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THEORY “Order-Relation”

1 Order-Relation: Orders as Relations
theory Order-Relation

imports Main
begin

1.1 Orders on a set

definition preorder-on A r = refl-on A r A trans r

definition partial-order-on A r = preorder-on A r A antisym r
definition linear-order-on A r = partial-order-on A r A total-on A r
definition strict-linear-order-on A r = trans r A irrefl v A total-on A r
definition well-order-on A r = linear-order-on A r A wf(r — Id)
lemmas order-on-defs =

preorder-on-def partial-order-on-def linear-order-on-def
strict-linear-order-on-def well-order-on-def

lemma preorder-on-empty[simp]: preorder-on {} {}
by (simp add:preorder-on-def trans-def)

lemma partial-order-on-empty|[simp]: partial-order-on {} {}
by (simp add:partial-order-on-def)

lemma Inear-order-on-empty[simpl: linear-order-on {} {}
by (simp add:linear-order-on-def’)

lemma well-order-on-empty[simp]|: well-order-on {} {}
by (simp add:well-order-on-def)

lemma preorder-on-converse[simp|: preorder-on A (r"—1) = preorder-on A r
by (simp add:preorder-on-def)

lemma partial-order-on-converse[simp):
partial-order-on A (r*—1) = partial-order-on A r
by (simp add: partial-order-on-def)

lemma linear-order-on-converse[simp):
linear-order-on A (r"—1) = linear-order-on A r
by (simp add: linear-order-on-def)

lemma strict-linear-order-on-diff-1d:
linear-order-on A r = strict-linear-order-on A (r—1Id)



THEORY “Order-Relation”

by (simp add: order-on-defs trans-diff-1d)
1.2 Orders on the field
abbreviation Refl r = refl-on (Field r) r
abbreviation Preorder r = preorder-on (Field r) r
abbreviation Partial-order r = partial-order-on (Field r) r
abbreviation Total r = total-on (Field r) r
abbreviation Linear-order r = linear-order-on (Field r) r
abbreviation Well-order r = well-order-on (Field r) r
lemma subset-Image-Image-iff:
[ Preorder r; A C Field r; B C Field r] =
r“ACr“B<+— (VacAIbeB. (bya):r)
apply(auto simp add: subset-eq preorder-on-def refl-on-def Image-def)
apply metis
by (metis trans-def)
lemma subset-Imagel-Imagel-iff:
[ Preorder r; a : Field r; b : Field r] = r “ {a} C r “ {b} <— (b,a):r
by (simp add:subset-Image-Image-iff)
lemma Refl-antisym-eq-Imagel-Imagel-iff:
[Refl r; antisym r; a:Field r; b:Field r] = r “ {a} = r “ {b} +— a=b
by (simp add: set-eq-iff antisym-def refl-on-def) metis
lemma Partial-order-eq-Imagel-Imagel-iff:

[Partial-order r; a:Field r; b:Field r] = r *“ {a} = r “ {b} +— a=b
by (auto simp:order-on-defs Refl-antisym-eq-Imagel-Imagel-iff)

1.3 Orders on a type
abbreviation strict-linear-order = strict-linear-order-on UNIV
abbreviation linear-order = linear-order-on UNIV

abbreviation well-order r = well-order-on UNIV

end
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2 Zorn: Zorn’s Lemma

theory Zorn
imports Order-Relation Main
begin

definition chain-subset :: 'a set set = bool (chainc)
where
chaing C =VAeCNVBeC. ACBVBCA

The lemma and section numbers refer to an unpublished article [?].

definition chain :: ‘a set set = 'a set set set
where
chain S = {F. F C S A chainc F}

definition super :: 'a set set = 'a set set = 'a set set set
where
super S ¢ = {d. d € chain S A\ ¢ C d}

definition mazchain :: 'a set set = ’a set set set
where
mazchain S = {c. ¢ € chain S A super S ¢ = {}}

definition succ :: ‘a set set = 'a set set = 'a set set
where
suce S ¢ = (if ¢ ¢ chain S V ¢ € mazchain S then c else SOME ¢'. ¢’ € super S

)

inductive-set TFin :: 'a set set = 'a set set set
for S :: 'a set set
where
sucel : z € TFin S = succ Sz € TFin S
| Pow-Unionl: Y € Pow (TFin §) = UY € TFin S

2.1 Mathematical Preamble

lemma Union-lemma0:
(Vze C.x CA|BCz)==> Union(C) C A| B C Union(C)
by blast

This is theorem increasingD2 of ZF /Zorn.thy

lemma Abrial-axioml: x C succ S x
apply (auto simp add: succ-def super-def mazchain-def)
apply (rule contrapos-np, assumption)
apply (rule somel2)
apply blast+
done
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lemmas TFin-Unionl = TFin.Pow-Unionl [OF Powl]

lemma TFin-induct:
assumes H: n € TFin S and
I'Nz. z € TFin S ==> Pz ==> P (succ S z)
Y. Y C TFin S ==> Ball Y P ==> P (Union Y)
shows P n
using H by induct (blast intro: I)+

lemma succ-trans: x C y ==> x C succ S y
apply (erule subset-trans)
apply (rule Abrial-aziom?)
done

Lemma 1 of section 3.1

lemma TFin-linear-lemmal:
[| n € TFin S; m € TFin S;
Ve e TFinS.2 Cm ——>xz=m | succ Sz Cm
[==>nCm]|sucSmCn
apply (erule TFin-induct)
apply (erule-tac [2] Union-lemma0)
apply (blast del: subsetl intro: succ-trans)
done

Lemma 2 of section 3.2

lemma TFin-linear-lemma?2:
m € TFin S ==>Vn € TFinS. nCm ——>n=m | succSnCm
apply (erule TFin-induct)
apply (rule impl [THEN balll])

case split using TFin-linear-lemmal

apply (rule-tac n1 = n and m! = z in TFin-linear-lemmal [THEN disjE],
assumption+)

apply (drule-tac x = n in bspec, assumption)

apply (blast del: subsetl intro: succ-trans, blast)

second induction step

apply (rule impl [THEN balll])

apply (rule Union-lemma0 [THEN disjE])
apply (rule-tac [3] disjl2)
prefer 2 apply blast

apply (rule balll)

apply (rule-tac n1 = n and m1 = z in TFin-linear-lemmal [THEN disjE],
assumption+, auto)

apply (blast intro!: Abrial-azioml [THEN subsetD])

done

Re-ordering the premises of Lemma 2

lemma TFin-subsetD:
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[nCm; meTFinS; ne€ TFin S |] ==> n=m | succ Sn Cm
by (rule TFin-linear-lemma2 [rule-format])

Consequences from section 3.3 — Property 3.2, the ordering is total

lemma TFin-subset-linear: [| m € TFin S; n€ TFin S|]]==>nCm|mCn
apply (rule disjE)
apply (rule TFin-linear-lemmal [OF - -TFin-linear-lemmaZ2])
apply (assumption+, erule disjI2)
apply (blast del: subset]
intro: subsetl Abrial-axioml [THEN subset-trans))
done

Lemma 3 of section 3.3

lemma eg-succ-upper: [| n € TFin S; m € TFin S; m = succ Sm || ==>n C
m
apply (erule TFin-induct)
apply (drule TFin-subsetD)
apply (assumption+, force, blast)
done

Property 3.3 of section 3.3

lemma equal-succ-Union: m € TFin S ==> (m = succ S m) = (m = Union(TFin
5))

apply (rule iffI)

apply (rule Union-upper [THEN equalityl))

apply assumption

apply (rule eq-succ-upper [THEN Union-least], assumption+)

apply (erule ssubst)

apply (rule Abrial-aziom1 [THEN equalityl])

apply (blast del: subsetl intro: subsetl TFin-Unionl TFin.succl)

done

2.2 Hausdorff’s Theorem: Every Set Contains a Maximal
Chain.

NB: We assume the partial ordering is C, the subset relation!

lemma empty-set-mem-chain: ({} = 'a set set) € chain S

by (unfold chain-def chain-subset-def) auto

lemma super-subset-chain: super S ¢ C chain S
by (unfold super-def) blast

lemma mazchain-subset-chain: maxchain S C chain S
by (unfold mazchain-def) blast

lemma mem-super-Ez: ¢ € chain S — mazchain S ==> EX d. d € super S ¢
by (unfold super-def mazchain-def) auto
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lemma select-super:
¢ € chain S — mazchain S ==> (ec'. ¢":
apply (erule mem-super-Ex [THEN ezE))
apply (rule somel2)
apply auto
done

super S ¢): super S ¢

lemma select-not-equals:
¢ € chain S — maxchain S ==> (ec’. c¢”
apply (rule notl)
apply (drule select-super)
apply (simp add: super-def less-le)
done

super S ¢) # ¢

lemma succl3: ¢ € chain S — maxchain S ==> succ S ¢ = (ec’.

by (unfold succ-def) (blast intro!: if-not-P)

¢’ super S ¢)

lemma succ-not-equals: ¢ € chain § — mazchain S ==> succ S ¢ # ¢
apply (frule succl8)
apply (simp (no-asm-simp))
apply (rule select-not-equals, assumption)
done

lemma TFin-chain-lemmaj: ¢ € TFin S ==> (c :: 'a set set): chain S

apply (erule TFin-induct)

apply (simp add: succ-def select-super [THEN super-subset-chain| THEN sub-
setD]])

apply (unfold chain-def chain-subset-def)

apply (rule Collectl, safe)

apply (drule bspec, assumption)

apply (rule-tac [2] m1 = Xa and n! = X in TFin-subset-linear [THEN disjE])

apply blast+
done

theorem Hausdorff: Jc. (¢ :: 'a set set): mazchain S
apply (rule-tac x = Union (TFin S) in exl)
apply (rule classical)
apply (subgoal-tac succ S (Union (TFin S)) = Union (TFin S) )
prefer 2
apply (blast intro!: TFin-Unionl equal-succ-Union [THEN iffD2, symmetric])
apply (cut-tac subset-refl [THEN TFin-Unionl, THEN TFin-chain-lemma))
apply (drule Diffl [THEN succ-not-equals], blast+)
done

2.3 Zorn’s Lemma: If All Chains Have Upper Bounds Then
There Is a Maximal Element

lemma chain-extend:
[| ¢ € chain S; z € S;Vx € c. x C (2:: 'a set) || ==> {2} Un ¢ € chain S
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by (unfold chain-def chain-subset-def) blast

lemma chain-Union-upper: [| ¢ € chain S; ¢ € ¢ || ==> = C Union(c)
by auto

lemma chain-ball-Union-upper: ¢ € chain § ==>Vz € ¢. x C Union(c)
by auto

lemma mazchain-Zorn:
[| ¢ € mazchain S; u € §; Union(c) C u || ==> Union(c) = u
apply (rule ccontr)
apply (simp add: mazchain-def)
apply (erule conjE)
apply (subgoal-tac ({u} Un c¢) € super S ¢)
apply simp
apply (unfold super-def less-le)
apply (blast intro: chain-extend dest: chain-Union-upper)
done

theorem Zorn-Lemma:
Ve € chain S. Union(c): S ==>3Jy e S.Vze S. yCz——>y=z
apply (cut-tac Hausdorff mazchain-subset-chain)
apply (erule exE)
apply (drule subsetD, assumption)
apply (drule bspec, assumption)
apply (rule-tac x = Union(c) in bexl)
apply (rule balll, rule impI)
apply (blast dest!: mazchain-Zorn, assumption)
done

2.4 Alternative version of Zorn’s Lemma

lemma Zorn-LemmaZ2:
Veé€chain S. Jye S. Ve ec.x Cy
==>dJyeS. VeSS (y:aset) Czx —>y=2z
apply (cut-tac Hausdorff mazchain-subset-chain)
apply (erule exE)
apply (drule subsetD, assumption)
apply (drule bspec, assumption, erule bexE)
apply (rule-tac x = y in bexl)
prefer 2 apply assumption
apply clarify
apply (rule ccontr)
apply (frule-tac z = z in chain-extend)
apply (assumption, blast)
apply (unfold mazchain-def super-def less-le)
apply (blast elim!: equalityCE)
done

Various other lemmas

13
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lemma chainD: [| ¢ € chain S;z € c;y€c||==>2Cy|yCux
by (unfold chain-def chain-subset-def) blast

lemma chainD2: (¢ :: 'a set set). ¢ € chain S ==> ¢ C S
by (unfold chain-def) blast

definition Chain :: (ax’a)set = 'a set set where
Chain r = {A. Va€e AV beA. (a,b) : r V (b,a) € r}

lemma mono-Chain: r C s = Chain r C Chain s
unfolding Chain-def by blast

Zorn’s lemma for partial orders:

lemma Zorns-po-lemma:
assumes po: Partial-order r and u: ¥V C€Chain r. 3ucField r. ¥V aeC. (a,u):r
shows ImeField r. ¥ a€Field r. (m,a):r — a=m
proof—
have Preorder r using po by(simp add:partial-order-on-def)
— Mirror r in the set of subsets below (wrt r) elements of A
let B = %z. r"—1 “ {a} let 2S5 = ?B ‘ Field r
have V C € chain 25. EX U:?2S. ALL A:C. ACU
proof (auto simp:chain-def chain-subset-def)
fix C' assume 1: C C ?S and 2: VAeCVBeC. ACB | BCA
let 74 = {z€Fieldr. IMeC. M = ?B z}
have C = ?B ‘ ?A using 1 by(auto simp: image-def)
have ?A€Chain r
proof (simp add:Chain-def, intro alll impl, elim conjE)
fix a b
assume a € Fiellr ?2Ba € Cb e Fieldr PBb e C
hence ?Ba C ?BbV ?Bb C ?B a using 2 by auto
thus (a, b) € r V (b, a) € r using (Preorder ) (a:Field ) <b:Field
by (simp add:subset-Imagel-Imagel-iff)
qed
then obtain u where uA: u:Field r Va€?A. (a,u) : v using u by auto
have VAeC. A C r"—1 “ {u} (is ?P u)
proof auto
fix a B assume aB: B:C a:B
with 1 obtain z where z:Field r B = r"—1 “* {z} by auto
thus (a,u) : r using uA aB (Preorder 1
by (auto simp add: preorder-on-def refl-on-def) (metis transD)
qed
thus EX u:Field r. ?P v using (u:Field m by blast
qed
from Zorn-Lemma2|[OF this]
obtain m B where m:Field r B = r"—1 “ {m}
VaeeFieldr. BC r'—1 “{z} — B=r"—1"“{z}
by auto
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hence V ac€Field r. (m, a) € r — a = m using po (Preorder r) m:Field r
by (auto simp:subset-Imagel-Imagel-iff Partial-order-eq-Imagel-Imagel-iff)
thus ?thesis using (m:Field r by blast
qed

definition init-seg-of :: ((‘ax’a)set * (‘ax’a)set)set where
init-seg-of == {(r,s). 1 C s A (Vabc. (a,b):s A (b,c):r — (a,b):r)}

abbreviation initialSegmentOf :: (‘ax’a)set = (‘ax’a)set = bool
(infix initial’-segment’-of 55) where
r initial-segment-of s == (r,s):init-seg-of

lemma refl-on-init-seg-of [simp]: r initial-segment-of r
by (simp add:init-seg-of-def )

lemma trans-init-seg-of:

r initial-segment-of s = s initial-segment-of t = r initial-segment-of t
by (simp (no-asm-use) add: init-seg-of-def)

(metis Domain-iff UnCI Un-absorb2 subset-trans)

lemma antisym-init-seg-of :
r initial-segment-of s = s initial-segment-of r =—> r=s
unfolding init-seg-of-def by safe

lemma Chain-init-seg-of-Union:
R € Chain init-seg-of = reR = r initial-segment-of | J R
by (auto simp add:init-seg-of-def Chain-def Ball-def) blast

lemma chain-subset-trans-Union:

chainc R = VreR. trans r = trans(J R)
apply(auto simp add:chain-subset-def)
apply(simp (no-asm-use) add:trans-def)
apply (metis subsetD)
done

lemma chain-subset-antisym-Union:

chainc R = VreR. antisym r = antisym(|J R)
apply(auto simp add:chain-subset-def antisym-def)
apply (metis subsetD)
done

lemma chain-subset- Total-Union:
assumes chainc R VreR. Total r
shows Total ((JR)
proof (simp add: total-on-def Ball-def, auto del:disjCI)
fix r s a b assume A: r:R s:R a:Field r b:Field s a#b
from (chainc R) «r:R) <s:R) have rCs V sCr
by (simp add:chain-subset-def)
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thus (3r€R. (a,b) € r) V (3r€R. (b,a) € 1)
proof
assume 7Cs hence (a,b):s V (b,a):s using assms(2) A
by (simp add:total-on-def )(metis mono-Field subsetD)
thus ?thesis using (s:R> by blast
next
assume sCr hence (a,b):r V (b,a):r using assms(2) A
by (simp add:total-on-def)(metis mono-Field subsetD)
thus ?thesis using (r:R> by blast
qged
qged

lemma wf- Union-wf-init-segs:
assumes R € Chain init-seg-of and VreR. wf r shows wf(|J R)
proof(simp add:wf-iff-no-infinite-down-chain, rule ccontr, auto)
fix f assume 1: Vi. IreR. (f(Suc i), fi) €r
then obtain r where r:R and (f(Suc 0), f 0) : r by auto
{ fix ¢ have (f(Suc i), fi) € r
proof (induct 7)
case () show ?case by fact
next
case (Suc 1)
moreover obtain s where scR and (f(Suc(Suc i)), f(Suc 7)) € s
using ! by auto
moreover hence s initial-segment-of r V r initial-segment-of s
using assms(1) «r:R) by(simp add: Chain-def)
ultimately show ?case by (simp add:init-seg-of-def) blast
qed
}
thus Fualse using assms(2) R
by (simp add:wf-iff-no-infinite-down-chain) blast
qed

lemma initial-segment-of-Diff:
p initial-segment-of ¢ = p — s initial-segment-of ¢ — s
unfolding init-seg-of-def by blast

lemma Chain-inits-DiffI:
R € Chain init-seg-of = {r — s |r. r € R} € Chain init-seg-of
unfolding Chain-def by (blast intro: initial-segment-of-Diff )

theorem well-ordering: 3r::('ax’a)set. Well-order r N\ Field r = UNIV
proof—
— The initial segment relation on well-orders:

let WO = {r:('ax’a)set. Well-order r}

def I = init-seg-of N WO x ?WO

have I-init: I C init-seg-of by(auto simp:I-def)

hence subch: '"R. R : Chain I = chainc R

by (auto simp:init-seg-of-def chain-subset-def Chain-def)

