A Universal Register Machine,
Pak I :
Coding register machines os numbers
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(formal” deseriptions of ) Algoritms Can e fhe datn

on Wich c\lﬁorﬁhms At .

We are using regiskr madning a8 e fomad description o e informal
néhon O} "odﬁwi B, Sinee  the data  that Ngisker machines manipulake
ot vwmbers | o dwelsp e above idea e e o [hawt anm

A gonthm o) g_gc_ig I*E?fiskr machings as  yumbers
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Coding pairs of numbers as numbers

For x,y EIN define
Cx,y)» £ 2% (2y+1)
$yd> E 2% (2ye1) -1

Thus X 0%
(x,g) in binany

=

Y inbinay |4 |Q::-0

<%4D in binary M in bino.nd 0|14
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Henee
¢ (—;-» ond <-5 > bolr detemine injeckive  funchions
fom N XN to N, ie.
LY = O > S N=y & Y =Y,
<YM > =<, ¥,> =2 X=h kY =y,

e (- -) is a swjedie funchn from NN fo {zeN|z#0)
ig. for ol Zz#0 twe e X,y €N with (X yp=2.

0 <-,— s a Swrjedire fundf\“ﬂ/\ fﬂ)m NxN to N
g fovall 2 Ak ae 1myeN with <xyd=2%.

ond e <~ S a lofi*?dﬁ'mn (odem. oOna- 1O~ oL
conerpondone) betwen N XN ond N,

(and <—=» a bijechm kebweon NxN and {zjz#o})'
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NOTATION for lists (of numbers)
IN* & gk of finite lisks of nabural numbers

= {nit} v¥ v N’umugc”uo-o
?

uniqwe list ysis se. lisks (J‘U“-;Iﬂ)

¢ logh @ flogthd of lungth n

cons € Fn (N x N, N ¥)
head € Pén (DN *,09)
hoil € Fan( N®, N *) B |
-—Econs is o bijection from NxIN™ fo {!elN*l {4 hi‘}!'
head ( cons(x,0) )= x | head (nit)4

tail ( cons(x, 0)) = | tail (nit) = nil

L = cons (head (), tnil (1)) if (#nil

Euené list can be built wp from nid by repeoted  Cong 'S :
(%yees X ) = CONS( 2y 5 Cong Ny peoes (ONS (3, Mil) o~ ) ) 3]

Codm, lisks (%)) X)) E N*GS numbers [% .2, N

Define LxssXn] €N by induckion on e
length of e list (%10 3n) €™ :

case n=0: |[nit] € o

INDUCTION STEP : hgms(x, ()] o %[0 = 2’(2.[(]-&1)
Thus m gonerad [ )% = % %, .. {2n,0)-~))
From the defintion of €-2-> e gok :

(%10 %m] in binany. | = 1]0.~0|4[0-0 1[0 0

= x, 0's x,, O’s Xy 0%
number of 1°s in = length of list (), %)

Hine [5C0] determines a bijedion from N 4o N
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Exomples
[3) = [oons(3,nil) ] = €3,0) = 2°(2.041)= § cucimat
= 1000 binawy

~—
=

34 decimal
100010 bivwwtg,
3 1

[b3)=  €1,[3]1%= €1,8> =2 (26+) =

N

[20,3)= 42,0020 ) =42,31 = P23 +1) = 2%6 decimal

= 100010100 bn
R i s &

3 N

(E revenal S onler 5F list wWhan rfoxbfr\g U/H‘-‘mﬂn'ﬂl'\l' n
binmy  repreentition - )
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In ovder o wde regisir modhing programs s ywambes
ithovk  loss o ity (ve. withowt  offedking Hhidh

P fnctions  con ke compuid ) e Can Assunme :
— tre rgisks of & madhine Wil i regisin one
alwapy called RO 5., Rn

— e (abels occwv;né inamjiﬁer ma ching program owe
(_0\“19\ L0; L1)LZ; )O\V\d W(i‘fﬁkinJTWd‘IU\f\ N
e program listing is |abelled Li.
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Coding register machine programs Prog numbers "Pro;eN

