
Iteratively defined functions on finite lists

A∗ def
= finite lists of elements of the set A

Given a set A′, an element x′ ∈ A′, and a function
f : A→A′→A′, the iteratively defined function listIter x′ f is
the unique function g : A∗→A′ satisfying:

g Nil = x′

g (x :: `) = f x (g `).

for all x ∈ A and ` ∈ A∗.
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Polymorphic lists

α list
def
= ∀α′ (α′→ (α→ α′→ α′)→ α′)

Nil
def
= Λ α, α′ (λ x′ : α′, f : α→ α′→ α′ (x′))

Cons
def
= Λα(λx : α, ` : α list(Λα′(

λx′ : α′, f : α→ α′→ α′(

f x (` α′ x′ f)))))
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List iteration in PLC

iter
def
= Λα, α′(λx′ : α′, f : α→ α′→ α′(

λ ` : α list (` α′ x′ f)))

satisfies:

• ` iter : ∀α, α′ (α′→ (α→ α′→ α′)→ α list → α′)

• iter α α′ x′ f (Nil α) =β x′

• iter α α′ x′ f (Cons α x `) =β f x (iter α α′ x′ f `)
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PLC syntax

Types τ ::= α type variable

| τ → τ function type

| ∀α (τ ) ∀-type

Expressions

M ::= x variable

| λx : τ (M) function abstraction

| M M function application

| Λα (M) type generalisation

| M τ type specialisation

(α and x range over fixed, countably infinite sets TyVar and Var

respectively.)
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A tautology checker

fun taut n f = ifn = 0 then f else

(taut(n− 1)(f true))

andalso (taut(n− 1)(f false))

Defining types

{

0AryBoolOp
def
= bool

(n + 1)AryBoolOp
def
= bool → (n AryBoolOp)

then taut n has type (n AryBoolOp)→ bool , i.e. the result type

of the function taut depends upon the value of its argument.
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The tautology checker in Agda

data Bool : Set where

True : Bool

False : Bool

_and_ : Bool -> Bool -> Bool

True and True = True

True and False = False

False and _ = False

data Nat : Set where

Zero : Nat

Succ : Nat -> Nat

_AryBoolOp : Nat -> Set

Zero AryBoolOp = Bool

(Succ n) AryBoolOp = Bool -> n AryBoolOp

taut : (n : Nat) -> n AryBoolOp -> Bool

taut Zero f = f

taut (Succ n) f = taut n (f True) and taut n (f False)
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Dependent function types (x : τ)→ τ ′

Γ, x : τ ⊢M : τ ′

Γ ⊢ λ x : τ (M) : (x : τ)→ τ ′
if x /∈ dom(Γ) ∪ fv(Γ)

Γ ⊢M : (x : τ)→ τ ′ Γ ⊢M ′ : τ

Γ ⊢M M ′ : τ ′[M ′/x]

τ ′ may ‘depend’ on x, i.e. have free occurrences of x.

(Free occurrences of x in τ ′ are bound in (x : τ)→ τ ′.)
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