16
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have Chain-wo: 'R r. R € Chain I = r € R = Well-order r
by (simp add: Chain-def I-def) blast
have FI: Field I = ?WO by(auto simp add:I-def init-seg-of-def Field-def)
hence 0: Partial-order I
by (auto simp: partial-order-on-def preorder-on-def antisym-def antisym-init-seg-of
refl-on-def trans-def I-def elim!: trans-init-seg-of)
— I-chains have upper bounds in 7WO wrt I: their Union
{ fix R assume R € Chain I
hence Ris: R € Chain init-seg-of using mono-Chain|OF I-init] by blast
have subch: chainc R using (R : Chain ) I-init
by (auto simp:init-seg-of-def chain-subset-def Chain-def)
have VreR. Refl r VreR. trans r VreR. antisym r Y reR. Total r
VreR. wf(r—Id)
using Chain-wo[OF (R € Chain D] by(simp-all add:order-on-defs)
have Refl (J R) using «VreR. Refl r» by(auto simp:refl-on-def)
moreover have trans (|J R)
by (rule chain-subset-trans-Union|OF subch Y reR. trans r))
moreover have antisym(|J R)
by (rule chain-subset-antisym-Union|OF subch Y reR. antisym 1))
moreover have Total (|JR)
by (rule chain-subset-Total-Union|OF subch ~VreR. Total 1))
moreover have wf((|J R)—1d)
proof—
have (JR)—1Id = U{r—Id|r. r € R} by blast
with VreR. wf(r—Id)) wf-Union-wf-init-segs| OF Chain-inits-Diff[OF Ris]]
show ?thesis by (simp (no-asm-simp)) blast
qed
ultimately have Well-order (|J R) by(simp add:order-on-defs)
moreover have Vr € R. r initial-segment-of |J R using Ris
by (simp add: Chain-init-seg-of-Union)
ultimately have |JR : ?WO A (VreR. (r,JR) : I)
using mono-Chain|OF I-init] (R € Chain I
by (simp (no-asm) add:I-def del:Field-Union)(metis Chain-wo subsetD)
}
hence 1: VR € Chain I. 3u€Field I. VreR. (r,u) : I by (subst FI) blast
— Zorn’s Lemma yields a maximal well-order m:
then obtain m:('ax’a)set where Well-order m and
max: Y r. Well-order v A (m,r):I — r=m
using Zorns-po-lemma[OF 0 1] by (auto simp:FI)
— Now show by contradiction that m covers the whole type:
{ fix z::’a assume z ¢ Field m
— We assume that x is not covered and extend m at the top with x
have m # {}
proof
assume m={}
moreover have Well-order {(z,z)}
by (simp add:order-on-defs refl-on-def trans-def antisym-def total-on-def
Field-def Domain-unfold Domain-converse [symmetric])
ultimately show Fulse using max
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by (auto simp:I-def init-seg-of-def simp del: Field-insert)
qed
hence Field m # {} by (auto simp:Field-def)
moreover have wf(m—1Id) using «Well-order m)
by (simp add:well-order-on-def)
— The extension of m by x:
let %s = {(a,z)|a. a : Field m} let ?m = insert (z,x) m Un %s
have Fm: Field ?m = insert x (Field m)
apply (simp add:Field-insert Field-Un)
unfolding Field-def by auto
have Refl m trans m antisym m Total m wf(m—1Id)
using «Well-order m) by (simp-all add:order-on-defs)
— We show that the extension is a well-order
have Refl ?m using (Refl m) Fm by(auto simp:refl-on-def)
moreover have trans ?m using <trans m) ¢ ¢ Field m)
unfolding trans-def Field-def Domain-unfold Domain-converse [symmetric]
by blast
moreover have antisym ?m using (antisym m) «x ¢ Field m)
unfolding antisym-def Field-def Domain-unfold Domain-converse [symmetric]
by blast
moreover have Total ?m using (Total m) Fm by(auto simp: total-on-def)
moreover have wf(?m—1Id)
proof—
have wf ?s using ¢ ¢ Field m)
by (auto simp add:wf-eq-minimal Field-def Domain-unfold Domain-converse
[symmetric]) metis
thus ?thesis using wf(m—Id)) @ ¢ Field m)
wf-subset|OF «wf ?s) Diff-subset]
by (fastforce intro!: wf-Un simp add: Un-Diff Field-def)
qed
ultimately have Well-order ?m by (simp add:order-on-defs)
— We show that the extension is above m
moreover hence (m,?m) : I using «Well-order m) « ¢ Field m
by (fastforce simp:I-def init-seg-of-def Field-def Domain-unfold Domain-converse
[symmetric])
ultimately
— This contradicts maximality of m:
have Fualse using maz x ¢ Field m) unfolding Field-def by blast
}
hence Field m = UNIV by auto
moreover with (Well-order m) have Well-order m by simp
ultimately show ?thesis by blast
qed

corollary well-order-on: 3r::('ax’a)set. well-order-on A r
proof —
obtain 7:(‘ax’a)set where wo: Well-order r and univ: Field r = UNIV
using well-ordering[where ‘a = 'a] by blast
let 7r = {(z,y). z:4 & y:A & (z,y):r}
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have 1: Field ?r = A using wo univ
by (fastforce simp: Field-def Domain-unfold Domain-converse [symmetric] order-on-defs
refl-on-def)
have Refl r trans r antisym r Total r wf (r—Id)
using «Well-order r» by (simp-all add:order-on-defs)
have Refl ?r using (Refl r by(auto simp:refl-on-def 1 univ)
moreover have trans ?r using <trans r)
unfolding trans-def by blast
moreover have antisym ?r using cantisym m
unfolding antisym-def by blast
moreover have Total ?r using (Total r by (simp add:total-on-def 1 univ)
moreover have wf(?r — Id) by (rule wf-subset[OF «wf(r—Id))]) blast
ultimately have Well-order ?r by(simp add:order-on-defs)
with 1 show ?thesis by metis
qed

end

3 Infinite-Set: Infinite Sets and Related Concepts

theory Infinite-Set
imports Main
begin

3.1 Infinite Sets

Some elementary facts about infinite sets, mostly by Stefan Merz. Beware!
Because ”infinite” merely abbreviates a negation, these lemmas may not
work well with blast.

abbreviation
infinite :: 'a set = bool where
infinite S == - finite S

Infinite sets are non-empty, and if we remove some elements from an infinite
set, the result is still infinite.

lemma infinite-imp-nonempty: infinite S ==> S # {}
by auto

lemma infinite-remove:
infinite S = infinite (S — {a})
by simp

lemma Diff-infinite-finite:
assumes 71 finite T and S: infinite S
shows infinite (S — T)
using T

proof induct
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from S
show infinite (S — {}) by auto
next
fix T«
assume ih: infinite (S — T)
have S — (insertx T) = (S — T) — {«}
by (rule Diff-insert)
with h
show infinite (S — (insert x T))
by (simp add: infinite-remove)
qed

lemma Un-infinite: infinite S = infinite (S U T)
by simp

lemma infinite-Un: infinite (S U T) +— infinite S V infinite T
by simp

lemma infinite-super:
assumes 7: S C T and S: infinite S
shows infinite T
proof
assume finite T
with T have finite S by (simp add: finite-subset)
with S show Fulse by simp
qed

As a concrete example, we prove that the set of natural numbers is infinite.

lemma finite-nat-bounded:
assumes S: finite (S::nat set)
shows 3k. S C {..<k} (is k. %bounded S k)
using S
proof induct
have ?bounded {} 0 by simp
then show k. %bounded {} k ..
next
fix Sz
assume 3 k. ?bounded S k
then obtain k£ where k: Zbounded S k ..
show 3k. %bounded (insert z S) k
proof (cases © < k)
case True
with k& show ?thesis by auto
next
case Fulse
with £ have ?bounded S (Suc z) by auto
then show #¢thesis by auto
qed
qed
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lemma finite-nat-iff-bounded:

finite (S:nat set) = (k. S C {..<k}) (is ?lhs = 2rhs)
proof

assume ?lhs

then show ?rhs by (rule finite-nat-bounded)
next

assume ?rhs

then obtain k£ where S C {.<k} ..

then show finite S

by (rule finite-subset) simp

qed

lemma finite-nat-iff-bounded-le:
finite (S::nat set) = (3k. S C {..k}) (is ?lhs = ?rhs)
proof
assume ?lhs
then obtain k¥ where S C {..<k}
by (blast dest: finite-nat-bounded)
then have S C {..k} by auto
then show ?rhs ..
next
assume ?rhs
then obtain k¥ where S C {..k} ..
then show finite S
by (rule finite-subset) simp
qed

lemma infinite-nat-iff-unbounded:
infinite (S:nat set) = (Vm. In. m<n A nes)
(is ?lhs = ?rhs)
proof
assume ?lhs
show ?rhs
proof (rule ccontr)
assume — ?rhs
then obtain m where m: Vn. m<n — n¢S by blast
then have S C {..m}
by (auto simp add: sym [OF linorder-not-less))
with <?lhs) show Fualse
by (simp add: finite-nat-iff-bounded-le)
qed
next
assume ?rhs
show ?lhs
proof
assume finite S
then obtain m where S C {.m}
by (auto simp add: finite-nat-iff-bounded-le)
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then have Vn. m<n — n¢S by auto
with (?rhs) show Fulse by blast
qed
qed

lemma infinite-nat-iff-unbounded-le:
infinite (S::nat set) = (Vm. In. m<n A nes)
(is ?lhs = ?rhs)
proof
assume ?lhs
show ?rhs
proof
fix m
from (?lhs) obtain n where m<n A neS
by (auto simp add: infinite-nat-iff-unbounded)
then have m<n A n€eS by simp
then show I3n. m <nAnesS..
qed
next
assume ?rhs
show ?lhs
proof (auto simp add: infinite-nat-iff-unbounded)
fix m
from (?rhs) obtain n where Suc m < n A neS
by blast
then have m<n A neS by simp
then show dn. m <nAnes ..
qed
qed

For a set of natural numbers to be infinite, it is enough to know that for any
number larger than some k, there is some larger number that is an element
of the set.

lemma unbounded-k-infinite:
assumes k: Vm. k<m — (In. m<n A neSs)
shows infinite (S::nat set)
proof —
{
fix m have In. m<n A nes
proof (cases k<m)
case True
with k& show ?thesis by blast
next
case Fulse
from k£ obtain n where Suc k < n A n€S by auto
with Fualse have m<n A n€S by auto
then show ?Zthesis ..
qed

}
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then show ?thesis
by (auto simp add: infinite-nat-iff-unbounded)
qed

lemma nat-infinite: infinite (UNIV :: nat set)
by (auto simp add: infinite-nat-iff-unbounded)

lemma nat-not-finite: finite (UNIV ::nat set) = R
by simp

Every infinite set contains a countable subset. More precisely we show that
a set S is infinite if and only if there exists an injective function from the
naturals into S.

lemma range-inj-infinite:

inj (f:nat = 'a) = infinite (range f)
proof

assume finite (range f) and inj f

then have finite (UNIV::nat set)

by (rule finite-imageD)

then show Fulse by simp

qed

lemma int-infinite [simp):
shows infinite (UNIV ::int set)
proof —
from inj-int have infinite (range int) by (rule range-inj-infinite)
moreover
have range int C (UNIV ::int set) by simp
ultimately show infinite (UNIV ::int set) by (simp add: infinite-super)
qged

The “only if” direction is harder because it requires the construction of a
sequence of pairwise different elements of an infinite set S. The idea is to
construct a sequence of non-empty and infinite subsets of S obtained by
successively removing elements of S.

lemma linorder-injl:
assumes hyp: Nz y. z < (y::'az:linorder) ==> fx # fy
shows inj f
proof (rule inj-onlI)
fix zy
assume f-eq: fz = fy
show z =y
proof (rule linorder-cases)
assume r < y
with hyp have fz # fy by blast
with f-eq show ?thesis by simp
next
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assume r = y
then show %thesis .
next
assume y < x
with hyp have fy # fz by blast
with f-eq show ?thesis by simp
qed
qed

lemma infinite-countable-subset:
assumes inf: infinite (S::'a set)
shows 3f. inj (f:nat = 'a) A range f C S
proof —
def Sseq = nat-rec S An T. T — {SOME e. e € T})
def pick = An. (SOME e. e € Sseq n)
have Sseg-inf: A\n. infinite (Sseq n)
proof —
fix n
show infinite (Sseq n)
proof (induct n)
from inf show infinite (Sseq 0)
by (simp add: Sseg-def)
next
fix n
assume infinite (Sseq n) then show infinite (Sseq (Suc n))
by (simp add: Sseq-def infinite-remove)
qed
qed
have Sseq-S: An. Sseqn C S
proof —
fix n
show Sseqn C S
by (induct n) (auto simp add: Sseq-def)
qed
have Sseg-pick: An. pick n € Sseq n
proof —
fix n
show pick n € Sseq n
proof (unfold pick-def, rule somel-ex)
from Sseg-inf have infinite (Sseq n) .
then have Sseq n # {} by auto
then show Jdz. z € Sseq n by auto
qed
qed
with Sseq-S have rng: range pick C S
by auto
have pick-Sseg-gt: An m. pick n ¢ Sseq (n + Suc m)
proof —
fix nm

24
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show pick n ¢ Sseq (n + Suc m)
by (induct m) (auto simp add: Sseq-def pick-def)
qed
have pick-pick: An m. pick n # pick (n + Suc m)
proof —
fix nm
from Sseg-pick have pick (n + Suc m) € Sseq (n + Suc m) .
moreover from pick-Sseq-gt
have pick n ¢ Sseq (n + Suc m) .
ultimately show pick n # pick (n + Suc m)
by auto
qed
have inj: inj pick
proof (rule linorder-injI)
fix ij :: nat
assume i < j
show pick i # pick j
proof
assume eq: pick i = pick j
from i < j> obtain k£ where j = i + Suc k
by (auto simp add: less-iff-Suc-add)
with pick-pick have pick i # pick j by simp
with eq show Fualse by simp
qed
qed
from rng inj show ?thesis by auto
qged

lemma infinite-iff-countable-subset:
infinite S = (3f. inj (f:nat = 'a) A range f C 9)
by (auto simp add: infinite-countable-subset range-inj-infinite infinite-super)

For any function with infinite domain and finite range there is some element
that is the image of infinitely many domain elements. In particular, any
infinite sequence of elements from a finite set contains some element that
occurs infinitely often.

lemma inf-img-fin-dom:
assumes img: finite (f‘A) and dom: infinite A
shows Jy € f‘A. infinite (f —* {y})
proof (rule ccontr)
assume — ?thesis
with img have finite (UN y:f‘A. f —¢ {y}) by blast
moreover have A C (UN y:f‘A. f —¢ {y}) by auto
moreover note dom
ultimately show False by (simp add: infinite-super)
qed

lemma inf-img-fin-domkFE:
assumes finite (f‘A) and infinite A
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obtains y where y € f‘A and infinite (f —* {y})
using assms by (blast dest: inf-img-fin-dom)

3.2 Infinitely Many and Almost All

We often need to reason about the existence of infinitely many (resp., all
but finitely many) objects satisfying some predicate, so we introduce corre-
sponding binders and their proof rules.

definition

Inf-many :: ('a = bool) = bool (binder INFM 10) where
Inf-many P = infinite {z. P z}

definition
Alm-all :: ('a = bool) = bool (binder MOST 10) where
Alm-all P = (= (INFM z. = P x))

notation (zsymbols)
Inf-many (binder 3, 10) and
Alm-all (binder V., 10)

notation (HTML output)
Inf-many (binder 3 10) and
Alm-all (binder V o, 10)

lemma INFM-iff-infinite: (INFM z. P x) <— infinite {z. P z}
unfolding Inf-many-def ..

lemma MOST-iff-cofinite: (MOST z. P x) +— finite {x. = P x}
unfolding Alm-all-def Inf-many-def by simp

lemmas MOST-iff-finiteNeg = MOST-iff-cofinite

lemma not-INFM [simp]: = (INFM z. P z) +— (MOST z. -~ P x)
unfolding Alm-all-def not-not ..

lemma not-MOST [simp|: = (MOST x. P z) <— (INFM z. = P 1)
unfolding Alm-all-def not-not ..

lemma INFM-const [simp]: (INFM z::'a. P) <— P A infinite (UNIV::'a set)
unfolding Inf-many-def by simp

lemma MOST-const [simp]: (MOST z::'a. P) <— PV finite (UNIV::'a set)
unfolding Alm-all-def by simp

lemma INFM-EX: (3ooz. Pz) = (3z. P 1)
by (erule contrapos-pp, simp)

lemma ALL-MOST:Vz. Px — V. Pz
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by simp

lemma INFM-FE: assumes INFM z. P x obtains © where P x
using INFM-EX [OF assms] by (rule exE)

lemma MOST-I: assumes A\z. P x shows MOST z. Pz
using assms by simp

lemma INFM-mono:
assumes inf: 3oz. Pz and ¢: Az. Pz = Qz
shows 3 z. Q =
proof —
from inf have infinite {z. P z} unfolding Inf-many-def .
moreover from ¢ have {z. Pz} C {z. Q =} by auto
ultimately show ?thesis
by (simp add: Inf-many-def infinite-super)
qed

lemma MOST-mono: Vooz. Pz = (Az. P2 = Q1) = Voou. Qu
unfolding Alm-all-def by (blast intro: INFM-mono)

lemma INFM-disj-distrib:
Fez. Pz V Qz)+— (Fz. P2)V (Fooz. Q)
unfolding Inf-many-def by (simp add: Collect-disj-eq)

lemma INFM-imp-distrib:
(INFMz. Pz — Qz) +— (MOST z. Pz) — (INFM z. Q 1))
by (simp only: imp-conv-disj INFM-disj-distrib not-MOST)

lemma MOST-conj-distrib:
Veoz. Pr A Qz) +— (Vo. P2) N (Vooz. Q)
unfolding Alm-all-def by (simp add: INFM-disj-distrib del: disj-notl)

lemma MOST-conjl:
MOST xz. Pz = MOST z. Qx = MOSTxz. Px AN Qzx
by (simp add: MOST-congj-distrib)

lemma INFM-conjl:
INFM z. Pz =— MOSTz. Qx — INFMz. Pz N Q=
unfolding MOST-iff-cofinite INFM-iff-infinite
apply (drule (1) Diff-infinite-finite)
apply (simp add: Collect-conj-eq Collect-neg-eq)
done

lemma MOST-rev-mp:
assumes Vx. Prand Vz. Pz — Q=
shows V z. Q =

proof —
have Vz. Pz A (Pz — Q 1)
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using assms by (rule MOST-congl)
thus ?thesis by (rule MOST-mono) simp
qed

lemma MOST-imp-iff:
assumes MOST z. P x
shows (MOST z. Pz — Q z) <— (MOST z. Q 1)
proof
assume MOST z. Pz — Q x
with assms show MOST z. Q x by (rule MOST-rev-mp)
next
assume MOST z. Q x
then show MOST z. P x — @ z by (rule MOST-mono) simp
qed

lemma INFM-MOST-simps [simp]:
AP Q. (INFM z. Pz A Q) «— (INFM z. Pz) A Q
NP Q. (INFM z. P A Qz) «— P A (INFM z. Q z)
AP Q. (MOSTx. Pz V Q) ¢— (MOST z. Px) vV Q
AP Q. (MOSTxz. PV Q) «— PV (MOST z. Q x)
AP Q. (MOSTx. Pz — Q) +— ((INFM z. Pz) — Q)
AP Q. (MOST z. P — Q) +— (P — (MOST z. Q x))
unfolding Alm-all-def Inf-many-def
by (simp-all add: Collect-conj-eq)

Properties of quantifiers with injective functions.

lemma INFM-inj:
INFM x. P (fz) = injf = INFM z. Pz
unfolding INFM-iff-infinite
by (clarify, drule (1) finite-vimagel, simp)

lemma MOST-inj:
MOST z. Px = inj f = MOST z. P (f z)
unfolding MOST-iff-cofinite
by (drule (1) finite-vimagel, simp)

Properties of quantifiers with singletons.

