Constructions on domains
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Lifting and unlifting
Lift of a cpo D is the domain
D, =DU{l}

where _L is some element not in D and the partially
orderon D is Ep U{(L,x) |x € D, }.

Dy
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Lifting and unlifting
Lift of a cpo D is the domain
D, =DU{l}

where _L is some element not in D and the partially
orderon D is Ep U{(L,x) |x € D, }.

Unlift of a domain D is the cpo
D, 2{deD|d# L}

with partial order as for D.
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Discrete cpos and flat domains
The discrete cpo on a set S is given by the partial order
A /

xCsx' 2 x=x (all x,x" € S)

Flat domains S are the lifts of discrete cpos.
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Products

The product of two cpos (D1, =1) and (D, 5) has
underlying set

D1 X Dy = {(dy,d,) | d1 € D1 & d» € Dy}
and partial order L defined by
(dy,dy) C (dy,dy) = diCidi&dy Tr d

Lubs of chains are calculated componentwise:

| | (A don) = (| | duis | | d2,))

n>0 i>0 i>0
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Products

The product of two cpos (D1, =1) and (D, 5) has
underlying set

D1 X Dy = {(dy,d,) | d1 € D1 & d» € Dy}
and partial order L defined by
(dy,dy) C (dy,dy) = diCidi&dy Tr d

Lubs of chains are calculated componentwise:

L (d1n d2n) = (|| duis | ] d2)
>0 i>0 >0
If (D1, E1) and (D3, ;) are domains so is
(D1 X Dz,g) and J—D1><D2 = (—Lle J—Dz)-
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Smash product and coalesced sum
Smash product of domains D and E:
D®E = (D, X E}).
shick conkinunus /F\Ay\g(z;ﬁnj Do £ — I:
e N b\jeddovx stin
Corfinuwous fanchms f: Dx E — F

Tt e tvick in enth Variabl S—bpw/h/(,\z)
]C(*L)Q): 1 ‘F(OQ)-L) = 1
(ol ¢, deD)
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Smash product and coalesced sum
Smash product of domains D and E:
DQ®E = (Dy X E}).
Coalesced sum of domains D and E:

D®E = (DyWE}),
(is e coprodmdt it (_AA‘%W G’F domains &Shidk cts )Cv\s)

(Disjoint union of two sets X and Y:

XWwY 2 {(0,x) |xe X}U{(Ly) |y €Y}

is the coproduct of X and Y in the category of sets and functions.)
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Function cpos and domains

Given cpos (D, Cp) and (E, Cg), the function cpo
(D — E, ) has underlying set

D —E 2 {f| f:D — Eis a continuous function}

and partial order: f C f/ = Vd € D.f(d) Cg f'(d).

Lubs of chains are calculated ‘argumentwise’ (using lubs in E):

(I_I fn)(d) = I_I fn(d)

n>0 n>0
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Function cpos and domains

Given cpos (D,Cp) and (E,Cg), the function cpo
(D — E, L) has underlying set

D —E 2 {f| f:D — Eis a continuous function}

and partial order: f C f/ = Vd € D.f(d) Cg f'(d).
Lubs of chains are calculated ‘argumentwise’ (using lubs in E):

(I_I fn)(d) = |_| fn(d)

n>0 n>0

If E is a domain, then sois D — E: | p_,g is the
constant function mapping each d € D to L.
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Domain of strict functions

Given domains D and E we get a domain
D—E={fe(D—E)|f(Llp) =L}

with partial order, lubs of chains and least element as for
D — E.
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where ®(X) is a formal expression built up from the variable X and
constants ranging over domains, using the domain constructions

()L ()X (=) ()R (=), (5)B (=), (=) = (—)
and (—) — (—).
Eq. E

9 @(X) (X=X) |

o &) = (Z,~X)- (2,0(20)
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where ®(X) is a formal expression built up from the variable X and
constants ranging over domains, using the domain constructions
(=)L (5) X (=), () (=). (=)@ () (=) = (—)
and (—) — (—).

Aim to show that every domain equation has a solution
D = ®(D)

that is minimal is a sense to be explained.
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where ®(X) is a formal expression built up from the variable X and
constants ranging over domains, using the domain constructions
(=)L (5) X (=), () (=). (=)@ () (=) = (—)
and (—) — (—).

Aim to show that every domain equation has a solution
N m{\m by
that is minimal is a sensé to be explained. a\o\? X
n Q(x }v D
ISonuY) hiim
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Example
'(},yxﬁ’wd\majl semantics c@ Cp\“-')oy,« NAmMe \"leurJMs

XTerws ee J\ == x (>c€V) .
| Xx.e \",,",3‘2";&'7
| ee Sok

@ll- by-rame alvakion reladkion €= C |
bebweon dosed teyymg e,c s iv\ducﬁnvdg

qrmid by

e,=>Xx.e elezfi)=>c
AX.€ > Ax.e e, = C

Sv‘!x)—ik]-zby\




domain D
S"WVS’?J @M{\wmup\'nswx Y ! (D—b D).L n D

US\V\? v, db?-\wu Cordkinuous ’fVW\d‘W\.&
fun «(D>D>— D

oMp : DxD =D o
(did') — 513(4)0! if ()L

L f{d)=1

Naste, Heak

app( fan(£),)= V(@) = £(d)



domain D
Sppuse @M{\samup\mwx y: (D=»D), 2 D

US‘WX v, define  continusus funchions
fun :((D-D)—> D

f — i(f)

: DxD —
o (d,d") ,__)Dg i.l(d)d’ if f‘M)#J_
1 it td\la() =l
M’\'NL o dovwdin sP BAVIYONMantS
v 2D (cowbrde pwduct 2 D)




Denotation of M- Terms
Ledp € D
Mo %vax/tﬁ,e /\\Q,V\\/{vomma/v:f (06 DV
dekined by reumsion on i studure R e
o [x1p = plx)

e Leelp = app(Ledp, Le'dp)



Denotation of M- Terms
Ledp € D
Mo %vax/tﬁ,e /\\Q,V\\/{vomwx(wi (06 DV
dkined b\j reowsfzv\ ;sv\ P studure d@ e
+ Lap = plo
o [xxellp =fun(deD > [ed(plerd)))
° Leelp = app(ledp, UZ@’D(J

updade d Q/V\V"mvwvkaw\:t, aps d¢ Yo d
0 e ads like I4




9 Coexdp = fun (d - L (e de))

= fan (id )
and. 5o

L 2y (e)yTp

= fw(d > U0y D(plyr4]))
= fin (L > app(fan(id,) ,d))
= Fun(idy)

= Xy.} j)F
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