If is |LO: body,
M L1 : body,

i body,,

then rl’mg.' déf [codc(bodgo),...,udc(bodym)]

wde(Rif=» 1) E (2i,5)
wheet Code (Ri™= Lj,U) & 24, <k

code (HALT) =
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Ang x €N decodes W\iquclg as on inshuckion :——

if x=0 then Hwe inshuction is HALT
dse decode % as a pair 3 = y,2P and
iy is even hen inshuckion is
RitaLj wheee i= y/2 & j=z
else (yis odd and) decode 2 as a poir Z=<uv)

ond !Nn IM ms\-rw.hon is

A—

Henee any eeN decodes uniquely as a tro‘gmm Proge,
called an, (reqister machine) program with dex € :

first decode € as a hst e=(x,,...,x,)
oand then decode each X; as an inshuchon,
AS above, 35




NB (1) The program NW[HZL{WM hnis duodu’ng process may well
Nawe jumps fo abels  gqreater fhan the “lngth of fe st
6 inshnchions | ie. T associated Nxﬁ'l'd%f Mmadhine Mmany welh
be @pable & halting oroneously — bt o matier.

(2) Dnwme e=0=[nil] we gk an @mp{zj list & inshudhons,
Wnidh by convention e g A o madaine liat does pokning,

Exomple : dewde 666 as a progrow (for e yg.ﬁ«'skr machine from hell )
el 666 = biney. 1540011010

- [1,1,0,2,1]

Nowv -
0 s wh fv indmdim HALT
1= €0,0> s ik fw msivuchion RO LO
2=<L1,0>» = ‘(ﬂ;<0)o>> IS ODOU.S‘W QO‘--?LO,LD

LO : Ror—u LO

L) : RO -»LO Whiola halks ).

So 6bb dewdey o fixe @mtjmm e (Whichh nawver ha )
| L3 - RT 10,10

| Lt 1 RO™ LO
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A Universal Register Machine ,

Patt 1 :
Descriykon 01- e machine.




High- level description of o universal regisker madwne, U :

® U has registers P(mgmm),A(rBumenl:),...

® Loading P with value e, A with value o and all
orer registers with O, then U acts as follows :

— decode € as a program e:rfrg;'

— decode a as a list of regiser
Values: a=[az;..,0,)

— Cony out e umyul'ah'on of he regu'sl-tr
machine prgram  Prog, Sharting with
ngishr: Ro,R,...,RnSet to 0,a),a,,..., a,
(ond any oltwr Nsishfs oaurrl'ns 17
Prog, st Yo 0).

Overall struchure of U's program :
1 opy P o', opy PC™ item of lisk in T fo N
~ (HALTing if PC>length of list) and goto 2

2| if N=0( = code(HALT) ) fhen HALT, else decede N
os qy)2», assign yto C k2 o N, and goto 3

1At this poink
either C=2i is even & Curvent instuction is RisL] where =N
or C=241 u Odd " n 0 “ Ri-"Lj,Lh " <J)}Q>=N}

’j-" remove register values from lisk in A up +o e one v«'m‘m(l;k |
| {he ih};?““""‘ﬂ tinR& Sauin3 preud.’ng values as a
lisk in S, bten jobo "_l' o
* execute currenk inshuckion on value in R, updale Pc
{to j or K asaboe],restore register values from
Rod S b0 A, ond qobo

X See Note on p A2




The registers 0{3 U ond the vwle M 'plaﬂ n ks progrom :

P - holds the ode GF e Ngiﬁu machine to he Simulated

A - holds owrrent  conkents 5{- registers cfa e Ngiskf machine bﬁv\j Simulated
PC — progam cownter - holds The vumber of e current  insbuckion

(o wnking from 0)

N - holds fhe Code o the Current inshuckon

C - indicales TR bype of the cwrrent inshuchon

R — holds e fontenks 5} simunlakd madaine’s r%igk,r that ic o ke
noenaented | dccremented by cwrrent inchruckion (3§ nst a HALT inshucion)