lemma not-INFM-eq [simp]:
= (INFM z. z = a)
- (INFM z. a = x)
unfolding INFM-iff-infinite by simp-all

lemma MOST-neq [simp]:
MOST x. z # a
MOST z. a # x
unfolding MOST-iff-cofinite by simp-all

lemma INFM-neq [simp]:
(INFM z::'a. x # a) <— infinite (UNIV::'a set)

28
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(INFM z::'a. a # ) < infinite (UNIV::'a set)
unfolding INFM-iff-infinite by simp-all

lemma MOST-eq [simp]:
(MOST z::'a. © = a) <— finite (UNIV::'a set)
(MOST z::'a. a = x) +— finite (UNIV::"a set)
unfolding MOST-iff-cofinite by simp-all

lemma MOST-eq-imp:
MOSTxz.x =a — Pz
MOSTx.a =z — Pz
unfolding MOST-iff-cofinite by simp-all

Properties of quantifiers over the naturals.

lemma INFM-nat: (3oon. P (n:nat)) = (Vm. In. m<n A P n)
by (simp add: Inf-many-def infinite-nat-iff-unbounded)

lemma INFM-nat-le: (3 oon. P (n:nat)) = (Ym. 3n. m<n A P n)
by (simp add: Inf-many-def infinite-nat-iff-unbounded-le)

lemma MOST-nat: (¥ oon. P (n:nat)) = (Im. Vn. m<n — P n)
by (simp add: Alm-all-def INFM-nat)

lemma MOST-nat-le: (Voon. P (ninat)) = (Im. Vn. m<n — P n)
by (simp add: Alm-all-def INFM-nat-le)

3.3 Enumeration of an Infinite Set

The set’s element type must be wellordered (e.g. the natural numbers).

primrec (in wellorder) enumerate :: 'a set = nat = 'a where
enumerate-0:  enumerate S 0 = (LEAST n. n € S)
| enumerate-Suc: enumerate S (Suc n) = enumerate (S — {LEAST n. n € S})
n

lemma enumerate-Suc”:
enumerate S (Suc n) = enumerate (S — {enumerate S 0}) n
by simp

lemma enumerate-in-set: infinite S = enumerate Sn : S
apply (induct n arbitrary: S)

apply (fastforce intro: Leastl dest!: infinite-imp-nonempty)
apply simp

apply (metis DiffE infinite-remouve)

done

declare enumerate-0 [simp del] enumerate-Suc [simp del]

lemma enumerate-step: infinite S = enumerate S n < enumerate S (Suc n)
apply (induct n arbitrary: S)
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apply (rule order-le-neg-trans)

apply (simp add: enumerate-0 Least-le enumerate-in-set)

apply (simp only: enumerate-Suc’)

apply (subgoal-tac enumerate (S — {enumerate S 0}) 0 : S — {enumerate S

0})

apply (blast intro: sym)

apply (simp add: enumerate-in-set del: Diff-iff)
apply (simp add: enumerate-Suc’)
done

lemma enumerate-mono: m<n = infinite S => enumerate S m < enumerate S
n

apply (erule less-Suc-induct)

apply (auto intro: enumerate-step)

done

3.4 Miscellaneous

A few trivial lemmas about sets that contain at most one element. These
simplify the reasoning about deterministic automata.

definition
atmost-one :: 'a set = bool where
atmost-one S = (Vz y. €S N ye€S — x=y)

lemma atmost-one-empty: S = {} = atmost-one S
by (simp add: atmost-one-def)

lemma atmost-one-singleton: S = {x} = atmost-one S
by (simp add: atmost-one-def)

lemma atmost-one-unique [elim]: atmost-one S =z € S =—=ye S = y ==z
by (simp add: atmost-one-def)

end

4 Filter: Filters and Ultrafilters

theory Filter

imports ~~/src/HOL/ Library/ Zorn ~~ /src/ HOL/ Library / Infinite-Set
begin

4.1 Definitions and basic properties

4.1.1 Filters

locale filter =
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fixes F :: 'a set set
assumes UNIV [iff]: UNIV € F
assumes empty [iff]: {} ¢ F

assumes Int: [ue F;veF]l=unwveF
assumes subset: [ue FiuCov] = veF
begin

lemma memD: A€ F —= — A¢ F

proof
assume A € Fand — A € F
hence A N (— A) € F by (rule Int)
thus Fualse by simp

qed

lemma not-meml: — A€ F = A ¢ F
by (drule memD, simp)

lemma Int-iff: (e Ny e F)=(ze€ FAyeF)
by (auto elim: subset intro: Int)

end

4.1.2 Ultrafilters

locale ultrafilter = filter +
assumes ultra: A€ FV — A€ F
begin

lemma meml: — A¢ F = A€ F
using ultra [of A] by simp

lemma not-memD: A ¢ F — — A€ F
by (rule meml, simp)

lemma not-mem-iff: (A ¢ F) = (— A€ F)
by (rule iffl [OF not-memD not-memlI])

lemma Compl-iff: (— A€ F)= (A ¢ F)
by (rule iffl [OF not-meml not-memD])

lemma Un-iff: (x Uy € F)=(x € FV y€F)
apply (rule iffI)
apply (erule contrapos-pp)
apply (simp add: Int-iff not-mem-iff )
apply (auto elim: subset)
done

end
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4.1.3 Free Ultrafilters

locale freeultrafilter = ultrafilter +
assumes infinite: A € F = infinite A
begin

lemma finite: finite A— A ¢ F
by (erule contrapos-pn, erule infinite)

lemma singleton: {z} ¢ F
by (rule finite, simp)

lemma insert-iff [simp]: (insert t A € F) = (A € F)
apply (subst insert-is-Un)

apply (subst Un-iff)

apply (simp add: singleton)

done

lemma filter: filter F' ..
lemma ultrafilter: ultrafilter F ..

end

4.2 Collect properties

lemma (in filter) Collect-ex:
{n.3z. Pnaz} e F)=3X.{n. Pn(Xn)} €F)
proof
assume {n. 3z. Pnz} € F
hence {n. Pn (SOME z. Pn )} € F
by (auto elim: somel subset)
thus 3X. {n. Pn (X n)} € F by fast
next
show 3X. {n. Pn (Xn)} € F = {n.3z. Pnz} € F
by (auto elim: subset)
qged

lemma (in filter) Collect-cony:
{n.PnAQ@Qn}eF)=({n.Pnte FA{n Qn} eF)
by (subst Collect-conj-eq, rule Int-iff )

lemma (in witrafilter) Collect-not:
{n.-PnteF)=({n. Pn} ¢F)
by (subst Collect-neg-eq, rule Compl-iff)

lemma (in wltrafilter) Collect-disj:
{n.Pnv@nteF)=({n. Pnyec FV{n Qn}cF)
by (subst Collect-disj-eq, rule Un-iff)
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lemma (in wltrafilter) Collect-all:
{n.Ve. Pnzye F)=NVX.{n.Pn(Xn)} €F)
apply (rule Not-eq-iff [THEN iffD1])
apply (simp add: Collect-not [symmetric])
apply (rule Collect-ex)
done

4.3 Maximal filter = Ultrafilter

A filter F is an ultrafilter iff it is a maximal filter, i.e. whenever G is a filter
and F' C G then F = G

Lemmas that shows existence of an extension to what was assumed to be a
maximal filter. Will be used to derive contradiction in proof of property of
ultrafilter.

lemma extend-lemmal: UNIV € F = A e {X.3feF. AnfC X}
by blast

lemma extend-lemma2: F C {X.3feF. Anf C X}
by blast

lemma (in filter) extend-filter:
assumes A: — A ¢ F
shows filter {X. 3feF. AN f C X} (is filter ?X)
proof (rule filter.intro)
show UNIV € ?X by blast
next
show {} ¢ ?X
proof (clarify)
fix f assume f: f € F and Af: Anf C{}
from Af have fA: f C — A by blast
from f fA have — A € F by (rule subset)
with A show Fualse by simp
qed
next
fix v and v
assume u: v € X and v: v € ?X
from u obtain f where f: f € F' and Af: AN f C u by blast
from v obtain g where g: ¢ € F and Ag: A N g C v by blast
from f g have fg: f N g € F by (rule Int)
from Af Ag have Afg: AN (f N g) C u N v by blast
from fg Afg show v N v € ?X by blast
next
fix v and v
assume uwv: v C v and u: v € X
from u obtain f where f: f € F and Afu: AN f C u by blast
from Afu wv have Afv: AN f C v by blast
from f Afv have 3feF. AN f C v by blast
thus v € ?X by simp
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qed

lemma (in filter) maz-filter-ultrafilter:
assumes maz: \G. [filter G; F C G] = F = G
shows ultrafilter-axioms F
proof (rule ultrafilter-azioms.intro)
fix Ashow Ae FV—-AeF
proof (rule disjCI)
let ?X ={X.3feF. AnfC X}
assume AF: — A ¢ F
from AF have X: filter ?X by (rule extend-filter)
from UNIV have AX: A € ?X by (rule extend-lemmal)
have FX: F C ?X by (rule extend-lemmaZ2)
from X FX have F' = ?X by (rule maz)
with AX show A € F by simp
qed
qed

lemma (in wltrafilter) max-filter:
assumes G: filter G and sub: FF C G shows F = G
proof
show F C G using sub .
show G C F
proof
fix A assume A: A € G
from G A have — A ¢ G by (rule filter.memD)
with sub have B: — A ¢ F by blast
thus A € F by (rule memlI)
qed
qed

4.4 Ultrafilter Theorem

A local context makes proof of ultrafilter Theorem more modular

context
fixes frechet :: 'a set set
and superfrechet :: 'a set set set

assumes infinite-UNIV: infinite (UNIV :: 'a set)

defines frechet-def: frechet = {A. finite (— A)}

and superfrechet-def: superfrechet = {G. filter G A frechet C G}
begin
lemma superfrechetl:

[filter G; frechet C G] = G € superfrechet
by (simp add: superfrechet-def)

lemma superfrechetD1:
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G € superfrechet = filter G
by (simp add: superfrechet-def)

lemma superfrechetD?2:
G € superfrechet = frechet C G
by (simp add: superfrechet-def)

A few properties of free filters

lemma filter-cofinite:
assumes inf: infinite (UNIV :: 'a set)
shows filter {A:: 'a set. finite (— A)} (is filter 7F)
proof (rule filter.intro)
show UNIV € ¢F by simp
next
show {} ¢ ?F using inf by simp
next
fix uw v assume v € ?F and v € ?F
thus u N v € ?F by simp
next
fix v v assume uv: v C v and u: u € ?F
from wv have vu: — v C — u by simp
from u show v € ?F
by (simp add: finite-subset [OF vu))
qged

We prove: 1. Existence of maximal filter i.e. ultrafilter; 2. Freeness property
i.e ultrafilter is free. Use a locale to prove various lemmas and then export
main result: The ultrafilter Theorem

lemma filter-frechet: filter frechet
by (unfold frechet-def, rule filter-cofinite [OF infinite-UNIV])

lemma frechet-in-superfrechet: frechet € superfrechet
by (rule superfrechetl [OF filter-frechet subset-refi])

lemma lemma-mem-chain-filter:
[c € chain superfrechet; x € ¢] = filter
by (unfold chain-def superfrechet-def, blast)

4.4.1 Unions of chains of superfrechets

In this section we prove that superfrechet is closed with respect to unions of
non-empty chains. We must show 1) Union of a chain is a filter, 2) Union
of a chain contains frechet.

Number 2 is trivial, but 1 requires us to prove all the filter rules.

lemma Union-chain-UNIV:
[c € chain superfrechet; ¢ # {}] = UNIV € J¢
proof —
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assume [: ¢ € chain superfrechet and 2: ¢ # {}
from 2 obtain x where 3: z € ¢ by blast
from 1 3 have filter z by (rule lemma-mem-chain-filter)
hence UNIV € z by (rule filter. UNIV)
with & show UNIV € |Jc¢ by blast
qed

lemma Union-chain-empty:
¢ € chain superfrechet = {} ¢ ¢

proof
assume 1: ¢ € chain superfrechet and 2: {} € |Jc
from 2 obtain z where 3: z € cand 4: {} € z ..
from 1 3 have filter z by (rule lemma-mem-chain-filter)
hence {} ¢ = by (rule filter.empty)
with 4 show Fulse by simp

qed

lemma Union-chain-Int:
[c € chain superfrechet; u € Je; v € Je] = unwvelJc
proof —
assume c: ¢ € chain superfrechet
assume u € |Jc¢
then obtain x where uz: v € z and zc: z € ¢ ..
assume v € |Jc
then obtain y where vy: v € y and yc: y € ¢ ..
from c zc yc have ¢ C y V y C z by (rule chainD)
with zc yc have zyc: t U y € ¢
by (auto simp add: Un-absorbl Un-absorb2)
with ¢ have fry: filter (z U y) by (rule lemma-mem-chain-filter)
from uz have uzy: u € x U y by simp
from vy have vzy: v € z U y by simp
from fry uzy vey have v N v € z U y by (rule filter.Int)
with zyc show v Nv € Jc ..
qed

lemma Union-chain-subset:
e € chain superfrechet; v € |Jc; u Cv] = v € Je
proof —
assume c: ¢ € chain superfrechet
and u: v € Jcand wv: v C v
from u obtain z where uz: v € z and zc: z € ¢ ..
from c zc have fz: filter x by (rule lemma-mem-chain-filter)
from fr ur uv have vz: v € z by (rule filter.subset)
with zc show v € Jc ..
qed

lemma Union-chain-filter:
assumes chain: ¢ € chain superfrechet and nonempty: ¢ # {}
shows filter (| ¢)
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proof (rule filter.intro)

show UNIV € | ¢ using chain nonempty by (rule Union-chain-UNIV')
next

show {} ¢ |J ¢ using chain by (rule Union-chain-empty)
next

fix u v assume u € [Jcand v € J¢

with chain show u N v € |J ¢ by (rule Union-chain-Int)
next

fix u v assume u € Jcand u C v

with chain show v € |J ¢ by (rule Union-chain-subset)
qged

lemma lemma-mem-chain-frechet-subset:
[c € chain superfrechet; x € ¢] = frechet C x
by (unfold superfrechet-def chain-def, blast)

lemma Union-chain-superfrechet:
[e # {}; ¢ € chain superfrechet] = |J ¢ € superfrechet
proof (rule superfrechetl)
assume [: ¢ € chain superfrechet and 2: ¢ # {}
thus filter (|J ¢) by (rule Union-chain-filter)
from 2 obtain z where 3: z € ¢ by blast
from 1 3 have frechet C z by (rule lemma-mem-chain-frechet-subset)
also from 3 have z C |J ¢ by blast
finally show frechet C (Jc .
qged

4.4.2 Existence of free ultrafilter

lemma maz-cofinite-filter-Ex:
3 Uesuperfrechet. ¥ Gesuperfrechet. U C G — U = G
proof (rule Zorn-LemmaZ2 [rule-format])
fix ¢ assume c: ¢ € chain superfrechet
show 3 Uesuperfrechet. YV Gec. G C U (is ?U)
proof (cases)
assume ¢ = {}
with frechet-in-superfrechet show ?U by blast
next
assume A: ¢ # {}
from A ¢ have |Jc¢ € superfrechet
by (rule Union-chain-superfrechet)
thus ?U by blast
qed
qed

lemma mem-superfrechet-all-infinite:
[U € superfrechet; A € U] = infinite A
proof
assume U: U € superfrechet and A: A € U and fin: finite A
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from U have fil: filter U and fre: frechet C U
by (simp-all add: superfrechet-def)
from fin have — A € frechet by (simp add: frechet-def)
with fre have cA: — A € U by (rule subsetD)
from fil A cA have AN — A € U by (rule filter.Int)
with fil show False by (simp add: filter.empty)
qed

There exists a free ultrafilter on any infinite set

lemma freeultrafilter-Ex:
3 U:’a set set. freeultrafilter U
proof —
from mazx-cofinite-filter-Ex obtain U
where U: U € superfrechet
and mazx [rule-format]: ¥ G€superfrechet. U C G — U = G ..
from U have fil: filter U by (rule superfrechetD1)
from U have fre: frechet C U by (rule superfrechetD2)
have ultra: ultrafilter-azioms U
proof (rule filter.maz-filter-ultrafilter [OF fil])
fix G assume G: filter G and UG: U C G
from fre UG have frechet C G by simp
with G have G € superfrechet by (rule superfrechetl)
from this UG show U = G by (rule max)
qed
have free: freeultrafilter-axioms U
proof (rule freeultrafilter-axioms.intro)
fix A assume A € U
with U show infinite A by (rule mem-superfrechet-all-infinite)
qed
from fil ultra free have freeultrafilter U
by (rule freeultrafilter.intro [OF ultrafilter.intro])

then show ?thesis ..
qed

end
hide-const (open) filter

end

5 StarDef: Construction of Star Types Using Ul-
trafilters

theory StarDef
imports Filter
uses (transfer.ML)
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begin

5.1 A Free Ultrafilter over the Naturals

definition
FreeUltrafilterNat :: nat set set (U) where
U = (SOME U. freeultrafilter U)

lemma freeultrafilter-FreeUltrafilterNat: freeultrafilter U
apply (unfold FreeUltrafilterNat-def)

apply (rule somel-ex)

apply (rule freeultrafilter-Ex)

apply (rule nat-infinite)

done

interpretation FreeUltrafilterNat: freeultrafilter FreeUltrafilterNat
by (rule freeultrafilter-FreeUltrafilterNat)

This rule takes the place of the old ultra tactic

lemma ultra:
[{n. Pnyel;{n. Pn — Qn}eld] = {n.Qn}cl
by (simp add: Collect-imp-eq
FreeUltrafilterNat. Un-iff FreeUltrafilterNat. Compl-iff )

5.2 Definition of star type constructor

definition
starrel :: ((nat = 'a) x (nat = 'a)) set where
starrel = {(X,Y). {n. X n =Y n} € U}

definition star = (UNIV :: (nat = 'a) set) // starrel

typedef (open) ‘a star = star :: (nat = 'a) set set
unfolding star-def by (auto intro: quotientl)

definition
star-n :: (nat = 'a) = 'a star where
star-n X = Abs-star (starrel < {X})

theorem star-cases [case-names star-n, cases type: star]:
(ANX.z = star-n X = P) =P
by (cases z, unfold star-n-def star-def, erule quotientE, fast)

lemma all-star-eq: Vx. P z) = (VX. P (star-n X))
by (auto, rule-tac x=x in star-cases, simp)

lemma ex-star-eq: (3z. P z) = (3X. P (star-n X))
by (auto, rule-tac z=x in star-cases, auto)

Proving that starrel is an equivalence relation
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lemma starrel-iff [iff]: (X,Y) € starrel) = ({n. X n =Y n} € U)
by (simp add: starrel-def)

lemma equiv-starrel: equiv UNIV starrel
proof (rule equivl)
show refl starrel by (simp add: refl-on-def)
show sym starrel by (simp add: sym-def eq-commute)
show trans starrel by (auto intro: transl elim!: ultra)
qed

lemmas equiv-starrel-iff =
eq-equiv-class-iff [OF equiv-starrel UNIV-I UNIV-I]

lemma starrel-in-star: starrel*“{z} € star
by (simp add: star-def quotientl)

lemma star-n-eq-iff: (star-n X = star-n V) = ({n. Xn=Yn} el)
by (simp add: star-n-def Abs-star-inject starrel-in-star equiv-starrel-iff)

