Examples ctd.

Consider the list functor: L : Sets — Sets

L(X)=X"  L(f)(@1,...,2n) = (f(@1),..., [(z0))

F

(BTW: L =U o F for Sets < - ~ Mon)

Some natural transformations involving L:

-n:1d — L nx(x) = () (singleton)
-a:Idx L — L ax(z,l)=x:1 (append)

- p:L— L px () = 1% (reverse)
-~v:LoL—L ~vx(i,...,0) =0l 1y (concatenation)

Naturality means that these functions are polymorphic
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0P — Hom(—,2) :Sets’ — Sets
2 = {tt, ff}

Oy : PX — 2%

Fact. 0 is a natural isomorphism.

- Recall U : Pos — Sets. Define

£ : U — Hompes((1,=), —)
f(A,g) A — homPos((lv :)7 (A7 S))

Ea,<y(a): (1,=) = (4,2)
§a,<)(a)(x) =a

Fact. £ is a natural isomorphism.

-

Subsets
VS.
characteristic

functions

~N

J

Ox(Y)(z) =tt <= z€V
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-Remember AX B=ZBx A
How to say that this isomorphism “does not depend on A, B “?

Remember X : Sets® — Sets X(A,B)=AxDB
Define x : Sets® — Sets x(A,B)=Bx A

VX — X Uxy(x,y) = (y,x)

Fact. 1 is a natural isomorphism.

- Recall that the functor X : C X C — C
depends on a choice of products in C.

Fact. All these product functors are naturally isomorphic.



Vertical composition

/ﬁN > C/E\

. ~D {|pea D
\\L_Lﬁ/ \_/
H
Defn. (Boa)x = fBx ocax

H

Defn. For any C, D, the functor category D has:

- functors I : C — D as objects,
- natural transformations as arrows.

Composition is vertical, identity transformations are identities.

Example: C x C =2 C? (2 the 2-object discrete category)

Fact: If D has (co)products then D€ has them too.
(calculated pointwise)



Horizontal composition

G K KG
Defn. (ﬁ ' Oé)X — 5GX O H(&X) — K(CVX) O 5FX
4 Hax )
HFX — HGX
Multiplication by functor: we write BFX\L lﬁKX
Ho=1dy  « - HF — HG KFX -— KGX
OF =0 -idF HF — KF by naturality
ofﬁ




