The division theorem and algorithm

Theorem 38 (Division Theorem) For eyery natural number m and
positive natural number n, there exists a unique pair of integers ¢
and rsuchthatq >0,0<r<n,andm=q-n+r.

Definition 39 The natural numbers q and r associated to a given
pair of a natural number m and a positive integer n determined by
the Division Theorem are respectively denoted quo(m,n) and
rem(m,n).
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The Division Algorithm in ML: OLIV‘OV{? (m, n)
fun divalg( m , n ) ol/ﬂ/‘@” C@),pq

= let
fun diviter( q , r )

= if r <n then (q, r )

| else diviter( g+1 , r-n )(

in

{n ‘1‘
diviter( 0 , m ) \Q( diviltr CQ,F) (-7 sz;

end
el
#1( divalg( ml IQ%)I)F’”)

#2( divalg( m , n ) )

fun quo( m , n )

fun rem( m , n )



@)m) e (0,m)

! i

(_’I)K?n»n) —m n<}‘l.,? 0/”‘"”)
.

(2 m-2n) — (2,m-2n)
J

(i/ m-bW) — Cb;m—-bn)

’L/QPV\«;MJZ it b@ valféohgh



il (qir) = (47)
Jf m:é}-né—f‘

4, r- n)
( /Z U n+(r—-n)

‘P(?Cl?) = <Y)’l:: Z:VH-ZL) /
P(g,r) = P (94, f—ﬂfL‘)
Pom) hetds = (m= 0 wrm) v




Theorem 40 For every natural number m and positive natural
number n, the evaluation of divalg(m,n) terminates, outputing a
pair of natural numbers (qo, 10) such that rp < nand m = qo - n+ .
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Propositi
[

41 Let m be a positive integer. For all integers k and

k=1 (mod m) &< rem(k,m) =rem(l, m)
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Corollary 42 Let m be a positive integer.

1. For every natural number n,

n=rem(n,m) (modm) .

J

rom(n,m) = rem( Com(nm) ,m)

PROOF: /

Exefadt
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Corollary 42 Let m be a positive integer.

1. For every natural number n,

n=rem(n,m) (modm) .

2. For every integer k there exists a unique integer [k],, such that

0<[klp,<m and k= k|, (mod m)
msd
PROOF:

[ 4 YTV

(’




fow | Rkl ym) =[], =k



Modular arithmetic

For every positive integer m, the integers modulo m are:

Loy = O, 1, ..., m—1.

with arithmetic operations of addition +,,, and multiplication -,
defined as follows

k—l_ml:[k‘l_um 1 kml:[kum

forall 0 < k,1 < m. C”?_/)_M OG%) n«) 0 rom (K'Z Vv\)
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Example 44 The addition and multiplication tables for Z, are:

+410 1 2 3 410 1T 2 3
0|01 2 3 0/0 0 0 O
T 11T 2 3 0 110 1 2 3
212 3 0 1 210 2 0 2
313 0 1 2 310 3 2 1

Note that the addition table has a cyclic pattern, while there is no
obvious pattern in the multiplication table.
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From the addition and multiplication tables, we can readily read
tables for additive and multiplicative inverses:

additive multiplicative
Inverse Inverse

0 0 0 —
| 3 | |
2 2 2 —
3 | 3 3

Interestingly, we have a non-trivial multiplicative inverse; namely, 3.



Example 45 The addition and multiplication tables for Zs are:

w5101 2 3 4 1001 23 4
010123 4 010 000 0
10123 4 0 11023 4
2102 3 4 01 200 2 4(1)3
303401 2 303@42
404 01 23 410 4 3 201)

Again, the addition table has a cyclic pattern, while this time the
multiplication table restricted to non-zero elements has a
permutation pattern.



From the addition and multiplication tables, we can readily read
tables for additive and multiplicative inverses:

c'_;ldditive mu_ItipIicative
iInverse iInverse

0 0 0 —

] 4 ] ]

2 3 2 3

3 2 3 2

4 ] 4 4

Surprisingly, every non-zero element has a multiplicative inverse.