5.3 Transfer principle

This introduction rule starts each transfer proof.

lemma transfer-start:
P ={n. Q} € U = Trueprop P = Trueprop Q
by (subgoal-tac P = @, simp, simp add: atomize-eq)

Initialize transfer tactic.

use transfer.ML
setup Transfer-Principle.setup

method-setup transfer = ({
Attrib.thms >> (fn ths => fn ctat =>
SIMPLE-METHOD' ( Transfer-Principle.transfer-tac ctzt ths))
Y transfer principle

Transfer introduction rules.

lemma transfer-ex [transfer-intro|:
[ANX. p (star-n X) = {n. Pn (X n)} € U]
= Jz:’a star. px = {n. Jz. Pnz} €U
by (simp only: ex-star-eq FreeUltrafilterNat.Collect-ex)

lemma transfer-all [transfer-intro]:
INX. p (star-n X) = {n. Pn (X n)} € U]
= Vaz:'astar. pz ={n.Vz. Pnz} €l
by (simp only: all-star-eq FreeUltrafilterNat.Collect-all)

lemma transfer-not [transfer-introl:
[p={n. PnlcUU] = -p={n.-Pn}ecl
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by (simp only: FreeUltrafilterNat.Collect-not)

lemma transfer-conj [transfer-introl:
[p={n.Pn}el; g={n Qn} el]
= pAg={n.PnAQn}teld
by (simp only: FreeUltrafilterNat. Collect-conj)

lemma transfer-disj [transfer-intro]:
[p={n.Pn}el; g={n Qn} el]
= pVg={n.PnVvQ@Qn}teld
by (simp only: FreeUltrafilterNat.Collect-disj)

lemma transfer-imp [transfer-intro]:
[p={n.Pn}el; g={n Qn} U]
=p-—q={n.Pn—Qn}tel
by (simp only: imp-conv-disj transfer-disj transfer-not)

lemma transfer-iff [transfer-intro]:
[p={n.Pn}el; g={n Qn} U]
= p=q={n.Pn=Qntel
by (simp only: iff-conv-conj-imp transfer-conj transfer-imp)

lemma transfer-if-bool [transfer-intro|:
[p={n.Pneld;z={n Xn}eld;y={n Yn}ecl]
= (if p then z else y) = {n. if P n then X nelse Y n} € U
by (simp only: if-bool-eq-conj transfer-conj transfer-imp transfer-not)

lemma transfer-eq [transfer-intro|:
[z = star-n X;y=starn Y] =z =y={n.Xn=Yn}elU
by (simp only: star-n-eq-iff)

lemma transfer-if [transfer-introl:
[p={n. Pn}cl;z=star-n X; y = star-n Y]
= (if p then x else y) = star-n (An. if P n then X n else Y n)
apply (rule eg-reflection)
apply (auto simp add: star-n-eg-iff transfer-not elim!: ultra)
done

lemma transfer-fun-eq [transfer-intro|:
INX. f (star-n X) = g (star-n X)
={n. Fn(Xn)=Gn (Xn)}elU]
= f=g={n.Fn=Gn} el
by (simp only: fun-eg-iff transfer-all)

lemma transfer-star-n [transfer-introl: star-n X = star-n (An. X n)
by (rule reflexive)

lemma transfer-bool [transfer-intro]: p = {n. p} € U
by (simp add: atomize-eq)
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5.4 Standard elements

definition
star-of :: 'a = 'a star where
star-of © == star-n (An. )
definition

Standard :: 'a star set where
Standard = range star-of

Transfer tactic should remove occurrences of star-of

setup (( Transfer-Principle.add-const StarDef .star-of ))
declare star-of-def [transfer-intro]

lemma star-of-inject: (star-of x = star-of y) = (z = y)
by (transfer, rule refl)

lemma Standard-star-of [simp|: star-of x € Standard
by (simp add: Standard-def)

5.5 Internal functions

definition
Ifun :: ('a = 'b) star = 'a star = 'b star (- * - [300,301] 300) where
Ifun f = Ax. Abs-star
(U FeRep-star f. | X €Rep-star . starrel*{An. Fn (X n)})

lemma Ifun-congruent2:
congruent?2 starrel starrel (AF X. starrel*{An. Fn (X n)})
by (auto simp add: congruent2-def equiv-starrel-iff elim!: ultra)

lemma Ifun-star-n: star-n F % star-n X = star-n (An. Fn (X n))
by (simp add: Ifun-def star-n-def Abs-star-inverse starrel-in-star
UN-equiv-class2 [OF equiv-starrel equiv-starrel Ifun-congruent2))

Transfer tactic should remove occurrences of Ifun
setup (( Transfer-Principle.add-const StarDef . Ifun ))
lemma transfer-Ifun [transfer-intro):

[f = star-n F; x = star-n X] = f x x = star-n (An. Fn (X n))
by (simp only: Ifun-star-n)

lemma Ifun-star-of [simp): star-of f * star-of x = star-of (f x)
by (transfer, rule refl)

lemma Standard-Ifun [simp]:
[f € Standard; x € Standard] = f x = € Standard
by (auto simp add: Standard-def)

42



THEORY “StarDet”

Nonstandard extensions of functions

definition
starfun :: (‘a = 'b) = (‘a star = 'b star) (xfx - [80] 80) where
starfun f == Az. star-of f x x

definition
starfun? :: ('a = 'b = '¢) = ('a star = 'b star = 'c star)
(xf2x - [80] 80) where
starfun2 f == Az y. star-of f x ¢ x y

declare starfun-def [transfer-unfold]
declare starfun2-def [transfer-unfold)

lemma starfun-star-n: ( #f* f) (star-n X) = star-n (An. f (X n))
by (simp only: starfun-def star-of-def Ifun-star-n)

lemma starfun2-star-n:
( *f2x f) (star-n X) (star-n Y) = star-n (An. f (X n) (Y n))
by (simp only: starfun2-def star-of-def Ifun-star-n)

lemma starfun-star-of [simp): ( #f* f) (star-of z) = star-of (f x)
by (transfer, rule refl)

lemma starfun2-star-of [simpl: ( %f2% f) (star-of x) = *f* fz
by (transfer, rule refl)

lemma Standard-starfun [simp]: © € Standard = starfun fx € Standard

by (simp add: starfun-def)

lemma Standard-starfun? [simp]:
[x € Standard; y € Standard] = starfun2 f x y € Standard
by (simp add: starfun2-def)

lemma Standard-starfun-iff:
assumes inj: Nz y. fr =fy=z =y
shows (starfun f xz € Standard) = (z € Standard)
proof
assume z € Standard
thus starfun f x € Standard by simp
next
have inj’: Az y. starfun f & = starfun fy = © =y
using inj by transfer
assume starfun fz € Standard
then obtain b where b: starfun fx = star-of b
unfolding Standard-def ..
hence Jz. starfun fz = star-of b ..
hence Ja. fa = b by transfer
then obtain a where fa =1 ..
hence starfun f (star-of a) = star-of b by transfer
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with b have starfun f x = starfun f (star-of a) by simp
hence = = star-of a by (rule inj’)
thus z € Standard
unfolding Standard-def by auto
qed

lemma Standard-starfun2-iff
assumes inj: Aaba’'b'. fab=fa'b'=a=a" Nb=10'
shows (starfun2 f z y € Standard) = (z € Standard A y € Standard)
proof
assume z € Standard A y € Standard
thus starfun?2 f x y € Standard by simp
next
have inj: Az y z w. starfun2 fx y = starfun2 fzw =z =2 ANy =w
using inj by transfer
assume starfun2 f x y € Standard
then obtain ¢ where c: starfun2 fz y = star-of c
unfolding Standard-def ..
hence Jz y. starfun2 f x y = star-of ¢ by auto
hence Ja b. fa b = ¢ by transfer
then obtain a b where fa b = ¢ by auto
hence starfun2 f (star-of a) (star-of b) = star-of ¢
by transfer
with ¢ have starfun2 f x y = starfun?2 f (star-of a) (star-of b)
by simp
hence x = star-of a N\ y = star-of b
by (rule inj")
thus z € Standard N y € Standard
unfolding Standard-def by auto
qed

5.6 Internal predicates

definition unstar :: bool star = bool where
unstar b <— b = star-of True

lemma unstar-star-n: unstar (star-n P) = ({n. P n} € U)
by (simp add: unstar-def star-of-def star-n-eq-iff’)

lemma unstar-star-of [simp): unstar (star-of p) = p
by (simp add: unstar-def star-of-inject)

Transfer tactic should remove occurrences of unstar
setup (( Transfer-Principle.add-const StarDef .unstar ))
lemma transfer-unstar [transfer-intro):

p = star-n P = unstar p = {n. Pn} € U
by (simp only: unstar-star-n)
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definition
starP :: ('a = bool) = 'a star = bool (xpx - [80] 80) where
xpx P = (Az. unstar (star-of P x x))

definition
starP2 :: ('a = 'b = bool) = 'a star = 'b star = bool (xp2x - [80] 80) where
xp2% P = (Az y. unstar (star-of P x & * y))

declare starP-def [transfer-unfold]
declare starP2-def [transfer-unfold)

lemma starP-star-n: ( xpx P) (star-n X) = ({n. P (X n)} € U)
by (simp only: starP-def star-of-def Ifun-star-n unstar-star-n)

lemma starP2-star-n:
( *p2x P) (star-n X) (star-n Y) = ({n. P (X n) (Y n)} €U)
by (simp only: starP2-def star-of-def Ifun-star-n unstar-star-n)

lemma starP-star-of [simp]: ( xpx P) (star-of ©) = Pz
by (transfer, rule refl)

lemma starP2-star-of [simp]: ( xp2% P) (star-of ) = *p*x Pz
by (transfer, rule refl)

5.7 Internal sets

definition
Iset :: 'a set star = 'a star set where
Iset A = {z. ( *p2x op €) z A}

lemma Iset-star-n:

(star-n X € Iset (star-n A)) = ({n. X n € An} € U)
by (simp add: Iset-def starP2-star-n)

Transfer tactic should remove occurrences of Iset

setup (( Transfer-Principle.add-const StarDef .Iset ))

lemma transfer-mem [transfer-introl:

[x = star-n X; a = Iset (star-n A)]

= zca={nXneAdAn}eld
by (simp only: Iset-star-n)

lemma transfer-Collect [transfer-intro]:
[ANX. p (star-n X) = {n. Pn (X n)} € U]
= Collect p = Iset (star-n (An. Collect (P n)))
by (simp add: atomize-eq set-eq-iff all-star-eq Iset-star-n)

lemma transfer-set-eq [transfer-introl:
[a = Iset (star-n A); b = Iset (star-n B)]
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= a=b={n. An=Bn}el
by (simp only: set-eq-iff transfer-all transfer-iff transfer-mem)

lemma transfer-ball [transfer-intro]:
[a = Iset (star-n A); AX. p (star-n X) = {n. Pn (X n)} € U]
= Vzca.prx={n.Vz€An Pnz} el
by (simp only: Ball-def transfer-all transfer-imp transfer-mem)

lemma transfer-bex [transfer-intro|:
[a = Iset (star-n A); AX. p (star-n X) = {n. Pn (X n)} € U]
= Jz€a.px ={n.Jz€An. Pnz} el
by (simp only: Bex-def transfer-ex transfer-conj transfer-mem)

lemma transfer-Iset [transfer-intro:

[a = star-n A] = Iset a = Iset (star-n (An. A n))
by simp
Nonstandard extensions of sets.

definition
starset :: 'a set = 'a star set (xsx - [80] 80) where
starset A = Iset (star-of A)

declare starset-def [transfer-unfold)

lemma starset-mem: (star-of © € xsx A) = (z € A)
by (transfer, rule refl)

lemma starset-UNIV: xsx (UNIV::'a set) = (UNIV::'a star set)
by (transfer UNIV-def, rule refl)

lemma starset-empty: xsx {} = {}
by (transfer empty-def, rule refl)

lemma starset-insert: xsx (insert x A) = insert (star-of x) ( xsx A)
by (transfer insert-def Un-def, rule refl)

lemma starset-Un: xsx (A U B) = sk A U xsx B
by (transfer Un-def, rule refl)

lemma starset-Int: xsx (A N B) = xsx A N xsx B
by (transfer Int-def, rule refl)

lemma starset-Compl: xsx —A = —( xsx A)
by (transfer Compl-eq, rule refl)

lemma starset-diff: xsx (A — B) = #sx A — xsx B
by (transfer set-diff-eq, rule refl)

lemma starset-image: xsx (f < A) = (xfx f) < ( xsx A)
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by (transfer image-def, rule refl)

lemma starset-vimage: xsx (f —¢A) = (xfx f) —¢ ( xsx A)
by (transfer vimage-def, rule refl)

lemma starset-subset: ( xsx A C xsx B) = (A C B)
by (transfer subset-eq, rule refl)

lemma starset-eq: ( *sx A = xsx B) = (A = B)
by (transfer, rule refl)

lemmas starset-simps [simp] =
starset-mem starset-UNTV
starset-empty  starset-insert
starset-Un starset-Int
starset-Compl  starset-diff
starset-image  starset-vimage
starset-subset starset-eq

5.8 Syntactic classes

instantiation star :: (zero) zero
begin

definition
star-zero-def: 0 = star-of 0

instance ..
end

instantiation star :: (one) one
begin

definition
star-one-def: 1 = star-of 1

instance ..
end

instantiation star :: (plus) plus
begin

definition
star-add-def:  (op +) = xf2% (op +)

instance ..
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end

instantiation star :: (times) times
begin

definition
star-mult-def:  (op x) = xf2x (op %)

instance ..
end

instantiation star :: (uminus) uminus
begin

definition
star-minus-def: uminus = xf* uminus

instance ..
end

instantiation star :: (minus) minus
begin

definition
star-diff-def:  (op —) = *f2% (op —)

instance ..
end

instantiation star :: (abs) abs
begin

definition
star-abs-def: abs = xf* abs

instance ..
end

instantiation star :: (sgn) sgn
begin

definition
star-sgn-def sgn = *fx* sgn

instance ..
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end

instantiation star :: (inverse) inverse
begin

definition
star-divide-def: (op /) = =f2x (op /)

definition
star-inverse-def: inverse = xf* inverse

instance ..
end
instance star :: (Rings.dvd) Rings.dvd ..

instantiation star :: (Divides.div) Divides.div
begin

definition
star-div-def:  (op div) = xf2x (op div)

definition
star-mod-def:  (op mod) = xf2x (op mod)

instance ..
end

instantiation star :: (ord) ord
begin

definition
star-le-def (op <) = *p2x (0p <)

definition
star-less-def:  (op <) = *p2x (op <)

instance ..
end
lemmas star-class-defs [transfer-unfold] =

star-zero-def — star-one-def
star-add-def star-diff-def  star-minus-def

star-mult-def — star-divide-def — star-inverse-def

star-le-def star-less-def  star-abs-def

star-sgn-def
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star-div-def star-mod-def

Class operations preserve standard elements

lemma Standard-zero: 0 € Standard
by (simp add: star-zero-def)

lemma Standard-one: 1 € Standard
by (simp add: star-one-def)

lemma Standard-add: [z € Standard; y € Standard] = = + y € Standard
by (simp add: star-add-def)

lemma Standard-diff: [z € Standard; y € Standard] = x — y € Standard
by (simp add: star-diff-def)

lemma Standard-minus: x € Standard — — z € Standard
by (simp add: star-minus-def)

lemma Standard-mult: [z € Standard; y € Standard] = z * y € Standard
by (simp add: star-mult-def)

lemma Standard-divide: [z € Standard; y € Standard] = = / y € Standard
by (simp add: star-divide-def)

lemma Standard-inverse: x € Standard —> inverse ¢ € Standard
by (simp add: star-inverse-def)

lemma Standard-abs: © € Standard = abs x € Standard
by (simp add: star-abs-def)

lemma Standard-div: [z € Standard; y € Standard] = z div y € Standard
by (simp add: star-div-def)

lemma Standard-mod: [z € Standard; y € Standard] = = mod y € Standard
by (simp add: star-mod-def)

lemmas Standard-simps [simp] =

Standard-zero Standard-one

Standard-add Standard-diff Standard-minus
Standard-mult Standard-divide Standard-inverse
Standard-abs Standard-div Standard-mod

star-of preserves class operations
lemma star-of-add: star-of (z + y) = star-of © + star-of y
by transfer (rule refl)

lemma star-of-diff: star-of (x — y) = star-of x — star-of y
by transfer (rule refl)
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lemma star-of-minus: star-of (—z) = — star-of x
by transfer (rule refl)

lemma star-of-mult: star-of (x * y) = star-of x x star-of y
by transfer (rule refl)

lemma star-of-divide: star-of (x / y) = star-of x / star-of y
by transfer (rule refl)

lemma star-of-inverse: star-of (inverse ©) = inverse (star-of )
by transfer (rule refl)

lemma star-of-div: star-of (z div y) = star-of = div star-of y
by transfer (rule refl)

lemma star-of-mod: star-of (x mod y) = star-of x mod star-of y
by transfer (rule refl)

lemma star-of-abs: star-of (abs ) = abs (star-of x)
by transfer (rule refl)

star-of preserves numerals

lemma star-of-zero: star-of 0 = 0

by transfer (rule refl)

lemma star-of-one: star-of 1 = 1

by transfer (rule refl)

star-of preserves orderings

lemma star-of-less: (star-of © < star-of y) = (x < y)

by transfer (rule refl)

lemma star-of-le: (star-of x < star-of y) = (z < y)
by transfer (rule refl)

lemma star-of-eq: (star-of © = star-of y) = (z = y)
by transfer (rule refl)

As above, for 0

lemmas star-of-0-less = star-of-less [of 0, simplified star-of-zero]
lemmas star-of-0-le = star-of-le [of 0, simplified star-of-zero|
lemmas star-of-0-eq = star-of-eq [of 0, simplified star-of-zero]

lemmas star-of-less-0 = star-of-less [of - 0, simplified star-of-zero)
lemmas star-of-le-0 = star-of-le  [of - 0, simplified star-of-zero]
lemmas star-of-eq-0 = star-of-eq [of - 0, simplified star-of-zero]
As above, for 1

lemmas star-of-1-less = star-of-less [of 1, simplified star-of-one]
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lemmas star-of-1-le = star-of-le [of 1, simplified star-of-one]
lemmas star-of-1-eq = star-of-eq [of 1, simplified star-of-one]

lemmas star-of-less-1 = star-of-less [of - 1, simplified star-of-one]
lemmas star-of-le-1 = star-of-le  [of - 1, simplified star-of-one]
lemmas star-of-eq-1 = star-of-eq [of - 1, simplified star-of-one]

lemmas star-of-simps [simp] =
star-of-add  star-of-diff  star-of-minus
star-of-mult  star-of-divide star-of-inverse
star-of-div  star-of-mod  star-of-abs
star-of-zero  star-of-one
star-of-less  star-of-le star-of-eq
star-of-0-less star-of-0-le  star-of-0-eq
star-of-less-0  star-of-le-0  star-of-eq-0
star-of-1-less star-of-1-le  star-of-1-eq
star-of-less-1 star-of-le-1  star-of-eq-1

