
Summary of the rules of structured proof. Slides 87–104

Introduction rules Elimination rules

∧

What is a Justification (in this stylised form)?
Back to the Connectives — And

To prove a conjunction: we can prove P ∧Q by proving P and provingQ .

...

l. P from ...

...

m. Q from ...

...

n. P ∧ Q from l and m by ∧-introduction

(it doesn’t matter in what order l and m are in)

What is a Justification (in this stylised form)?
Back to the Connectives — And

To use a conjunction: if we know P ∧ Q , then we can deduce P , or we
can deduce Q (or both, as often as we like)

...

m. P ∧ Q from ...

...

n. P from m by ∧-elimination

or

...

m. P ∧ Q from ...

...

n. Q from m by ∧-elimination

∨

What is a Justification (in this stylised form)?
Back to the Connectives — Or

To prove a disjunction: to prove P ∨ Q , we could prove P , or we could
prove Q . (could even use ¬Q or ¬P resp.)

...

m. P from ...

...

n. P ∨ Q from m by ∨-introduction

or

...

m. Q from ...

...

n. P ∨ Q from m by ∨-introduction

What is a Justification (in this stylised form)?
Back to the Connectives — Or

To use a disjunction: if we know P ∨ Q , and by assuming P we can prove
R, and by assuming Q we can prove R, then we can deduce R (a form
of case analysis).

l. P ∨ Q from ... by ...
...
m1. Assume P

...
m2. R...
n1. Assume Q

...
n2. R...

o. R from l, m1–m2, n1–n2 by ∨-elimination

(it doesn’t matter what order l, m1–m2, and n1–n2 are in)

⇒

What is a Justification (in this stylised form)?
Back to the Connectives — Implication

To prove an implication: to prove P ⇒ Q , assume P , prove Q , and
discharge the assumption.

...
m. Assume P

...
n. Q from ... by ...
n + 1. P ⇒ Q from m–n, by⇒-introduction

What is a Justification (in this stylised form)?
Back to the Connectives — Implication

To use an implication: if we know P ⇒ Q , and we know P , we can
deduce Q

...
l. P ⇒ Q by ...
...
m. P by ...
...
n. Q from l and m by⇒-elimination

(also known as modus ponens)

¬

What is a Justification (in this stylised form)?
Back to the Connectives — Negation

To prove a negation: to prove ¬P , assume P , prove F , and discharge
the assumption.

...
m. Assume P

...
n. F from ... by ...
n + 1. ¬P from m–n, by ¬-introduction

That’s a lot like⇒-introduction (not a surprise, as ¬P iff (P ⇒ F )).

What is a Justification (in this stylised form)?
Back to the Connectives — Negation

To use a negation: if we know ¬P , and we know P , we can deduce F

...
l. P by ...
...
m. ¬P by ...
...
n. F from l and m by ¬-elimination

T

What is a Justification (in this stylised form)?
Back to the Connectives — Truth

To prove T : nothing to do

...
n. T

That’s not very useful, though... because:

To use T : you can’t do anything with it.

No elimination rule for True.

F
No introduction rule for False.

What is a Justification (in this stylised form)?
Contradiction′

To prove P by contradiction: if we can deduce F , then we can deduce
any P

...
m. F from ... by ...
...
n. P from m, by contradiction

(hopefully this would be under some assumption(s)...)

∀

What is a Justification (in this stylised form)?
Back to the Connectives — For all

To prove a universally quantified formula ∀ x .P(x ), consider an arbitrary
fresh variable x (ranging over the appropriate domain) and prove P(x ),
then discharge the assumption.

...
m. Consider an arbitrary x (from domain ...)
...
n. P(x ) by ...

n + 1. ∀ x .P(x ) from m–n by ∀-introduction

What is a Justification (in this stylised form)?
Back to the Connectives — For all

To use a universally quantified formula: if we know ∀x .P(x ), then we can
deduce P(v) for any v (of the appropriate domain)

...

m. ∀ x .P(x ) from ...

...

n. P(v) from m by ∀-elimination

∃

What is a Justification (in this stylised form)?
Back to the Connectives — Exists

To prove an existentially quantified formula ∃ x .P(x ), prove P(v) for
some witness v (from the appropriate domain).

...

m. P(v)

...

n. ∃ x .P(x ) from m by ∃-introduction with witness x = v

That’s a special case of this more general rule:

l. ∃ x .P(x )

...

m. For some actual x1, P(x1)

...
n. Q (where x1 not free in Q )

...

o. Q from l, m–n, by ∃-elimination

What is a Justification (in this stylised form)?
Contradiction

To prove P by contradiction: if, from assuming ¬P , we can prove F , then
we can deduce P

...
m. Assume ¬P

...
n. F from ... by ...
n + 1. P from m–n, by contradiction

Note that in the other rules either a premise (for elimination rules) or the
conclusion (for introduction rules) had some particular form, but here the
conclusion is an arbitrary P .

   (Proof by contradiction)   (Proof by contradiction)

F-elimination




