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Chain-closed and admissible subsets

Let D be a cpo. A subset S C D is called chain-closed iff
forallchainsdg T di Edo C ... inD

(n>0.dy€S) = (| ]di)es

n>0

If D isadomain, S C D is called admissible iff it is a
chain-closed subset of D and L. € S.
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Chain-closed and admissible subsets

Let D be a cpo. A subset S C D is called chain-closed iff
forallchainsdg T di Edo C ... inD

(n>0.dy€S) = (| ]di)es

n>0

If D isadomain, S C D is called admissible iff it is a
chain-closed subset of D and L. € S.

A property ®(d) of elements d € D is called chain-closed
(resp. admissible) iff {d € D | ®(d)} is a chain-closed
(resp. admissible) subset of D.
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Scott’s Fixed Point Induction Principle

Let f : D — D be a continuous function on a domain D.

For any admissible subset S C D, to prove that the least
fixed point of f isin S, i.e. that

fix(f) e s,

it suffices to prove

Vde D (deS = f(d)es).
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Tarski’s Fixed Point Theorem

Let f : D — D be a continuous function on a domain ). Then

e f possesses a least pre-fixed point, given by

fir(f) = | | f(L).

n>0

e Moreover, fix(f) is a fixed point of f, i.e. satisfies

f(fiz(f)) = fiz(f), and hence is the least fixed point of f.

A

hore {gv‘*‘m FOF()
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Proof of the Scolt Induckion Principle

If we krow VdeD. deS=Fl)e S o
L e s St S 15 admissible




Proof of the Scolt Induckion Principle

If we know [VdeD. deS = fld) € S| hon,

L es Smw/ﬁs s adwmissible
S0 f(.L)éS \o\j,\J




Proof of the Scolt Induckion Principle

If we know | VdeD. deS = U )€ S} thom

L es SN S s odwmissible
so £(L)eS

o F(E(W)eS \o\j,\/
2" (1) e S for ol ne N




Proof of the Scolt Induckion Principle

L e s

Sinw S

so £(L)eS
o F(E(W)eS

”g“(

el fvoll ne N

If we know VdeD. deS = fld)e S, fhon
's  adwmissible

Wu/ Uwéof“(i)ég SN S 15 admissible

ok 1s |

fis (P €S

QED



Example Y.2.)

Cetven {olmmou’n D
Govtinuons fanchion £ DxDxD—= D
W{g:DXDq‘DXD (s Gontinuous.
@'("(Udz) = (‘F(O(\ yd, :"(7,) ) F(du 0(2) O(z))

o L:\J,To»rskc'é.ﬁ?’l‘ we get %x(g)é DxD.

Claiwm i U = U, where (ui,u,) =5 ()

Progt oy Seatt Tnduckion. -
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Example Y.2.]

g:DXD-—vDXD
0(di,d,)

= (’F(O(\ )d\ 10(2) ) F(du 0(2,) 0(2))

Cl.(R.tW\ :

U, = Uy , where (uiu,) =5(4)

M A = {(&)50) |d ¢ D} (s own admiss: ble
Swbst & D3 D becouse

e (L,1) e
.(dm& )g (&nd

L1y, ¢

V\l&(\) :’(_

3% Vo (o diel mphes

n;o&" ’ U”‘Zo& )

(Y

w20

by U, 4l €4



Example Y.2.)
{g-‘DXD——?DXD

%'(.O(UA’L) = ('F(O(\)duo(z) ) F(dn 0(2,) 0(2))
Cl(?»fwx : U, = U, where (Muv(_z) =§“>‘(ﬁ>

M A = ‘{(& c@) MG D} At isss ble,
ond \ (4,d') edxD. (d,d)ep S 4(dd) el

]DQCGMSQ
(d,dDeh = d=4d'
= gldid') = (F(d, 4,d), fldd ) €




Example Y.2.)
{g:DxD——vDXD

A (dirdy) = (Fd,d,udp) s Fdis day ds))
Claim U, = U, where (uou,) =5 (1)
M A = ‘{(i c@) 1d ¢ D} atmiss, ble

ond \J (4,d8') eDxD. (dd)ep=g(d ) e

So b\a, Stk ivx(ﬂMdmn

Qix (9) e O

QED



Building chain-closed subsets (l)

Let D, E be cpos.

Basic relations:

e Foreveryd € D, the subset

Wd) = {zeD|zCd)}

of I is chain-closed.
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Building chain-closed subsets (l)

Let D, E be cpos.

Basic relations:

e Foreveryd € D, the subset

Wd) = {zeD|zCd)}

of I is chain-closed.