5.9 Ordering and lattice classes

instance star :: (order) order

apply (intro-classes)

apply (transfer, rule less-le-not-le)
apply (transfer, rule order-refl)

apply (transfer, erule (1) order-trans)
apply (transfer, erule (1) order-antisym)
done

instantiation star :: (semilattice-inf) semilattice-inf
begin

definition

star-inf-def [transfer-unfold]: inf = xf2x inf

instance
by default (transfer star-inf-def, auto)+

end

instantiation star :: (semilattice-sup) semilattice-sup
begin

definition
star-sup-def [transfer-unfold): sup = xf2% sup

instance
by default (transfer star-sup-def, auto)+

end
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instance star :: (lattice) lattice ..

instance star :: (distrib-lattice) distrib-lattice
by default (transfer, auto simp add: sup-inf-distrib1)

lemma Standard-inf [simp]:
[z € Standard; y € Standard] = inf z y € Standard
by (simp add: star-inf-def)

lemma Standard-sup [simp]:
[x € Standard; y € Standard] = sup z y € Standard
by (simp add: star-sup-def)

lemma star-of-inf [simp]: star-of (inf x y) = inf (star-of x) (star-of y)
by transfer (rule refl)

lemma star-of-sup [simp]: star-of (sup z y) = sup (star-of z) (star-of y)
by transfer (rule refl)

instance star :: (linorder) linorder
by (intro-classes, transfer, rule linorder-linear)

lemma star-max-def [transfer-unfold]: mazr = *f2x maz
apply (rule ext, rule ext)
apply (unfold maz-def, transfer, fold maz-def)

apply (rule refl)
done

lemma star-min-def [transfer-unfold]: min = xf2x min
apply (rule ext, rule ext)
apply (unfold min-def, transfer, fold min-def)

apply (rule refl)
done

lemma Standard-max [simp):
[z € Standard; y € Standard] = maz r y € Standard
by (simp add: star-max-def)

lemma Standard-min [simp]:
[z € Standard; y € Standard] = min z y € Standard
by (simp add: star-min-def)

lemma star-of-maz [simp]: star-of (mazx z y) = max (star-of x) (star-of y)
by transfer (rule refl)

lemma star-of-min [simp]: star-of (min x y) = min (star-of ©) (star-of y)
by transfer (rule refl)
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5.10 Ordered group classes

instance star :: (semigroup-add) semigroup-add
by (intro-classes, transfer, rule add-assoc)

instance star :: (ab-semigroup-add) ab-semigroup-add
by (intro-classes, transfer, rule add-commute)

instance star :: (semigroup-mult) semigroup-mult
by (intro-classes, transfer, rule mult-assoc)

instance star :: (ab-semigroup-mult) ab-semigroup-mult
by (intro-classes, transfer, rule mult-commute)

instance star :: (comm-monoid-add) comm-monoid-add
by (intro-classes, transfer, rule comm-monoid-add-class.add-0)

instance star :: (monoid-mult) monoid-mult
apply (intro-classes)

apply (transfer, rule mult-1-left)

apply (transfer, rule mult-1-right)

done

instance star :: (comm-monoid-mult) comm-monoid-mult
by (intro-classes, transfer, rule mult-1)

instance star :: (cancel-semigroup-add) cancel-semigroup-add
apply (intro-classes)

apply (transfer, erule add-left-imp-eq)

apply (transfer, erule add-right-imp-eq)

done

instance star :: (cancel-ab-semigroup-add) cancel-ab-semigroup-add
by (intro-classes, transfer, rule add-imp-eq)

instance star :: (cancel-comm-monoid-add) cancel-comm-monoid-add ..
instance star :: (ab-group-add) ab-group-add

apply (intro-classes)

apply (transfer, rule left-minus)

apply (transfer, rule diff-minus)

done

instance star :: (ordered-ab-semigroup-add) ordered-ab-semigroup-add
by (intro-classes, transfer, rule add-left-mono)

instance star :: (ordered-cancel-ab-semigroup-add) ordered-cancel-ab-semigroup-add

instance star :: (ordered-ab-semigroup-add-imp-le) ordered-ab-semigroup-add-imp-le
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by (intro-classes, transfer, rule add-le-imp-le-left)

instance star :: (ordered-comm-monoid-add) ordered-comm-monoid-add ..
instance star :: (ordered-ab-group-add) ordered-ab-group-add ..

instance star :: (ordered-ab-group-add-abs) ordered-ab-group-add-abs
by intro-classes (transfer,
simp add: abs-ge-self abs-lel abs-triangle-ineq)+

instance star :: (linordered-cancel-ab-semigroup-add) linordered-cancel-ab-semigroup-add

5.11 Ring and field classes

instance star :: (semiring) semiring
apply (intro-classes)

apply (transfer, rule left-distrib)
apply (transfer, rule right-distrid)
done

instance star :: (semiring-0) semiring-0
by intro-classes (transfer, simp)+

instance star :: (semiring-0-cancel) semiring-0-cancel ..

instance star :: (comm-semiring) comm-semiring
by (intro-classes, transfer, rule left-distrib)

instance star :: (comm-semiring-0) comm-semiring-0 ..
instance star :: (comm-semiring-0-cancel) comm-semiring-0-cancel ..

instance star :: (zero-neg-one) zero-neg-one
by (intro-classes, transfer, rule zero-neg-one)

instance star :: (semiring-1) semiring-1 ..
instance star :: (comm-semiring-1) comm-semiring-1 ..

instance star :: (no-zero-divisors) no-zero-divisors
by (intro-classes, transfer, rule no-zero-divisors)

semiring-1-cancel) semiring-1-cancel .
comm-semiring-1-cancel) comm- semzrmg—l—cancel .

instance star :: (

instance star :: (

instance star :: (ring) ring .
instance star :: (comm- mng) comm-ring ..

instance star :: (ring-1) ring-1 ..

instance star :: (comm-ring-1) comm-ring-1 .

instance star :: (ring-no-zero-divisors) ring-no-zero-divisors ..
instance star :: (ring-1-no-zero-divisors) ring-1-no-zero-divisors ..
instance star :: (idom) idom .
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instance star :: (division-ring) division-ring
apply (intro-classes)

apply (transfer, erule left-inverse)

apply (transfer, erule right-inverse)

apply (transfer, fact divide-inverse)

done

instance star :: (division-ring-inverse-zero) division-ring-inverse-zero
by (intro-classes, transfer, rule inverse-zero)

instance star :: (field) field

apply (intro-classes)

apply (transfer, erule left-inverse)
apply (transfer, rule divide-inverse)
done

instance star :: (field-inverse-zero) field-inverse-zero
apply intro-classes

apply (rule inverse-zero)

done

instance star :: (ordered-semiring) ordered-semiring
apply (intro-classes)

apply (transfer, erule (1) mult-left-mono)

apply (transfer, erule (1) mult-right-mono)

done

instance star :: (ordered-cancel-semiring) ordered-cancel-semiring ..

instance star :: (linordered-semiring-strict) linordered-semiring-strict
apply (intro-classes)

apply (transfer, erule (1) mult-strict-left-mono)

apply (transfer, erule (1) mult-strict-right-mono)

done

instance star :: (ordered-comm-semiring) ordered-comm-semiring
by (intro-classes, transfer, rule mult-left--mono)

instance star :: (ordered-cancel-comm-semiring) ordered-cancel-comm-semiring ..

instance star :: (linordered-comm-semiring-strict) linordered-comm-semiring-strict
by (intro-classes, transfer, rule mult-strict-left-mono)

instance star :: (ordered-ring) ordered-ring ..
instance star :: (ordered-ring-abs) ordered-ring-abs

by intro-classes (transfer, rule abs-eq-mult)

instance star :: (abs-if) abs-if
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by (intro-classes, transfer, rule abs-if)

instance star :: (sgn-if ) sgn-if
by (intro-classes, transfer, rule sgn-if)

instance star :: (linordered-ring-strict) linordered-ring-strict ..
instance star :: (ordered-comm-ring) ordered-comm-ring ..

instance star :: (linordered-semidom) linordered-semidom
by (intro-classes, transfer, rule zero-less-one)

instance star :: (linordered-idom) linordered-idom ..
instance star :: (linordered-field) linordered-field ..

o7

instance star :: (linordered-field-inverse-zero) linordered-field-inverse-zero ..

5.12 Power

lemma star-power-def [transfer-unfold):
(op ) =Xz n. (xfx (A\z.z "n)) z
proof (rule eg-reflection, rule ext, rule ext)
fix n :: nat
show Az:'a star. z "n = (xfx (Az. z "n))
proof (induct n)
case (
have Az::’a star. ( xfx (Az. 1)) x = 1
by transfer simp
then show ?case by simp
next
case (Suc n)
have Az::'a star. x x ( xfx (Az:’a. z " n)) z = ( xfx (Az/a. = x
by transfer simp
with Suc show ?case by simp
qed
qed

lemma Standard-power [simp]: v € Standard = z "~ n € Standard
by (simp add: star-power-def)

lemma star-of-power [simp): star-of (x ~n) = star-of x " n
by transfer (rule refl)

5.13 Number classes

instance star :: (numeral) numeral ..
lemma star-numeral-def [transfer-unfold)]:
numeral k = star-of (numeral k)

by (induct k, simp-all only: numeral.simps star-of-one star-of-add)

lemma Standard-numeral [simp]: numeral k € Standard

“n))z
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by (simp add: star-numeral-def)

lemma star-of-numeral [simp): star-of (numeral k) = numeral k
by transfer (rule refl)

lemma star-neg-numeral-def [transfer-unfold]:
neg-numeral k = star-of (neg-numeral k)
by (simp only: neg-numeral-def star-of-minus star-of-numeral)

lemma Standard-neg-numeral [simp]: neg-numeral k € Standard
by (simp add: star-neg-numeral-def)

lemma star-of-neg-numeral [simp]: star-of (neg-numeral k) = neg-numeral k
by transfer (rule refl)

lemma star-of-nat-def [transfer-unfold]: of-nat n = star-of (of-nat n)
by (induct n, simp-all)

lemmas star-of-compare-numeral [simp] =
star-of-less [of numeral k, simplified star-of-numeral]
star-of-le  [of numeral k, simplified star-of-numeral]
star-of-eq  [of numeral k, simplified star-of-numeral]
star-of-less [of - numeral k, simplified star-of-numeral)
star-of-le  [of - numeral k, simplified star-of-numeral]
star-of-eq  [of - numeral k, simplified star-of-numeral)
star-of-less [of neg-numeral k, simplified star-of-numeral]
star-of-le  [of neg-numeral k, simplified star-of-numeral]
star-of-eq  [of neg-numeral k, simplified star-of-numeral]
star-of-less [of - neg-numeral k, simplified star-of-numeral]
star-of-le  [of - neg-numeral k, simplified star-of-numeral]
star-of-eq  [of - neg-numeral k, simplified star-of-numeral] for k

lemma Standard-of-nat [simp]: of-nat n € Standard
by (simp add: star-of-nat-def)

lemma star-of-of-nat [simp]: star-of (of-nat n) = of-nat n
by transfer (rule refl)

lemma star-of-int-def [transfer-unfold]: of-int z = star-of (of-int z)
by (rule-tac z=z in int-diff-cases, simp)

lemma Standard-of-int [simp]: of-int z € Standard
by (simp add: star-of-int-def)

lemma star-of-of-int [simp]: star-of (of-int z) = of-int z
by transfer (rule refl)

instance star :: (semiring-char-0) semiring-char-0 proof
have inj (star-of :: 'a = 'a star) by (rule injl) simp
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then have inj (star-of o of-nat :: nat = ’a star) using inj-of-nat by (rule
ingj-comp)

then show inj (of-nat :: nat = ’a star) by (simp add: comp-def)
qed

instance star :: (ring-char-0) ring-char-0 ..

5.14 Finite class

lemma starset-finite: finite A = xsx A = star-of ‘ A
by (erule finite-induct, simp-all)

instance star :: (finite) finite

apply (intro-classes)

apply (subst starset-UNIV [symmetric])
apply (subst starset-finite [OF finite])
apply (rule finite-imagel [OF finite])
done

end

6 HyperNat: Hypernatural numbers

theory HyperNat
imports StarDef
begin

type-synonym hypnat = nat star

abbreviation
hypnat-of-nat :: nat => nat star where
hypnat-of-nat == star-of

definition
hSuc :: hypnat => hypnat where
hSuc-def [transfer-unfold]: hSuc = xf* Suc

6.1 Properties Transferred from Naturals
lemma hSuc-not-zero [iff]: Am. hSuc m # 0

by transfer (rule Suc-not-Zero)

lemma zero-not-hSuc [iff]: Am. 0 # hSuc m
by transfer (rule Zero-not-Suc)

lemma hSuc-hSuc-eq [iff]: Am n. (hSuc m = hSuc n) = (m = n)
by transfer (rule nat.inject)
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lemma zero-less-hSuc [iff]: An. 0 < hSuc n
by transfer (rule zero-less-Suc)

lemma hypnat-minus-zero [simp]: z. z — z = (0::hypnat)
by transfer (rule diff-self-eq-0)

lemma hypnat-diff-0-eq-0 [simp]: "'n. (0::hypnat) — n = 0
by transfer (rule diff-0-eq-0)

lemma hypnat-add-is-0 [iff]: !'m n. (m+n = (0:hypnat)) = (m=0 & n=0)
by transfer (rule add-is-0)

lemma hypnat-diff-diff-left: Wi j k. (i::hypnat) — j — k = ¢ — (j+k)
by transfer (rule diff-diff-left)

lemma hypnat-diff-commute: i j k. (i::hypnat) — j — k = i—k—j
by transfer (rule diff-commute)

lemma hypnat-diff-add-inverse [simp]: !m n. ((n::hypnat) + m) — n = m
by transfer (rule diff-add-inverse)

lemma hypnat-diff-add-inverse2 [simp]: 'm n. ((m:hypnat) + n) — n =m
by transfer (rule diff-add-inverse2)

lemma hypnat-diff-cancel [simp]: 'k m n. ((k:hypnat) + m) — (k+n) = m — n
by transfer (rule diff-cancel)

lemma hypnat-diff-cancel2 [simp]: 'k m n. ((m::hypnat) + k) — (n+k) =m — n
by transfer (rule diff-cancel?)

lemma hypnat-diff-add-0 [simp]: !m n. (n:hypnat) — (n+m) = (0::hypnat)
by transfer (rule diff-add-0)

lemma hypnat-diff-mult-distrib: 'k m n. ((m::hypnat) — n) x k = (m x k) — (n
* k)
by transfer (rule diff-mult-distrib)

lemma hypnat-diff-mult-distrib2: "k m n. (k:hypnat) = (m — n) = (k * m) — (k
* M)
by transfer (rule diff-mult-distrib2)

lemma hypnat-le-zero-cancel [iff]: In. (n < (0:hypnat)) = (n = 0)
by transfer (rule le-0-¢q)

lemma hypnat-mult-is-0 [simp]: !'m n. (m+n = (0::hypnat)) = (m=0 | n=0)
by transfer (rule mult-is-0)

lemma hypnat-diff-is-0-eq [simp]: 'm n. ((m:hypnat) — n = 0) = (m < n)
by transfer (rule diff-is-0-eq)
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lemma hypnat-not-lessO [iff]: "'n. ~ n < (0::hypnat)
by transfer (rule not-less0)

lemma hypnat-less-one [iff]:
n. (n < (1:hypnat)) = (n=0)
by transfer (rule less-one)

lemma hypnat-add-diff-inverse: !m n. ~ m<n ==> n+(m—n) = (m:hypnat)
by transfer (rule add-diff-inverse)

lemma hypnat-le-add-diff-inverse [simp]: !m n. n < m ==> n+(m—n) = (m::hypnat)
by transfer (rule le-add-diff-inverse)

lemma hypnat-le-add-diff-inverse2 [simp]: !m n. n<m ==> (m—n)+n = (m::hypnat)
by transfer (rule le-add-diff-inverse2)

declare hypnat-le-add-diff-inverse2 [OF order-less-imp-le]

lemma hypnat-le0 [iff]: n. (0:hypnat) < n
by transfer (rule le)

lemma hypnat-le-add? [simp]: "z n. (z:hypnat) < z + n
by transfer (rule le-add1)

lemma hypnat-add-self-le [simp]: Nz n. (z::hypnat) < n + z
by transfer (rule le-add2)

lemma hypnat-add-one-self-less [simp]: (z::hypnat) < x + (1::hypnat)
by (insert add-strict-left-mono [OF zero-less-one], auto)

lemma hypnat-neq0-conv [iff]: In. (n # 0) = (0 < (n:hypnat))
by transfer (rule neq0-conv)

lemma hypnat-gt-zero-iff: ((0::hypnat) < n) = ((1::hypnat) < n)
by (auto simp add: linorder-not-less [symmetric])

lemma hypnat-gt-zero-iff2: (0 < n) = (Im. n = m + (1::hypnat))
apply safe

apply (rule-tac £ = n — (1::hypnat) in exl)

apply (simp add: hypnat-gt-zero-iff)

apply (insert add-le-less-mono [OF - zero-less-one, of 0], auto)
done

lemma hypnat-add-self-not-less: ~ (z + y < (z::hypnat))
by (simp add: linorder-not-le [symmetric| add-commute [of x])

lemma hypnat-diff-split:
P(a — b:hypnat) = ((a<b ——> P 0) & (ALL d. a = b+ d ——> P d))
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— elimination of — on hypnat
proof (cases a<b rule: case-split)
case True
thus ?thesis
by (auto simp add: hypnat-add-self-not-less order-less-imp-le
hypnat-diff-is-0-eq [THEN iffD2])
next
case Fulse
thus ?Zthesis
by (auto simp add: linorder-not-less dest: order-le-less-trans)
qged

6.2 Properties of the set of embedded natural numbers

lemma of-nat-eq-star-of [simp]: of-nat = star-of
proof

fix n :: nat

show of-nat n = star-of n by transfer simp
qed

lemma Nats-eq-Standard: (Nats :: nat star set) = Standard
by (auto simp add: Nats-def Standard-def)

lemma hypnat-of-nat-mem-Nats [simp]: hypnat-of-nat n € Nats
by (simp add: Nats-eg-Standard)

lemma hypnat-of-nat-one [simp]: hypnat-of-nat (Suc 0) = (1::hypnat)
by transfer simp

lemma hypnat-of-nat-Suc [simp]:
hypnat-of-nat (Suc n) = hypnat-of-nat n + (1::hypnat)
by transfer simp

lemma of-nat-eg-add [rule-format]:
YV d::hypnat. of-nat m = of-nat n + d ——> d € range of-nat
apply (induct n)
apply (auto simp add: add-assoc)
apply (case-tac x)
apply (auto simp add: add-commute [of 1])
done

lemma Nats-diff [simp]: [|a € Nats; b € Nats|]| ==> (a—b :: hypnat) € Nats
by (simp add: Nats-eq-Standard)