T - ol a wvﬂeihg] wpy of the pogram  code

S, % - auxiliauv(} reopstens for intermediode  compitzadiong

H

Note

At sikp 3 it may ke Bt 1> langlin of e list in A,

2. that cwrent nstadtion wants To  incremunt | decrement o reﬁ{sitr
n e simulated madning  that was  not ﬁssiﬂml& NS 10\3 L2'8
nitial valwe 6t A or hos not been mentiongd so far i e
Interpreed program . B\j assumphion , swih & rﬁais}@r has value O.
0 in s ase Sowg A=[a;-a0) Wik i>n, ot slep 3

A will ke sk to 0(=[nil]), R sebt to O, cnd S seb 1o
L0, 0, 00,0, Thn Whn tie Nﬁ{sm valus one restored

"I_‘v—'—-'

OV‘C “ h IA Ay an;oe---;o,r
1- | Sk—‘P ‘."_’ A 21 0 [ i ]

0% i-n-|
. C ) 05
Arwe s T valne in R afier oxecnhing e arrent instuckion.

The dekmilid  ponstnction of U's progimm deponds on T %a\(}r fhak
Various procedures  ov manipw\ah'r\% (Coder ) lists of numbers
ove register mavhing pmgmmmmbu

‘2




copy R
to S

S HALT

The progrm START-H

to carry out S:=R can be implemenked by

START > ° e HALT

@
(s

Precondition : Postcondition :
R=% R=x
S=y S=x
Ll Z2=0

13

-“\Q progrm START- c::ssR LS HALT

to carry out S:=R can be implemented by

L, \E ) =)

START

S:= 0
; J
(R,‘E) = (Ri'zno)
| _
(R,S,2):= (o.s+e,ziw)

Precondition : Postcondition :
=% R=x
S=y% S=x
£2=0 Z2=0
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push X
bo L.

- HALT

The program  smers

to camy out (X,L):=( 0,0m6(X,L)) can be implemented by

HALT

Precondition : Postoondihion :
X=% X=0
L=1( L = (x,0p= 2(2t41)
2=0 2=0
"
push X

1’\‘ Pnsm START-p

— HALT

o L.

to camy out (x,L):=(0,0n6(XL)) can be implemented by

HALT

\-——(L, z)i=(2Ltitdo)— — 7

Precondition : Posteondition :
X=% X=0
L=t( L= (x,p= 2(2+1)
Z2=0 £2=0




1’\( PWSM START-p, l::‘:: X > HALT

to camy out (X,L):=(0,0n(X,L)) can beimplemented by

~ U-J%] =(214%,0 )

e'o@

START

_
Precondition : Postecondithion :
X=2% X=0
L=( L = (x,(p= 2(2l41)
Z2=0 £2=0
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-"\‘ PWSM START-p P'_:‘: X > HALT

to camy out (X,L):=(0,cons (/L)) can beimplemented by
r-(l. y2):=(2L+2,0) 3

START HALT

_ J
—(L,2):= (2L +{+Z,0)—/
Precondition : Postoondihion :
X=X X=0
L=t( L = Qb= 25(2+1)
£2=0 =0

by3




-W\Q pmgmm START-»

pop L

to X

Specification :

ExiT

—>HALT

(x,L):=(head (L), bail (L)) —> HALT

" if L=0 then assign 0 to X and goto ExIT,
dse L=4x() oy, assign x to X and {toL,

and goto HALT ™

)

Implementobion of

START-

pop L

fo X

> HALT

ExiT

HALT




Implementakion of

START- P‘:le' > HALT .

e (while L oven do
(L:=4L 5 X:=X4

(assuming Z=0, L.>0)

)

if Z+Loven then
(2,0:=(0,% @+L) &goboE

ek(‘z.um (0s2(2+L-1)) l:gohq

~

: » HALT

- >
The program for U :
o T &
? i PP N
N
4 Pc = i
ry N R+ | r c” Pop A
i | to R
C even
pop § Kpush R
to R ko A
- PPN | & push R
R to PC C fis s
Co ‘
4 3 |

¥t






