé2) 7/5%%(72/
f(d) E d. = /’%/
] <

The least pre-fixed point of f, if it exists, will be written

fia(f) foxtf) -
i
It is thus (uniquely) specified by the two p¥bperties: IILM /‘ W
f(fix(f)) E fiz(f) (Ifp1)
~-VdeD. f(d)Cd = fix(f) Cd. (Ifp2)
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Proof principle

2. Let D be aposetandlet f : D — D be a function with a
least pre-fixed point fiz(f) € D.
Forall x € D, to prove that fiz(f) C x it is enough to
establish that f(z) C x.
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2. Let D be aposetandlet f : D — D be a function with a
least pre-fixed point fiz(f) € D.
Forall z € D, to prove that fiz(f) C x it is enough to
establish that f(z) C x.

—

flz) Ex
fix(f) E
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Proof principle

f(fix(f)) E fie(f)

2. Let D be aposetandlet f : D — D be a function with a
least pre-fixed point fiz(f) € D.
Forall x € D, to prove that fiz(f) C x it is enough to
establish that f(z) C x.

f(z) Ew
L x

fiz(f)
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Jif &‘Qp’ W”"g/% ”ﬁ(ﬁ%d)) = éf(é)

1%
ﬁ ff? Least pre-fixed points ﬁ@g{'g tsﬁﬁﬁ

™

If it exists, the least pre-fixed point of a mononote function on a

patalode s necessarily af;ﬁd{pﬁ @Q«jﬁ) 7{)(/07&9
_{@% fef Bt ety
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All domains of computation are Um 74”
/%ﬁ@partial orders with a least element.

30



g . e
[ Thesis* n - Z/;n
< O |

¢ ‘(

U" All domains of computation are i Lt
A complete partial orders with a least element. @Z 70@)
- v U
0 G= fl)

ﬁl All computable functions are (A

Uy
continuous. €= @60}
s
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Cpo’s and W /@wlO ‘4 %g“

A chain complete poset, aor cpo for short, is a poset (D, E) In
which all countable ifcreasing ¢hains dg = di1 T dy T ... have
least upper bounds;, | |~ dy; |

Vm > 0.d, C |_|dn (lub1 L
n>0 /,1/\
VdeD.(Vvm>0.dp 5d) = | |d.Td. (ub (
n20 ey

A domain is a cpo that possesses a least element, L :

Vde D.1 Cd. /go
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(¢ > 0and (x,,) achain)

n>0 Tn ==

Vn>0.2, Cx

o O ({(x;) a chain)
n>0 N = L
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Domain of partial functions, X — Y




Domain of partial functions, X — Y

Underlying set: all partial functions, f, with domain of definition
dom(f) C X and taking values in Y.

Partial order:
fCg iff dom(f)C dom(g)and

Vo € dom(f). f(z) = g(x) &@A@
it graph(f) C graph(g)
Lub of chain fy C fi C fo C ... is the partial function f with

dom(f) = U, >o dom(fn) and

6'1\
f(z) = an(x) if v € dom(fy), somen @
_undefined otherwise
| X € % el
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Domain of partial functions, X — Y

Underlying set: all partial functions, f, with domain of definition
dom(f) C X and taking values in Y.

Partial order:
fCg ittt dom(f)C dom(g)and

Ve € dom(f). f(x) = g(x)
itt  graph(f) C graph(g)
Lub of chain fy C fi C fo C ... is the partial function f with
dom(f) = U, >o dom(fn) and

(fn(a:) it v € dom(f,), somen

flz) = <

\ undefined otherwise

Least element _L is the totally undefined partial function.
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Some Prope&lqéwf Iu}# OfEﬁ;IﬁJ A N

Let D be a cpo. | U d//( LJ 0( ﬂ[—lﬁ/\, \7
1.FordED,|_|nd:d LJ&(

Am =
2. Foreverychaindyg C dy C (;}/d//\BJ

forall N € N.
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3. Forevery pairofchainsdg T di C ... C d, C ...and

eolertC...Ce, C...inD, \j&/\
if d,, C e, foralln € N then d, C €.
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3. Forevery pairofchainsdg T di C...Cd, C ...

eolertC...Ce, C...inD,
if d,, C e, foralln € N then

n

d

n

L

and

({(x,,) and (y,) chains)