6.3 Infinite Hypernatural Numbers — HNatInfinite
definition

HNatInfinite :: hypnat set where
HNatInfinite = {n. n ¢ Nats}
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lemma Nats-not-HNatInfinite-iff: (z € Nats) = (z ¢ HNatInfinite)
by (simp add: HNatInfinite-def)

lemma HNatInfinite-not-Nats-iff: (x € HNatInfinite) = (x ¢ Nats)
by (simp add: HNatInfinite-def)

lemma star-of-neq-HNatInfinite: N € HNatInfinite = star-of n # N
by (auto simp add: HNatInfinite-def Nats-eq-Standard)

lemma star-of-Suc-lessI:
AN. [star-of n < N; star-of (Suc n) # N] = star-of (Sucn) < N
by transfer (rule Suc-lessI)

lemma star-of-less-HNatInfinite:
assumes N: N € HNatInfinite
shows star-of n < N
proof (induct n)
case ()
from N have star-of 0 # N by (rule star-of-neq-HNatInfinite)
thus star-of 0 < N by simp
next
case (Suc n)
from N have star-of (Suc n) # N by (rule star-of-neq-HNatInfinite)
with Suc show star-of (Suc n) < N by (rule star-of-Suc-lessI)
qged

lemma star-of-le-HNatInfinite: N € HNatInfinite —> star-of n < N
by (rule star-of-less-HNatInfinite [THEN order-less-imp-le])

6.3.1 Closure Rules

lemma Nats-less-HNatInfinite: [z € Nats; y € HNatInfinite] — z < y

by (auto simp add: Nats-def star-of-less-HNatInfinite)

lemma Nats-le-HNatInfinite: [ € Nats; y € HNatInfinite] = x < y
by (rule Nats-less-HNatInfinite [THEN order-less-imp-le])

lemma zero-less-HNatInfinite: © € HNatInfinite — 0 < z
by (simp add: Nats-less-HNatInfinite)

lemma one-less-HNatInfinite: x € HNatInfinite — 1 < z
by (simp add: Nats-less-HNatInfinite)

lemma one-le-HNatInfinite: © € HNatInfinite — 1 < z
by (simp add: Nats-le-HNatInfinite)

lemma zero-not-mem-HNatInfinite [simp]: 0 ¢ HNatInfinite
by (simp add: HNatInfinite-def)
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lemma Nats-downward-closed:

[z € Nats; (y::hypnat) < z] = y € Nats
apply (simp only: linorder-not-less [symmetric))
apply (erule contrapos-np)
apply (drule HNatInfinite-not-Nats-iff [THEN iffD2])
apply (erule (1) Nats-less-HNatInfinite)
done

lemma HNatInfinite-upward-closed:

[z € HNatInfinite; v < y] = y € HNatInfinite
apply (simp only: HNatInfinite-not-Nats-iff)
apply (erule contrapos-nn)
apply (erule (1) Nats-downward-closed)
done

lemma HNatInfinite-add: x € HNatInfinite = x + y € HNatInfinite
apply (erule HNatInfinite-upward-closed)

apply (rule hypnat-le-add1)

done

lemma HNatInfinite-add-one: v € HNatInfinite = = + 1 € HNatInfinite
by (rule HNatInfinite-add)

lemma HNatinfinite-diff
[x € HNatInfinite; y € Nats] = & — y € HNatInfinite
apply (frule (1) Nats-le-HNatInfinite)
apply (simp only: HNatInfinite-not-Nats-iff)
apply (erule contrapos-nn)
apply (drule (1) Nats-add, simp)
done

lemma HNatInfinite-is-Suc: © € HNatInfinite ==> Jy. x = y + (1::hypnat)
apply (rule-tac z = © — (1::hypnat) in exl)

apply (simp add: Nats-le-HNatInfinite)

done

6.4 Existence of an infinite hypernatural number

definition

whn :: hypnat where
hypnat-omega-def: whn = star-n (%n::nat. n)

lemma hypnat-of-nat-neqg-whn: hypnat-of-nat n # whn
by (simp add: hypnat-omega-def star-of-def star-n-eq-iff)

lemma whn-neg-hypnat-of-nat: whn # hypnat-of-nat n
by (simp add: hypnat-omega-def star-of-def star-n-eg-iff)
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lemma whn-not-Nats [simp]: whn ¢ Nats
by (simp add: Nats-def image-def whn-neg-hypnat-of-nat)

lemma HNatInfinite-whn [simp]: whn € HNatInfinite
by (simp add: HNatInfinite-def)

lemma lemma-unbounded-set [simp]: {n:nat. m < n} € FreeUltrafilterNat
apply (insert finite-atMost [of m])

apply (drule FreeUltrafilterNat.finite)

apply (drule FreeUltrafilterNat.not-memD)

apply (simp add: Collect-neg-eq [symmetric] linorder-not-le atMost-def)
done

lemma Compl-Collect-le: — {n::nat. N < n} = {n. n < N}
by (simp add: Collect-neg-eq [symmetric] linorder-not-le)

lemma hypnat-of-nat-eq:
hypnat-of-nat m = star-n (%n:nat. m)
by (simp add: star-of-def)

lemma SHNat-eq: Nats = {n. 3N. n = hypnat-of-nat N}
by (simp add: Nats-def image-def)

lemma Nats-less-whn: n € Nats — n < whn
by (simp add: Nats-less-HNatInfinite)

lemma Nats-le-whn: n € Nats = n < whn
by (simp add: Nats-le-HNatInfinite)

lemma hypnat-of-nat-less-whn [simp]: hypnat-of-nat n < whn
by (simp add: Nats-less-whn)

lemma hypnat-of-nat-le-whn [simp]: hypnat-of-nat n < whn
by (simp add: Nats-le-whn)

lemma hypnat-zero-less-hypnat-omega [simpl: 0 < whn
by (simp add: Nats-less-whn)

lemma hypnat-one-less-hypnat-omega [simp: 1 < whn
by (simp add: Nats-less-whn)

6.4.1 Alternative characterization of the set of infinite hypernat-
urals

HNatInfinite = {N.VneN. n < N}

lemma HNatInfinite- FreeUltrafilter Nat-lemma:
assumes V N::nat. {n. fn # N} € FreeUltrafilterNat
shows {n. N < fn} € FreeUltrafilterNat
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apply (induct N)

using assms

apply (drule-tac x = 0 in spec, simp)
using assms

apply (drule-tac x = Suc N in spec)
apply (elim wultra, auto)

done

lemma HNatInfinite-iff: HNatInfinite = {N.Vn € Nats. n < N}
apply (safe intro!: Nats-less-HNatInfinite)

apply (auto simp add: HNatInfinite-def)

done

6.4.2 Alternative Characterization of HNatInfinite using Free Ul-
trafilter

lemma HNatInfinite- FreeUltrafilterNat:
star-n X € HNatInfinite ==> VY u. {n. v < X n}: FreeUltrafilterNat
apply (auto simp add: HNatInfinite-iff SHNat-eq)
apply (drule-tac x=star-of u in spec, simp)
apply (simp add: star-of-def star-less-def starP2-star-n)
done

lemma FreeUltrafilterNat- HNatInfinite:
Vu. {n. u < X n}: FreeUltrafilterNat ==> star-n X € HNatInfinite
by (auto simp add: star-less-def starP2-star-n HNatInfinite-iff SHNat-eq hypnat-of-nat-eq)

lemma HNatInfinite-Free Ultrafilter Nat-iff :
(star-n X € HNatInfinite) = (Vu. {n. v < X n}: FreeUltrafilterNat)
by (rule iffl [OF HNatInfinite- FreeUltrafilterNat
FreeUltrafilterNat-HNatInfinite])

6.5 Embedding of the Hypernaturals into other types

definition
of-hypnat :: hypnat = 'a::semiring-1-cancel star where
of-hypnat-def [transfer-unfold]: of-hypnat = *xfx of-nat

lemma of-hypnat-0 [simp]: of-hypnat 0 = 0
by transfer (rule of-nat-0)
lemma of-hypnat-1 [simp]: of-hypnat 1 = 1

by transfer (rule of-nat-1)

lemma of-hypnat-hSuc: Am. of-hypnat (hSuc m) = 1 + of-hypnat m
by transfer (rule of-nat-Suc)

lemma of-hypnat-add [simp]:
Am n. of-hypnat (m + n) = of-hypnat m + of-hypnat n
by transfer (rule of-nat-add)



THEORY “HyperDef” 67

lemma of-hypnat-mult [simp]:
Am n. of-hypnat (m * n) = of-hypnat m * of-hypnat n
by transfer (rule of-nat-mult)

lemma of-hypnat-less-iff [simp]:
Am n. (of-hypnat m < (of-hypnat n::'a::linordered-semidom star)) = (m < n)
by transfer (rule of-nat-less-iff )

lemma of-hypnat-0-less-iff [simp]:
An. (0 < (of-hypnat n::'a:linordered-semidom star)) = (0 < n)
by transfer (rule of-nat-0-less-iff)

lemma of-hypnat-less-0-iff [simp]:
Am. = (of-hypnat m::'a::linordered-semidom star) < 0
by transfer (rule of-nat-less-0-iff)

lemma of-hypnat-le-iff [simp]:
Am n. (of-hypnat m < (of-hypnat n::'a::linordered-semidom star)) = (m < n)
by transfer (rule of-nat-le-iff)

lemma of-hypnat-0-le-iff [simp]:
An. 0 < (of-hypnat n::'a::linordered-semidom star)
by transfer (rule of-nat-0-le-iff')

lemma of-hypnat-le-0-iff [simp]:
Am. ((of-hypnat m::'a::linordered-semidom star) < 0) = (m = 0)
by transfer (rule of-nat-le-0-iff')

lemma of-hypnat-eq-iff [simp]:
Am n. (of-hypnat m = (of-hypnat n::'a::linordered-semidom star)) = (m = n)
by transfer (rule of-nat-eq-iff )

lemma of-hypnat-eq-0-iff [simp]:
Am. ((of-hypnat m::'a::linordered-semidom star) = 0) = (m = 0)
by transfer (rule of-nat-eq-0-iff )
lemma HNatInfinite-of-hypnat-gt-zero:
N € HNatInfinite = (0::'a::linordered-semidom star) < of-hypnat N

by (rule ccontr, simp add: linorder-not-less)

end

7 HyperDef: Construction of Hyperreals Using Ul-
trafilters

theory HyperDef
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imports HyperNat Real
begin

type-synonym hypreal = real star

abbreviation
hypreal-of-real :: real => real star where
hypreal-of-real == star-of

abbreviation
hypreal-of-hypnat :: hypnat = hypreal where
hypreal-of-hypnat = of-hypnat

definition
omega :: hypreal where
— an infinite number = [<1,2,3,...>]
omega = star-n (An. real (Suc n))

definition
epsilon :: hypreal where
— an infinitesimal number = [<1,1/2,1/3,...>]
epsilon = star-n (An. inverse (real (Suc n)))

notation (zsymbols)
omega (w) and
epsilon (€)

notation (HTML output)

omega (w) and
epsilon (€)

7.1 Real vector class instances

instantiation star :: (scaleR) scaleR
begin

definition
star-scaleR-def [transfer-unfold): scaleR r = xfx (scaleR )

instance ..
end

lemma Standard-scaleR [simp]: © € Standard = scaleR r x € Standard
by (simp add: star-scaleR-def)

lemma star-of-scaleR [simp]: star-of (scaleR r x) = scaleR r (star-of x)
by transfer (rule refl)
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instance star :: (real-vector) real-vector
proof
fix a b :: real
show Az y::'a star. scaleR a (x + y) = scaleR a x + scaleR a y
by transfer (rule scaleR-right-distrib)
show Az::’a star. scaleR (a + b) © = scaleR a x + scaleR b x
by transfer (rule scaleR-left-distrib)
show Az::’a star. scaleR a (scaleR b x) = scaleR (a * b)
by transfer (rule scaleR-scaleR)
show Az::’a star. scaleR 1 © = x
by transfer (rule scaleR-one)
qed

instance star :: (real-algebra) real-algebra
proof
fix a :: real
show Az y::'a star. scaleR a © x y = scaleR a (z * y)
by transfer (rule mult-scaleR-left)
show Az y::'a star. z x scaleR a y = scaleR a (z * y)
by transfer (rule mult-scaleR-right)
qed

instance star :: (real-algebra-1) real-algebra-1 ..
instance star :: (real-div-algebra) real-div-algebra ..
instance star :: (field-char-0) field-char-0 ..
instance star :: (real-field) real-field ..

lemma star-of-real-def [transfer-unfold]: of-real v = star-of (of-real r)
by (unfold of-real-def , transfer, rule refl)

lemma Standard-of-real [simp]: of-real r € Standard
by (simp add: star-of-real-def)

lemma star-of-of-real [simp): star-of (of-real r) = of-real r
by transfer (rule refl)

lemma of-real-eq-star-of [simp]: of-real = star-of
proof
fix r :: real
show of-real r = star-of r
by transfer simp
qed

lemma Reals-eq-Standard: (Reals :: hypreal set) = Standard
by (simp add: Reals-def Standard-def)
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7.2 Injection from hypreal

definition
of-hypreal :: hypreal = 'a::real-algebra-1 star where
[transfer-unfold]: of-hypreal = *f* of-real

lemma Standard-of-hypreal [simp]:
r € Standard = of-hypreal v € Standard
by (simp add: of-hypreal-def)

lemma of-hypreal-0 [simp]: of-hypreal 0 = 0
by transfer (rule of-real-0)

lemma of-hypreal-1 [simp]: of-hypreal 1 = 1
by transfer (rule of-real-1)

lemma of-hypreal-add [simp]:
Nz y. of-hypreal (z + y) = of-hypreal © + of-hypreal y
by transfer (rule of-real-add)

lemma of-hypreal-minus [simp]: Ax. of-hypreal (— x) = — of-hypreal x
by transfer (rule of-real-minus)

lemma of-hypreal-diff [simp]:
Az y. of-hypreal (x — y) = of-hypreal x — of-hypreal y
by transfer (rule of-real-diff)

lemma of-hypreal-mult [simp]:
Nz y. of-hypreal (z * y) = of-hypreal © * of-hypreal y
by transfer (rule of-real-mult)

lemma of-hypreal-inverse [simp):

Nz. of-hypreal (inverse x) =

inverse (of-hypreal z :: 'a::{real-div-algebra, division-ring-inverse-zero} star)
by transfer (rule of-real-inverse)

lemma of-hypreal-divide [simp]:

Nz y. of-hypreal (z /| y) =
(of-hypreal x | of-hypreal y :: 'a::{real-field, field-inverse-zero} star)
by transfer (rule of-real-divide)

lemma of-hypreal-eq-iff [simp]:

Nz y. (of-hypreal x = of-hypreal y) = (z = y)
by transfer (rule of-real-eq-iff)

lemma of-hypreal-eq-0-iff [simp):
Az. (of-hypreal x = 0) = (z = 0)
by transfer (rule of-real-eq-0-iff)
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7.3 Properties of starrel

lemma lemma-starrel-refl [simp]: © € starrel *“ {z}
by (simp add: starrel-def)

lemma starrel-in-hypreal [simp]: starrel*{z}:star
by (simp add: star-def starrel-def quotient-def, blast)

declare Abs-star-inject [simp] Abs-star-inverse [simp)
declare equiv-starrel [THEN eq-equiv-class-iff, simp]

7.4  hypreal-of-real: the Injection from real to hypreal

lemma inj-star-of: inj star-of
by (rule inj-onl, simp)

lemma mem-Rep-star-iff: (X € Rep-star ) = (x = star-n X)
by (cases z, simp add: star-n-def)

lemma Rep-star-star-n-iff [simp]:
(X € Rep-star (star-n Y)) = ({n. Yn=Xn} ecld)
by (simp add: star-n-def)

lemma Rep-star-star-n: X € Rep-star (star-n X)
by simp

7.5 Properties of star-n

lemma star-n-add:
star-n X + star-n Y = star-n (%n. X n + Y n)
by (simp only: star-add-def starfun2-star-n)

lemma star-n-minus:
— star-n X = star-n (%on. —(X n))
by (simp only: star-minus-def starfun-star-n)

lemma star-n-diff:
star-n X — star-n Y = star-n (%n. X n — Y n)
by (simp only: star-diff-def starfun2-star-n)

lemma star-n-mult:
star-n X * star-n Y = star-n (%n. X n x Y n)
by (simp only: star-mult-def starfun2-star-n)

lemma star-n-inverse:
inverse (star-n X) = star-n (%on. inverse(X n))
by (simp only: star-inverse-def starfun-star-n)

lemma star-n-le:
star-n X < star-n Y =
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({n. X n < Y n} € FreeUltrafilterNat)
by (simp only: star-le-def starP2-star-n)

lemma star-n-less:
star-n X < star-n Y = ({n. X n < Y n} € FreeUltrafilterNat)
by (simp only: star-less-def starP2-star-n)

lemma star-n-zero-num: 0 = star-n (%n. 0)
by (simp only: star-zero-def star-of-def)

lemma star-n-one-num: 1 = star-n (%n. 1)
by (simp only: star-one-def star-of-def)

lemma star-n-abs:
abs (star-n X) = star-n (%on. abs (X n))
by (simp only: star-abs-def starfun-star-n)
7.6 Misc Others
lemma hypreal-not-refl2: W(x::hypreal). x < y ==>z # y
by (auto)

lemma hypreal-eq-minus-iff: ((z:hypreal) = y) = (z + — y = 0)
by auto

lemma hypreal-mult-left-cancel: (c::hypreal) # 0 ==> (cxa=cxb) = (a=b)
by auto

lemma hypreal-mult-right-cancel: (c::hypreal) # 0 ==> (axc=bxc) = (a=b)
by auto

lemma hypreal-omega-gt-zero [simp]: 0 < omega
by (simp add: omega-def star-n-zero-num star-n-less)

7.7 Existence of Infinite Hyperreal Number

Existence of infinite number not corresponding to any real number. Use
assumption that member U/ is not finite.