® The subsets

{(z,y) e Dx D |z Cy}
{(z,y) e Dx D |x=y}

and

of I) X I are chain-closed.
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Building chain-closed subsets (ll)

Inverse image:
Let f : D — E be a continuous function.

If S is a chain-closed subset of £’ then the inverse image
718 = {zeD| f(z) e S}

isa chain-closed subset of D).
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Building chain-closed subsets (ll)

Inverse image:
Let f : D — E be a continuous function.

If S is a chain-closed subset of £’ then the inverse image
718 = {zeD| f(z) e S}

is a chain-closed subset of D).

PY\N;E; \F OQOQ&‘Q(QZQ. o D 2< \%/\- dﬂéjgg
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Building chain-closed subsets (ll)

Inverse image:
Let f : D — E be a continuous function.

If S is a chain-closed subset of £’ then the inverse image
718 = {zeD| f(z) e S}

isa chain-closed subset of D).

PYWF,; f docdcdc D X \*/V\ d, 6)55
Jﬂ(;\"/\ﬂ v\/\. ‘F(OQV\>€S, NO U/\z\ﬂqo{h>ég (DUS SCL\.‘C{.)
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Building chain-closed subsets (ll)

Inverse image:
Let f : D — E be a continuous function.

If S is a chain-closed subset of £’ then the inverse image
f7'S ={xreD]|f(x) €S}
is a chain-closed subset of D. N
Pod i dcdcdc w D X Y def S

thon Yn 4 eSS, o Up, HdoeS [fus Schcl)

o £ (UnsodnleS (08 dbs)
So SISy, (pn SRS 56



Example (Il)

Let D be adomain andlet f, g : D — D be continuous
functions such that f o g C g o f. Then,

f(L) Eg(L) = fix(f) E fix(g) -
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Example (Il)

Let D be adomain andlet f, g : D — D be continuous
functions such that f o g C g o f. Then,

f(L) Eg(L) = fix(f) E fix(g) -

Proof by Scott induction.

Consider the(gd/missible property)®(z) = (f(z) C g(z))
of D.

Since

flx) Eg(x) = g(f(x)) Eglg(x)) = f(g(z)) E g(g(x))

we have that

f(fiz(g)) C g(fix(g)) .
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Criven Corhinnous /fwvx hons
£:DE g: Dok
e %;z/f’ A Uptinnous f/\ndﬂbn

<.F>9> D ) ZXF

given by

(Chadke -

<f9>= nded. (Fd), 3(00)

<f 9>(Un)’°&v\) = ( HU»\;V&\«\)HUW dn))

= (U, ), Uns 9(4.0)
= U, (£ )y 5»(0(,\\ )
= Uy <hg? (d)




Example (Il)

Let D be adomain andlet f, g : D — D be continuous
functions such that f o g C g o f. Then,

f(L) Eg(L) = fix(f) E fix(g) -

Proof by Scott induction.

Consider the@dmlssmle property

O (x
of D.
Since {xl @ } <Fﬂ> 3

f(x) E g(z) = g(f(

we have that

f(fiz(g)) C g(fix(g)) .

(z))
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Example (Il)

Let D be adomain andlet f, g : D — D be continuous
functions such that f o g C g o f. Then,

f(L) Eg(L) = fix(f) E fix(g) -

Proof by Scott induction.

Consider the admissible property ®(z) = (f(z) C g(z))
of D.

Since

flx) Eg(x) = g(f(x)) Eglg(x)) = f(g(z)) E g(g9(x))

we have that
f(fie(9)) Cafiz(g) = fixg) by Ifp) i g
So lo(ﬁ <7C(32> ]Covf s \/\a\/\r&
Eix (£) E fix(g) QE P _



Building chain-closed subsets (lil)

Logical operations:
o If S,I" C D are chain-closed subsets of ) then
SuT and SNT
are chain-closed subsets of D).
o If {.S; }icr is afamily of chain-closed subsets of [

indexed by a set I, then [ )
subset of D.

;<1 i is a chain-closed
e If a property P(x,y) determines a chain-closed subset of

D x FE, then the property Vo € D. P(x,y) determines
a chain-closed subset of .
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,T chain- c(ORA =>3SuT Clnm'n— chsed

SwFPose OQ ':0(‘:0!2,,-" n D X \U[n. O[V,GSUT
\.% Umo( GS we are done .

Sd &uﬂoa;,e, Umodl ﬁt S <
for et m2Z o), \

(Mnem. d,eS)= U, da= U, dn € S




S )T chain- c(ORA >SuT Clnm'n— chsed
Suppose d,cdcd,c-n D %X Ynd,eSUT
L Up,dn € S, we are dove .

