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Definition 90 For R € Rel(A), let

R* = J{R™e€Rel(A) [ neN} = [,y R

neN

Corollary 91 Let (A,R) be a directed graph. For all s,t ¢ A, s R°* t
Iff there exists a path with sourse s and target t in R.
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The (n x n)-matrix M = mat(R) of a finite directed graph ([n],R)
for n a positive integer is called its adjacency matrix.

The adjacency matrix M* = mat(R°*) can be computed by matrix
multiplication and addition as M,, where

y

M, = I,
M = I+ (M- My)

This gives an algorithm for establishing or refuting the existence of
paths in finite directed graphs.
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Preorders

Definition 92 A preorder ( P, C ) consists of a set P and a relation
C on P (i.e. C € P(P x P)) satisfying the following two axioms.

» Reflexivity. D’i&jﬂim‘ﬁﬁé%
Vx eP. xCx (D_

» Transitivity. (_7 o
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Examples:
—
[' > (R,<)and (R, >).

> (P(A), )and (P(A), 2).
> ACA
r >
MI’LW/ ASBuBsC = Ace
alb xble = %[c / 2)-2, ~2]2 but 24#-2
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Theorem 93 ForR C A x A, let
Fr = {QCAXA | RCQ & Qisapreorder } .

Then, (i) R°* € F and (ii) R** C () k. Hence, R** = () Fk.

PROOF: ﬁow Vo/ﬂ% LorT ffaﬂﬂ(f/f mkﬂﬂﬁ K

(1) Shawr VRS Ak REQ & Q a preadl
2R = 1dy
g~
Assume zﬂ"*? %afu - a(ﬁwﬁ))@aﬂt fron 1
R

b J oz ma/mazm - qammg m
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- Partial functionsMAB) < @4@@3

Definition 94 A relation R : A —+ B Is said to be functional, and
called a partial function, whenever it is such that

Vae A.Vby,b, € B. aRb; & aRb, = b;=b, .
Y
%&@b%% b i (AMIIW.

PN W A g
gW%w?@
Bt ) o o Uam by un
oﬂyfﬁ:(wwp@?%‘* 0. . %

— 191 —



< _

0 A >B S gl fu o
f Rt

M a6, e g reledd To pent Tt

mwf#_@ n Wt e it wﬂf%@)}

m&aMmL@lZ;wﬂmi’ B,

Wt (ot %J?W%RZ@M’MW&

(Wa(w{mf[(? 7”(9)?)




J

L L‘j
}»_7%2)

)
0"0

a
; > L:_j%z)



Theorem 95 The identity relation is a partial function, and the
composition of partial functions yields a partial function.
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Example: The following defines a partial function Z x Z — 7 x Z.:

» forn > 0and m > 0,
(n,m) = (quo(n,m), rem(n, m))

» forn > 0and m <0,
(n,m) = ( —quo(n,—m), rem(n,—m))

» forn <0and m >0,
(n, m) — (— quo(—m, m) — 1, rem(m — rem(—n, m),m))

» forn < 0and m <0,
(n, m) — (quo(—n, —m) 4+ 1, rem(—m — rem(—m, —m), —m))

lts domain of definitionis { (n,m) € Z x Z | m #0 }.
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Proposition 96 For all finite sets A and B,

#(AﬂB — (#B+1)#A
PROOF IDEA: “m}(f A/(/( F@[/—ta( qum
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Functions (or maps)

Definition 97 A partial function is said to be total, and referred to as
a (total) function or map, whenever its domain of definition coincides
with its source.

Furlb8) C Pha(p) € RLAE
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