A few lemmas first

lemma lemma-omega-empty-singleton-disj: {n::nat. x = real n} = {} |

(Fy. {n:nat. x = real n} = {y})
by force

lemma lemma-finite-omega-set: finite {n::nat. x = real n}
by (cut-tac x = z in lemma-omega-empty-singleton-disj, auto)

lemma not-ezx-hypreal-of-real-eq-omega:
~ (z. hypreal-of-real x = omega)
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apply (simp add: omega-def)

apply (simp add: star-of-def star-n-eg-iff')

apply (auto simp add: real-of-nat-Suc diff-eq-eq [symmetric]
lemma-finite-omega-set [THEN FreeUltrafilter Nat. finite])

done

lemma hypreal-of-real-not-eq-omega: hypreal-of-real x # omega
by (insert not-ex-hypreal-of-real-eq-omega, auto)

Existence of infinitesimal number also not corresponding to any real number

lemma lemma-epsilon-empty-singleton-disj:

{n:nat. = inverse(real(Suc n))} = {} |

(Fy. {n:nat. x = inverse(real(Suc n))} = {y})
by auto

lemma lemma-finite-epsilon-set: finite {n. © = inverse(real(Suc n))}
by (cut-tac x = x in lemma-epsilon-empty-singleton-disj, auto)

lemma not-ex-hypreal-of-real-eq-epsilon: ~ (. hypreal-of-real x = epsilon)
by (auto simp add: epsilon-def star-of-def star-n-eq-iff
lemma-finite-epsilon-set [THEN FreeUltrafilter Nat.finite])

lemma hypreal-of-real-not-eq-epsilon: hypreal-of-real © # epsilon
by (insert not-ex-hypreal-of-real-eq-epsilon, auto)

lemma hypreal-epsilon-not-zero: epsilon # 0
by (simp add: epsilon-def star-zero-def star-of-def star-n-eq-iff
del: star-of-zero)

lemma hypreal-epsilon-inverse-omega: epsilon = inverse(omega)
by (simp add: epsilon-def omega-def star-n-inverse)

lemma hypreal-epsilon-gt-zero: 0 < epsilon
by (simp add: hypreal-epsilon-inverse-omega)

7.8 Absolute Value Function for the Hyperreals

lemma hrabs-add-less:
[| abs z < 15 abs y < s || ==> abs(z+y) < r + (s::hypreal)
by (simp add: abs-if split: split-if-asm)

lemma hrabs-less-gt-zero: abs x < r ==> (0::hypreal) < r
by (blast intro!: order-le-less-trans abs-ge-zero)

lemma hrabs-disj: abs x = (z::'a::abs-if ) | abs © = —x
by (simp add: abs-if)

lemma hrabs-add-lemma-disj: (y::hypreal) + — z + (y + — z) = abs (x + — 2)
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by (simp add: abs-if split add: split-if-asm)

7.9 Embedding the Naturals into the Hyperreals

abbreviation
hypreal-of-nat :: nat => hypreal where
hypreal-of-nat == of-nat

lemma SNat-eq: Nats = {n. IN. n = hypreal-of-nat N}
by (simp add: Nats-def image-def)

lemma hypreal-of-nat-eq:
hypreal-of-nat (n:nat) = hypreal-of-real (real n)
by (simp add: real-of-nat-def)

lemma hypreal-of-nat:
hypreal-of-nat m = star-n (%n. real m)
apply (fold star-of-def)
apply (simp add: real-of-nat-def)
done

declaration (
K (Lin-Arith.add-inj-thms [Q{thm star-of-le} RS iffD2,
Q@Q{thm star-of-less} RS iffD2, Q{thm star-of-eq} RS iffD2]
#> Lin-Arith.add-simps [Q{thm star-of-zero}, @{thm star-of-one},
@{thm star-of-numeral}, Q{thm star-of-neg-numeral}, @{thm star-of-add},
Q@Q{thm star-of-minus}, Q{thm star-of-diff }, Q{thm star-of-mult}]
#> Lin-Arith.add-inj-const (Q{ const-name StarDef .star-of }, Q{typ real = hypreal}))

)

simproc-setup fast-arith-hypreal ((m::hypreal) < n | (m::hypreal) <= n | (m::hypreal)
= n) =
{( fn - => fn ss => fn ct => Lin-Arith.simproc ss (term-of ct) )
7.10 Exponentials on the Hyperreals
lemma hpowr-0 [simp]: r "0 = (1::hypreal)
by (rule power-0)

lemma hpowr-Suc [simp]: r ~ (Suc n) = (r:hypreal) = (r " n)
by (rule power-Suc)

lemma hrealpow-two: (r::hypreal) * Suc (Suc 0) = r * r
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by simp

lemma hrealpow-two-le [simp]: (0::hypreal) < r * Suc (Suc 0)
by (auto simp add: zero-le-mult-iff)

lemma hrealpow-two-le-add-order [simp]:
(0::hypreal) < u = Suc (Suc 0) + v ~ Suc (Suc 0)
by (simp only: hrealpow-two-le add-nonneg-nonneg)

lemma hrealpow-two-le-add-order2 [simp]:
(0:hypreal) < u = Suc (Suc 0) + v ~ Suc (Suc 0) + w " Suc (Suc 0)

by (simp only: hrealpow-two-le add-nonneg-nonneq)

lemma hypreal-add-nonneg-eq-0-iff :
0<z0<yl|]==>(x+y=0)=(x=0 &y = (0:hypreal))
by arith

FIXME: DELETE THESE

lemma hypreal-three-squares-add-zero-iff :
(zx + yxy + 2%z =0) = (x = 0 & y = 0 & z = (0::hypreal))
apply (simp only: zero-le-square add-nonneg-nonneg hypreal-add-nonneg-eq-0-iff ,
auto)
done

lemma hrealpow-three-squares-add-zero-iff [simp]:
(z = Suc (Suc 0) +y = Suc (Suc 0) + z ~ Suc (Suc 0) = (0::hypreal)) =
(z=0&y=0&2=0)

by (simp only: hypreal-three-squares-add-zero-iff hrealpow-two)

lemma hrabs-hrealpow-two [simp]:
abs(z * Suc (Suc 0)) = (x:hypreal) ~ Suc (Suc 0)
by (simp add: abs-mult)

lemma two-hrealpow-ge-one [simpl: (1::hypreal) < 2 " n
by (insert power-increasing [of 0 n 2::hypreal], simp)

lemma two-hrealpow-gt [simp]: hypreal-of-nat n < 2 " n
apply (induct n)

apply (auto simp add: left-distrib)

apply (cut-tac n = n in two-hrealpow-ge-one, arith)
done

lemma hrealpow:
star-n X ~m = star-n (%on. (X nureal) ~ m)
apply (induct-tac m)
apply (auto simp add: star-n-one-num star-n-mult power-0)
done
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lemma hrealpow-sum-square-expand:

(z + (y::hypreal)) ~ Suc (Suc 0) =

z " Suc (Suc 0) + y " Suc (Suc 0) + (hypreal-of-nat (Suc (Suc 0)))xx*y
by (simp add: right-distrib left-distrib)

lemma power-hypreal-of-real-numeral:

(numeral v :: hypreal) * n = hypreal-of-real ((numeral v) ~ n)
by simp
declare power-hypreal-of-real-numeral [of - numeral w, simp] for w

lemma power-hypreal-of-real-neg-numeral:

(neg-numeral v :: hypreal) ~ n = hypreal-of-real ((neg-numeral v) " n)
by simp
declare power-hypreal-of-real-neg-numeral [of - numeral w, simp] for w

7.11 Powers with Hypernatural Exponents

definition pow :: ['a::power star, nat star] = 'a star (infixr pow 80) where
hyperpow-def [transfer-unfold]: R pow N = ( xf2% op ") R N

lemma Standard-hyperpow [simp]:
[r € Standard; n € Standard] = r pow n € Standard
unfolding hyperpow-def by simp

lemma hyperpow: star-n X pow star-n Y = star-n (%n. Xn ~ Y n)
by (simp add: hyperpow-def starfun2-star-n)

lemma hyperpow-zero [simp):
An. (0:'a::{power,semiring-0} star) pow (n + (1:hypnat)) = 0
by transfer simp

lemma hyperpow-not-zero:
Arn.r # (0:'az{field} star) ==> r pown # 0
by transfer (rule field-power-not-zero)

lemma hyperpow-inverse:
Nr n. v # (0::'a:field-inverse-zero star)
= inverse (r pow n) = (inverse r) pow n
by transfer (rule power-inverse)

lemma hyperpow-hrabs:
Ar n. abs (r::'a:{linordered-idom} star) pow n = abs (r pow n)
by transfer (rule power-abs [symmetric])

lemma hyperpow-add:
Ar nm. (r:'azmonoid-mult star) pow (n + m) = (r pow n) * (r pow m)
by transfer (rule power-add)
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lemma hyperpow-one [simp]:
Ar. (r:'azmonoid-mult star) pow (1::hypnat) = r
by transfer (rule power-one-right)

lemma hyperpow-two:
Ar. (r:'azmonoid-mult star) pow (2::hypnat) = r * r
by transfer (rule power2-eq-square)

lemma hyperpow-gt-zero:
Ar n. (0:'az{linordered-semidom} star) < r => 0 < r pow n
by transfer (rule zero-less-power)

lemma hyperpow-ge-zero:
Ar n. (0:'az{linordered-semidom} star) < r = 0 < r pow n
by transfer (rule zero-le-power)

lemma hyperpow-le:
Az y n. [(0::a::{linordered-semidom} star) < z; z < y]
= zpown < Yy pown

by transfer (rule power-mono [OF - order-less-imp-le])

lemma hyperpow-eq-one [simp):
An. 1 pow n = (1::'a::monoid-mult star)
by transfer (rule power-one)

lemma hrabs-hyperpow-minus-one [simp]:
An. abs(—1 pow n) = (1::'a::{linordered-idom} star)
by transfer (rule abs-power-minus-one)

lemma hyperpow-mult:
Ar s n. (r x s:'a::{ comm-monoid-mult} star) pow n
= (r pow n) * (s pow n)

by transfer (rule power-mult-distrib)

lemma hyperpow-two-le [simp]:
Ar. (0::'a::{monoid-mult,linordered-ring-strict} star) < r pow 2
by (auto simp add: hyperpow-two zero-le-mult-iff)

lemma hrabs-hyperpow-two [simp]:
abs(z pow 2) =
(z::'a::{monoid-mult,linordered-ring-strict} star) pow 2
by (simp only: abs-of-nonneg hyperpow-two-le)

lemma hyperpow-two-hrabs [simp):
abs(z::'a:{linordered-idom} star) pow 2 = z pow 2
by (simp add: hyperpow-hrabs)

The precondition could be weakened to (0::'a) < z

lemma hypreal-mult-less-mono:

7
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[| u<v; z<y; (O:hypreal) < v; 0 < z || ==> u*xz < vk y
by (simp add: mult-strict-mono order-less-imp-le)

lemma hyperpow-two-gt-one:
NAr:az:{linordered-semidom} star. 1 < r = 1 < r pow 2
by transfer simp

lemma hyperpow-two-ge-one:
Nriaz{linordered-semidom} star. 1 < r = 1 < r pow 2
by transfer (rule one-le-power)

lemma two-hyperpow-ge-one [simpl: (1::hypreal) < 2 pow n
apply (rule-tac y = 1 pow n in order-trans)

apply (rule-tac [2] hyperpow-le, auto)

done

lemma hyperpow-minus-one2 [simp):
An. —1 pow (2xn) = (1::hypreal)
by transfer (rule power-minusl-even)

lemma hyperpow-less-le:
Wrn N.[|(0:hypreal) < r;r < 1; n < N|] ==> r pow N < r pow n
by transfer (rule power-decreasing [OF order-less-imp-le])

lemma hyperpow-SHNat-le:
[| 0 <r; r < (Il:hypreal); N € HNatInfinite |]
==> ALL n: Nats. r pow N < r pow n
by (auto intro!: hyperpow-less-le simp add: HNatInfinite-iff)

lemma hyperpow-realpow:
(hypreal-of-real 1) pow (hypnat-of-nat n) = hypreal-of-real (r " n)
by transfer (rule refl)

lemma hyperpow-SReal [simp):
(hypreal-of-real T) pow (hypnat-of-nat n) € Reals
by (simp add: Reals-eq-Standard)

lemma hyperpow-zero-HNatInfinite [simp]:
N € HNatInfinite ==> (0::hypreal) pow N = 0
by (drule HNatInfinite-is-Suc, auto)

lemma hyperpow-le-le:
[| (0:hypreal) < r;r < 1;n < N | ==>rpowN < rpown
apply (drule order-le-less [of n, THEN iffD1])
apply (auto intro: hyperpow-less-le)
done

lemma hyperpow-Suc-le-self2:
[| (0:hypreal) < r;r < 1 |] ==> rpow (n + (1:hypnat)) < r
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apply (drule-tac n = (1::hypnat) in hyperpow-le-le)

apply auto

done

lemma hyperpow-hypnat-of-nat: Az. x pow hypnat-of-nat n = x " n
by transfer (rule refl)

lemma of-hypreal-hyperpow:

Az n. of-hypreal (z pow n) =

(of-hypreal z::'a::{real-algebra-1} star) pow n
by transfer (rule of-real-power)

end

8 NSA: Infinite Numbers, Infinitesimals, Infinitely
Close Relation

theory NSA
imports HyperDef RComplete
begin

definition
hnorm :: 'a::real-normed-vector star = real star where
[transfer-unfold]: hnorm = xfx norm

definition
Infinitesimal :: ('a::real-normed-vector) star set where
Infinitesimal = {x. VY r € Reals. 0 < r ——> hnorm z < r}

definition
HF'inite :: ('a::real-normed-vector) star set where
HFinite = {z. 3r € Reals. hnorm z < r}

definition
Hinfinite :: ('a::real-normed-vector) star set where
HInfinite = {x. Vr € Reals. v < hnorm z}

definition
approz :: ['a::real-normed-vector star, 'a star] => bool (infixl @= 50) where
— the ‘infinitely close’ relation
(r @= y) = ((z — y) € Infinitesimal)

definition
st it hypreal => hypreal where
— the standard part of a hyperreal
st = (%z. Qr. x € HFinite & v € Reals & r Q= x)
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definition
monad : 'azireal-normed-vector star => 'a star set where
monad z = {y. x Q= y}

definition
galaxy  :: 'a:real-normed-vector star => 'a star set where
galazy z = {y. (z + —y) € HFinite}

notation (zsymbols)
approz (infixl ~ 50)

notation (HTML output)
approz (infixl = 50)

lemma SReal-def: Reals == {z. Ir. © = hypreal-of-real r}
by (simp add: Reals-def image-def)

8.1 Nonstandard Extension of the Norm Function

definition
scaleHR :: real star = 'a star = 'a::real-normed-vector star where
[transfer-unfold]: scaleHR = starfun2 scaleR

lemma Standard-hnorm [simp]: x € Standard = hnorm z € Standard
by (simp add: hnorm-def)

lemma star-of-norm [simp]: star-of (norm z) = hnorm (star-of x)
by transfer (rule refl)

lemma hnorm-ge-zero [simp]:
Nz:'azreal-normed-vector star. 0 < hnorm x
by transfer (rule norm-ge-zero)

lemma hnorm-eq-zero [simp):
Nz::'azreal-normed-vector star. (hnorm ¢ = 0) = (z = 0)
by transfer (rule norm-eg-zero)

lemma hnorm-triangle-ineq:
Az y::'areal-normed-vector star. hnorm (z + y) < hnorm x + hnorm y
by transfer (rule norm-triangle-ineq)

lemma hnorm-triangle-ineqs3:
Az y::'a::real-normed-vector star. |hnorm z — hnorm y| < hnorm (z — y)
by transfer (rule norm-triangle-ineq3)

lemma hnorm-scaleR:
Nz::'a::real-normed-vector star.
hnorm (a *p z) = |star-of a| * hnorm z
by transfer (rule norm-scaleR)

80
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lemma hnorm-scale HR:
Na (z::'a::real-normed-vector star).
hnorm (scaleHR a ©) = |a| * hnorm x
by transfer (rule norm-scaleR)

lemma hnorm-mult-ineq:
Az y::'a::real-normed-algebra star. hnorm (z x y) < hnorm x x hnorm y
by transfer (rule norm-mult-ineq)

lemma hnorm-mult:
Nz y::'azreal-normed-div-algebra star. hnorm (x x y) = hnorm x * hnorm y
by transfer (rule norm-mult)

lemma hnorm-hyperpow:
N(z:'a::{real-normed-div-algebra} star) n.
hnorm (z pow n) = hnorm z pow n

by transfer (rule norm-power)

lemma hnorm-one [simp]:
hnorm (1::'a::real-normed-div-algebra star) = 1
by transfer (rule norm-one)

lemma hnorm-zero [simp]:
hnorm (0::'a::real-normed-vector star) = 0
by transfer (rule norm-zero)

lemma zero-less-hnorm-iff [simp]:
Nz::'azreal-normed-vector star. (0 < hnorm z) = (z # 0)
by transfer (rule zero-less-norm-iff)

lemma hnorm-minus-cancel [simp]:
Nz::'az:real-normed-vector star. hnorm (— z) = hnorm x
by transfer (rule norm-minus-cancel)

lemma hnorm-minus-commute:
Aa b:'azreal-normed-vector star. hnorm (a — b) = hnorm (b — a)
by transfer (rule norm-minus-commute)

lemma hnorm-triangle-ineq2:
Aa b:'azreal-normed-vector star. hnorm a — hnorm b < hnorm (a — b)
by transfer (rule norm-triangle-ineq2)

lemma hnorm-triangle-ineq4 :
Aa b::'a::real-normed-vector star. hnorm (a — b) < hnorm a + hnorm b
by transfer (rule norm-triangle-ineqs )

lemma abs-hnorm-cancel [simp]:
Na:'azreal-normed-vector star. |hnorm a| = hnorm a
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by transfer (rule abs-norm-cancel)

lemma hnorm-of-hypreal [simp]:
Ar. hnorm (of-hypreal r::’a::real-normed-algebra-1 star) = |r|
by transfer (rule norm-of-real)

lemma nonzero-hnorm-inverse:
Na::'az:real-normed-div-algebra star.
a # 0 = hnorm (inverse a) = inverse (hnorm a)
by transfer (rule nonzero-norm-inverse)

lemma hnorm-inverse:
Na::'a::{real-normed-div-algebra, division-ring-inverse-zero} star.
hnorm (inverse a) = inverse (hnorm a)

by transfer (rule norm-inverse)

lemma hnorm-divide:
Na b::'a::{real-normed-field, field-inverse-zero} star.
hnorm (a / b) = hnorm a / hnorm b

by transfer (rule norm-divide)

lemma hypreal-hnorm-def [simp]:
Nrihypreal. hnorm r = |r|
by transfer (rule real-norm-def)

lemma hnorm-add-less:

N(z::'az:real-normed-vector star) y r s.

[hnorm z < r; hnorm y < s] = hnorm (z + y) <1 + s
by transfer (rule norm-add-less)

lemma hnorm-mult-less:

N(z:: az:real-normed-algebra star) y r s.