Sd &uﬁoa}e, U,\,OOQ éﬁ S

tor endh M2 o),
(Mnem. d,eS)2U, 4 =U, d. € S

S0 W(VV\ZW\. d, € S) J
‘ TInem . d.eT  Sine —

(e .




,T chain- c(ORA =>3SuT Clnm'n— chsed
SWFPOSQ OQ c d Ca!&_, —n D X \U[n. 0[‘,,65 UT

L% Um o( € S we are done .
Sd &"’?\005'3 Umodl ﬁt S
Fr endh m20, Inem. d.eT




,T chain- c(OKA =>3SuT Clr\m'n— chsed
Suppose d,cdcd,c-n D %X Ynd,eSUT
L‘({‘ UmAGSWe,mo%m
Sd &uﬁoog_e, U,\,OOQ ﬁt S
br cadh m20, Fnem.d.eT
So we cn chose Ny <N <N, < - Sml—{s*«f\g,{v\ﬁ/
Ym . m<n, X dnmeT.

Yo U,.. d. = wa,o J"‘m c T

n>0

QLED.



Building chain-closed subsets (lil)

Logical operations:
o If S,I" C D are chain-closed subsets of ) then
SuT and SNT

are chain-closed subsets of D).

o If {.S; }icr is afamily of chain-closed subsets of [

indexed by a set /, ther@ls a chain-closed
subset of D. = - {OQCD(VI (Qeg“}

e |f a property P(:z:, y) determines a chain-closed subset of
D x FE, then the property Vo € D. P(x,y) determines
a chain-closed subset of L.

n goreel Ui S =4d[Ji deSih & D=8

n<od ot ke (haon - g(m@(i -



fov eadn 1€ N
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S =40,2,\,. \]u{oo'} s chain-doged  Subset
A dowin €2 - %,}

buwk ]
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Example (lll): Partial correctness

Let F : State — State be the denotation of
while X > 0do (Y =X *xY; X=X -1).
Forallx,y > 0,

FIX—x,Y —yl |
— Fl X —z,Y—»y=[X—0Y =z y|
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Recall that
F = fiz(f)
where [ : (State — State) — (State — State) is given by

(

(,y) if o < 0

= ANx,y) € State. <
flw) (9) e w(r—1,x-y) ifx>0

\
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Proof by Scott induction.

We consider the admissible subset of (State — State) given by

Va,y > 0.
S=<w w|X — 2, Y — y|l
= wX —z,Y =y =[X—0Y =z y

and show that

weS = f(w)es.
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SvapoS—e/ weS. Want to Iow %(w)eS) )-e
xv20 & FI®yIL = F1)ey)= (0, xy
S wmppose x,v20 X FR(29) 1

(0se Xx=0 :

DNaw) = Goy)=©1)=(0, loy) = (0,lxy) /
M)y n Y t Y A X

b ?,U%d:qf,(. ; Sl Sinwe Since

A=0 O!:] [ E=Ne,



Sva\ooS—e/ weS. Want to Iow %(w)eS) )-e
xv20 & Fy)l = H)oy)= (0, xy

S wmppose x,v20 X FR(29) 1
(ase x>0 : Sin £(w)(19) Y

9,Q}C W =1, a-y) J ,0‘3» va‘\llﬂ‘m of F



Sw]o\oos—e, weS., Want to shwow ﬂw}eS) - e
3('\020 & JC(LJ)(DL)‘:))J/ = %O)C"hj):(o,\-x-\t)

S wmppose x,v20 X FR(29) 1

(ase x>0 : Sinw {‘(W)(I;(ﬁ)‘]/

9,th W =1, a-y) J ,0‘3» Mfm’lﬂ‘mﬁﬂg{:
Bat  oc-1, X-y 20 & WGS

Sg W(x-1, - \\/)\ (6 (a, - 1) @,cﬂ) Yogo{e]c’.‘ng



Sva\ooS—e/ weS. Want to Iow 83(.‘,\068 )-e
xv20 & Fy)l = H)oy)= (0, xy

S wppose X920 Y F(1,9) 4
Case x>0 : Sinw Jﬂw)(x,gﬂ/
9,Q)C (%=1, DL.S) J ,O\j’ M(v\'l—rm q:ﬁ {:
Bak  ou-1, u—:7>,o gg we S
ss w(a-1, 3= (0, a)-(@y) bydd o S
= (o0, (,u(,.v)
)/

So {("A)LI‘H): w (-, 1-v) = (9, !IJ
Leprg s





