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Example: The following defines a partial function Z× Z⇀ Z× Z:

◮ for n ≥ 0 and m > 0,
(n,m) 7→

(

quo(n,m) , rem(n,m)
)

◮ for n ≥ 0 and m < 0,
(n,m) 7→

(

− quo(n,−m) , rem(n,−m)
)

◮ for n < 0 and m > 0,
(n,m) 7→

(

− quo(−n,m) − 1 , rem(m − rem(−n,m),m)
)

◮ for n < 0 and m < 0,
(n,m) 7→

(

quo(−n,−m) + 1 , rem(−m− rem(−n,−m),−m)
)

Its domain of definition is
{
(n,m) ∈ Z× Z | m 6= 0

}
.
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Functions (or maps)

Definition 97 A partial function is said to be total, and referred to as
a (total) function or map, whenever its domain of definition coincides
with its source.
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Theorem 98 For all f ∈ Rel(A,B),

f ∈ (A⇒ B) ⇐⇒ ∀a ∈ A.∃!b ∈ B. a f b .

PROOF:
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Proposition 99 For all finite sets A and B,

# (A⇒ B) = #B#A .

PROOF IDEA :
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Theorem 100 The identity partial function is a function, and the
composition of functions yields a function.

NB For all sets A, the identity function idA : A→ A is given by the
rule

idA(a) = a

and, for all functions f : A → B and g : B → C, the composition
function g ◦ f : A→ C is given by the rule

(

g ◦ f
)

(a) = g
(

f(a)
)

.
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Bijections

Definition 101 A function f : A → B is said to be bijective, or
a bijection, whenever there exists a (necessarily unique) function
g : B→ A (referred to as the inverse of f) such that

1. g is a left inverse for (or a retraction of) f:

g ◦ f = idA ,

2. g is a right inverse for (or a section of) f:

f ◦ g = idB .
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Proposition 102 For all finite sets A and B,

#Bij(A,B) =





0 , if #A 6= #B

n! , if #A = #B = n

PROOF IDEA :
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Theorem 103 The identity function is a bijection, and the composi-
tion of bijections yields a bijection.
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Definition 104 Two sets A and B are said to be isomorphic (and
to have the same cardinatity) whenever there is a bijection between
them; in which case we write

A ∼= B or #A = #B .

Examples:

1. {0, 1} ∼= {false, true}.

2. N ∼= N+ , N ∼= Z , N ∼= N× N , N ∼= Q .

— 202 —



Equivalence relations and set partitions

◮ Equivalence relations.
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◮ Set partitions.
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Theorem 105 For every set A,

EqRel(A) ∼= Part(A) .

PROOF:
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