[hnorm x < r; hnorm y < s] = hnorm (z * y) < 7 % s
by transfer (rule norm-mult-less)

lemma hnorm-scaleHR-less:
llz] < r; hnorm y < s] = hnorm (scaleHR z y) < T * s
apply (simp only: hnorm-scaleHR)
apply (simp add: mult-strict-mono’)
done

8.2 Closure Laws for the Standard Reals

lemma Reals-minus-iff [simp]: (—z € Reals) = (z € Reals)
apply auto

apply (drule Reals-minus, auto)

done

lemma Reals-add-cancel: [t + y € Reals; y € Reals] = = € Reals



THEORY “NSA”

by (drule (1) Reals-diff, simp)

lemma SReal-hrabs: (z::hypreal) € Reals ==> abs x € Reals
by (simp add: Reals-eq-Standard)

lemma SReal-hypreal-of-real [simp]: hypreal-of-real x € Reals
by (simp add: Reals-eg-Standard)

lemma SReal-divide-numeral: r € Reals ==> r/(numeral w::hypreal) € Reals
by simp

epsilon is not in Reals because it is an infinitesimal

lemma SReal-epsilon-not-mem: epsilon ¢ Reals

apply (simp add: SReal-def)

apply (auto simp add: hypreal-of-real-not-eq-epsilon [THEN not-sym)])
done

lemma SReal-omega-not-mem: omega ¢ Reals

apply (simp add: SReal-def)

apply (auto simp add: hypreal-of-real-not-eq-omega [THEN not-sym])
done

lemma SReal-UNIV-real: {z. hypreal-of-real © € Reals} = (UNIV ::real set)
by simp

lemma SReal-iff: (z € Reals) = (3y. x = hypreal-of-real y)
by (simp add: SReal-def)

lemma hypreal-of-real-image: hypreal-of-real ‘(UNIV ::real set) = Reals
by (simp add: Reals-eq-Standard Standard-def)

lemma inv-hypreal-of-real-image: inv hypreal-of-real * Reals = UNIV
apply (auto simp add: SReal-def)

apply (rule inj-star-of [THEN inv-f-f, THEN subst], blast)

done

lemma SReal-hypreal-of-real-image:
[| 3z. z: P; P C Reals || ==> 3 Q. P = hypreal-of-real * Q
by (simp add: SReal-def image-def, blast)

lemma SReal-dense:
[| (z::hypreal) € Reals; y € Reals; z<y |] ==> 3r € Reals. z<r & r<y
apply (auto simp add: SReal-def)
apply (drule dense, auto)
done

Completeness of Reals, but both lemmas are unused.

lemma SReal-sup-lemma:
P C Reals ==> ((3z € P.y < z) =

83
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(3 X. hypreal-of-real X € P & y < hypreal-of-real X))
by (blast dest!: SReal-iff [THEN iffD1])

lemma SReal-sup-lemma?2:
[| P C Reals; 3z. z € P; Ay € Reals. Yz € P.z < y |]
==> (3X. X € {w. hypreal-of-real w € P}) &
(Y. VX € {w. hypreal-of-real w € P}. X < Y)
apply (rule congl)
apply (fast dest!: SReal-iff [THEN iffD1])
apply (auto, frule subsetD, assumption)
apply (drule SReal-iff [THEN iffD1])
apply (auto, rule-tac x = ya in exl, auto)
done

8.3 Set of Finite Elements is a Subring of the Extended Reals

lemma HFinite-add: [|xz € HF'inite; y € HFinite|| ==> (z+y) € HFinite
apply (simp add: HFinite-def)

apply (blast intro!: Reals-add hnorm-add-less)

done

lemma HFinite-mult:
fixes z y :: 'a::real-normed-algebra star
shows [|z € HF'inite; y € HFinite|] ==> xxy € HFinite
apply (simp add: HF'inite-def)
apply (blast intro!: Reals-mult hnorm-mult-less)
done

lemma HFinite-scale HR:
(|l € HFinite; y € HFinite|] ==> scaleHR z y € HFinite
apply (simp add: HF'inite-def)
apply (blast intro!: Reals-mult hnorm-scaleHR-less)
done

lemma HFinite-minus-iff: (—z € HFinite) = (x € HF'inite)
by (simp add: HFinite-def)

lemma HFinite-star-of [simp): star-of x € HFinite

apply (simp add: HFinite-def)

apply (rule-tac x=star-of (norm z) + 1 in bexl)

apply (transfer, simp)

apply (blast intro: Reals-add SReal-hypreal-of-real Reals-1)
done

lemma SReal-subset-HF'inite: (Reals::hypreal set) C HFinite
by (auto simp add: SReal-def)

lemma HFiniteD: x € HFinite ==> 3t € Reals. hnorm x < t
by (simp add: HFinite-def )
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lemma HFinite-hrabs-iff [iff]: (abs (x::hypreal) € HFinite) = (x € HFinite)
by (simp add: HFinite-def )

lemma HFinite-hnorm-iff [iff]:
(hnorm (z::hypreal) € HFinite) = (x € HFinite)
by (simp add: HFinite-def)

lemma HFinite-numeral [simp|: numeral w € HFinite
unfolding star-numeral-def by (rule HFinite-star-of)

lemma HFinite-0 [simp]: 0 € HFinite
unfolding star-zero-def by (rule HF'inite-star-of)

lemma HFinite-1 [simp]: 1 € HF'inite
unfolding star-one-def by (rule HFinite-star-of )

lemma hrealpow-HFinite:
fixes z :: 'a::{real-normed-algebra,monoid-mult} star
shows © € HFinite ==> z "~ n € HFinite
apply (induct n)
apply (auto simp add: power-Suc intro: HFinite-mult)
done

lemma HFinite-bounded:
[|(z::hypreal) € HFinite; y < z; 0 < y || ==> y € HFinite
apply (cases x < 0)
apply (drule-tac y = z in order-trans)
apply (drule-tac [2] order-antisym)
apply (auto simp add: linorder-not-le)
apply (auto intro: order-le-less-trans simp add: abs-if HFinite-def)
done

8.4 Set of Infinitesimals is a Subring of the Hyperreals

lemma Infinitesimall:
(Ar. [r € R; 0 < r] = hnorm z < r) => = € Infinitesimal
by (simp add: Infinitesimal-def)

lemma InfinitesimalD:
x € Infinitesimal ==> VY r € Reals. 0 < r ——> hnormz < r
by (simp add: Infinitesimal-def)

lemma Infinitesimall2:
(Ar. 0 < r = hnorm = < star-of r) = = € Infinitesimal
by (auto simp add: Infinitesimal-def SReal-def)
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lemma InfinitesimalD2:
[z € Infinitesimal; 0 < r] = hnorm x < star-of r
by (auto simp add: Infinitesimal-def SReal-def)

lemma Infinitesimal-zero [iff]: 0 € Infinitesimal
by (simp add: Infinitesimal-def)

lemma hypreal-sum-of-halves: x/(2::hypreal) + x/(2::hypreal) = x
by auto

lemma Infinitesimal-add:

[| z € Infinitesimal; y € Infinitesimal || ==> (z+y) € Infinitesimal
apply (rule Infinitesimall)
apply (rule hypreal-sum-of-halves [THEN subst])
apply (drule half-gt-zero)
apply (blast intro: hnorm-add-less SReal-divide-numeral dest: InfinitesimalD)
done

lemma Infinitesimal-minus-iff [simp]: (—z:Infinitesimal) = (z:Infinitesimal)
by (simp add: Infinitesimal-def)

lemma Infinitesimal-hnorm-iff :
(hnorm z € Infinitesimal) = (z € Infinitesimal)
by (simp add: Infinitesimal-def)

lemma Infinitesimal-hrabs-iff [iff]:
(abs (z::hypreal) € Infinitesimal) = (z € Infinitesimal)
by (simp add: abs-if)

lemma Infinitesimal-of-hypreal-iff [simp):
((of-hypreal x::'a::real-normed-algebra-1 star) € Infinitesimal) =
(z € Infinitesimal)

by (subst Infinitesimal-hnorm-iff [symmetric], simp)

lemma Infinitesimal-diff :
[| z € Infinitesimal; y € Infinitesimal || ==> z—y € Infinitesimal
by (simp add: diff-minus Infinitesimal-add)

lemma Infinitesimal-mult:
fixes z y :: 'a::real-normed-algebra star
shows [|z € Infinitesimal; y € Infinitesimal|] ==> (x * y) € Infinitesimal
apply (rule Infinitesimall)
apply (subgoal-tac hnorm (z x y) < 1 x r, simp only: mult-1)
apply (rule hnorm-mult-less)
apply (simp-all add: InfinitesimalD)
done

lemma Infinitesimal-HFinite-mult:
fixes z y :: 'a::real-normed-algebra star
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shows [| z € Infinitesimal; y € HF'inite || ==> (z * y) € Infinitesimal
apply (rule Infinitesimall)
apply (drule HFiniteD, clarify)
apply (subgoal-tac 0 < t)
apply (subgoal-tac hnorm (x * y) < (r / t) * t, simp)
apply (subgoal-tac 0 < r / t)
apply (rule hnorm-mult-less)
apply (simp add: InfinitesimalD Reals-divide)
apply assumption
apply (simp only: divide-pos-pos)
apply (erule order-le-less-trans [OF hnorm-ge-zero))
done

lemma Infinitesimal-HFinite-scale HR:
[| z € Infinitesimal; y € HFinite || ==> scaleHR z y € Infinitesimal
apply (rule Infinitesimall)
apply (drule HFiniteD, clarify)
apply (drule InfinitesimalD)
apply (simp add: hnorm-scale HR)
apply (subgoal-tac 0 < t)
apply (subgoal-tac |x| * hnorm y < (r / t) x t, simp)
apply (subgoal-tac 0 < r / t)
apply (rule mult-strict-mono’, simp-all)
apply (simp only: divide-pos-pos)
apply (erule order-le-less-trans [OF hnorm-ge-zero))
done

lemma Infinitesimal-HFinite-mult2:
fixes z y :: 'a::real-normed-algebra star
shows [| z € Infinitesimal; y € HF'inite || ==> (y * z) € Infinitesimal
apply (rule Infinitesimall)
apply (drule HFiniteD, clarify)
apply (subgoal-tac 0 < t)
apply (subgoal-tac hnorm (y * z) < t = (r / t), simp)
apply (subgoal-tac 0 < r / t)
apply (rule hnorm-mult-less)
apply assumption
apply (simp add: InfinitesimalD Reals-divide)
apply (simp only: divide-pos-pos)
apply (erule order-le-less-trans [OF hnorm-ge-zero])
done

P

lemma Infinitesimal-scaleR2:

x € Infinitesimal ==> a *g = € Infinitesimal
apply (case-tac a = 0, simp)
apply (rule Infinitesimall)
apply (drule InfinitesimalD)
apply (drule-tac x=r / |star-of a| in bspec)
apply (simp add: Reals-eq-Standard)
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apply (simp add: divide-pos-pos)
apply (simp add: hnorm-scaleR pos-less-divide-eq mult-commute)
done

lemma Compl-HFinite: — HFinite = HInfinite

apply (auto simp add: HInfinite-def HFinite-def linorder-not-less)
apply (rule-tac y=r + 1 in order-less-le-trans, simp)

apply simp

done

lemma Hlinfinite-inverse-Infinitesimal:
fixes z :: 'a::real-normed-div-algebra star
shows x € Hinfinite ==> inverse x € Infinitesimal
apply (rule Infinitesimall)
apply (subgoal-tac © # 0)
apply (rule inverse-less-imp-less)
apply (simp add: nonzero-hnorm-inverse)
apply (simp add: HInfinite-def Reals-inverse)
apply assumption
apply (clarify, simp add: Compl-HFinite [symmetric])
done

lemma Hinfinitel: (Ar. r € R = r < hnorm x) = x € HlInfinite
by (simp add: HInfinite-def)

lemma HlinfiniteD: [z € Hinfinite; r € R] = r < hnorm z
by (simp add: HInfinite-def)

lemma HInfinite-mult:
fixes z y :: 'a::real-normed-div-algebra star
shows [|z € Hinfinite; y € Hlnfinite|] ==> (axy) € HInfinite
apply (rule HInfinitel, simp only: hnorm-mult)
apply (subgoal-tac r x 1 < hnorm x x hnorm y, simp only: mult-1)
apply (case-tac x = 0, simp add: HInfinite-def)
apply (rule mult-strict-mono)
apply (simp-all add: HInfiniteD)
done

lemma hypreal-add-zero-less-le-mono: [|r < z; (0::hypreal) < y|] ==> r < z+y
by (auto dest: add-less-le-mono)

lemma Hlinfinite-add-ge-zero:
[|(z::hypreal) € HInfinite; 0 < y; 0 < z|] ==> (z + y): HInfinite
by (auto intro!: hypreal-add-zero-less-le-mono
stmp add: abs-if add-commute add-nonneg-nonneg HInfinite-def)

lemma HInfinite-add-ge-zero2:
[|(z::hypreal) € HInfinite; 0 < y; 0 < z|] ==> (y + z): HInfinite
by (auto introl: HInfinite-add-ge-zero simp add: add-commute)
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lemma HlInfinite-add-gt-zero:
[|(z::hypreal) € Hinfinite; 0 < y; 0 < z|] ==> (z + y): HInfinite
by (blast intro: HInfinite-add-ge-zero order-less-imp-le)

lemma Hinfinite-minus-iff: (—x € Hinfinite) = (x € Hlnfinite)
by (simp add: HInfinite-def)

lemma HlInfinite-add-le-zero:
[|(z::hypreal) € Hinfinite; y < 0; z < 0|] ==> (z + y): HInfinite
apply (drule HInfinite-minus-iff [THEN iffD2])
apply (rule HInfinite-minus-iff [THEN iffD1])
apply (auto intro: HInfinite-add-ge-zero)
done

lemma Hinfinite-add-lt-zero:
[|(z::hypreal) € Hinfinite; y < 0; z < 0|] ==> (z + y): HInfinite
by (blast intro: HInfinite-add-le-zero order-less-imp-le)

lemma HFinite-sum-squares:
fixes a b c :: 'a::real-normed-algebra star
shows [|a: HFinite; b: HFinite; c: HF'inite|]
==> axa + bxb + cxc € HFinite
by (auto intro: HF'inite-mult HFinite-add)

lemma not-Infinitesimal-not-zero: x ¢ Infinitesimal ==> x # 0

by auto

lemma not-Infinitesimal-not-zero2: © € HFinite — Infinitesimal ==> x # 0
by auto

lemma HFinite-diff-Infinitesimal-hrabs:
(z::hypreal) € HFinite — Infinitesimal ==> abs © € HF'inite — Infinitesimal
by blast

lemma hnorm-le-Infinitesimal:
le € Infinitesimal; hnorm z < e] = = € Infinitesimal
by (auto simp add: Infinitesimal-def abs-less-iff)

lemma hnorm-less-Infinitesimal:
le € Infinitesimal; hnorm z < e] = = € Infinitesimal
by (erule hnorm-le-Infinitesimal, erule order-less-imp-le)

lemma hrabs-le-Infinitesimal:
[| e € Infinitesimal; abs (x::hypreal) < e || ==> = € Infinitesimal
by (erule hnorm-le-Infinitesimal, simp)

lemma hrabs-less-Infinitesimal:
[| e € Infinitesimal; abs (x::hypreal) < e || ==> = € Infinitesimal
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by (erule hnorm-less-Infinitesimal, simp)

lemma Infinitesimal-interval:
[| e € Infinitesimal; e’ € Infinitesimal; e’ < z ; x < e ||
==> (z::hypreal) € Infinitesimal

by (auto simp add: Infinitesimal-def abs-less-iff)

lemma Infinitesimal-interval2:
[| e € Infinitesimal; e’ € Infinitesimal;
e’ <z;x < el ==> (z:hypreal) € Infinitesimal
by (auto intro: Infinitesimal-interval simp add: order-le-less)

lemma lemma-Infinitesimal-hyperpow:
[| (z::hypreal) € Infinitesimal; 0 < N || ==> abs (z pow N) < abs
apply (unfold Infinitesimal-def)
apply (auto intro!: hyperpow-Suc-le-self2
simp add: hyperpow-hrabs [symmetric] hypnat-gt-zero-iff2 abs-ge-zero)
done

lemma Infinitesimal-hyperpow:
[| (z::hypreal) € Infinitesimal; 0 < N || ==> z pow N € Infinitesimal
apply (rule hrabs-le-Infinitesimal)
apply (rule-tac [2] lemma-Infinitesimal-hyperpow, auto)
done

lemma hrealpow-hyperpow-Infinitesimal-iff :
(z " n € Infinitesimal) = (x pow (hypnat-of-nat n) € Infinitesimal)
by (simp only: hyperpow-hypnat-of-nat)

lemma Infinitesimal-hrealpow:
[| (z::hypreal) € Infinitesimal; 0 < n || ==> z " n € Infinitesimal
by (simp add: hrealpow-hyperpow-Infinitesimal-iff Infinitesimal-hyperpow)

lemma not-Infinitesimal-mult:
fixes z y :: 'a::real-normed-div-algebra star
shows [| z ¢ Infinitesimal; y ¢ Infinitesimal|] ==> (zx*y) ¢Infinitesimal
apply (unfold Infinitesimal-def, clarify, rename-tac r s)
apply (simp only: linorder-not-less hnorm-mult)
apply (drule-tac x = r x s in bspec)
apply (fast intro: Reals-mult)
apply (drule mp, blast intro: mult-pos-pos)
apply (drule-tac ¢ = s and d = hnorm y and ¢ = r and b = hnorm z in
mult-mono)
apply (simp-all (no-asm-simp))
done

lemma Infinitesimal-mult-disj:
fixes z y :: 'a::real-normed-div-algebra star
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shows zxy € Infinitesimal ==> x € Infinitesimal | y € Infinitesimal
apply (rule ccontr)
apply (drule de-Morgan-disj [THEN iffD1])
apply (fast dest: not-Infinitesimal-mult)
done

lemma HFinite-Infinitesimal-not-zero: x € HFinite— Infinitesimal ==> x # 0
by blast

lemma HFinite-Infinitesimal-diff-mult:

fixes z y :: 'a::real-normed-div-algebra star

shows [| z € HFinite — Infinitesimal;

y € HFinite — Infinitesimal
|| ==> (zxy) € HFinite — Infinitesimal

apply clarify
apply (blast dest: HFinite-mult not-Infinitesimal-mult)
done

lemma Infinitesimal-subset-HFinite:
Infinitesimal C HFinite
apply (simp add: Infinitesimal-def HFinite-def, auto)
apply (rule-tac z = 1 in bexl, auto)
done

lemma Infinitesimal-star-of-mult:
fixes z :: 'a::real-normed-algebra star
shows z € Infinitesimal ==> z * star-of r € Infinitesimal
by (erule HFinite-star-of [THEN [2] Infinitesimal-HFinite-mult))

lemma Infinitesimal-star-of-mult2:
fixes z :: 'a::real-normed-algebra star
shows z € Infinitesimal ==> star-of r x x € Infinitesimal
by (erule HFinite-star-of [THEN [2] Infinitesimal-HFinite-mult2])

8.5 The Infinitely Close Relation

lemma mem-infmal-iff: (z € Infinitesimal) = (z Q= 0)
by (simp add: Infinitesimal-def approz-def)

lemma approz-minus-iff: (z Q= y) = (z — y Q= 0)
by (simp add: approz-def)

lemma approz-minus-iff2: (z Q= y) = (—y + ¢ Q= 0)
by (simp add: approz-def diff-minus add-commute)

lemma approz-refl [iff]: ¢ Q= z
by (simp add: approz-def Infinitesimal-def)

lemma hypreal-minus-distribl: —(y + —(z::'a::ab-group-add)) = z + —y
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by (simp add: add-commute)

lemma approz-sym: x Q= y ==> y Q= z

apply (simp add: approz-def)

apply (drule Infinitesimal-minus-iff [THEN 4ffD2])
apply simp

done

lemma approz-trans: [| x Q= y; y Q= z || ==> ¢ Q= 2
apply (simp add: approz-def)

apply (drule (1) Infinitesimal-add)

apply (simp add: diff-minus)

done

lemma approz-trans2: || r Q= z; s Q= z || ==> r Q= s
by (blast intro: approz-sym approz-trans)

lemma approz-trans3: [| ¢ Q= r; z Q= s|] ==> r Q= s
by (blast intro: approz-sym approz-trans)

lemma approz-reorient: (z Q= y) = (y Q= x)
by (blast intro: approx-sym)

simproc-setup approz-reorient-simproc

(0 Q= z | 1 @= y | numeral w Q= z | neg-numeral w Q= r) =
{

let val rule = @Q{thm approz-reorient} RS eq-reflection

fun proc phi ss ct = case term-of ct of
-$t$ u=> if can HOLogic.dest-number u then NONE
else if can HOLogic.dest-number t then SOME rule else NONE
| - => NONE

in proc end

)

lemma Infinitesimal-approz-minus: (x—y € Infinitesimal) = (z Q= y)
by (simp add: approz-minus-iff [symmetric] mem-infmal-iff)

lemma approz-monad-iff: (z Q= y) = (monad(z)=monad(y))
apply (simp add: monad-def)

apply (auto dest: approx-sym elim!: approz-trans equalityCFE)
done

lemma Infinitesimal-approx:
[| z € Infinitesimal; y € Infinitesimal || ==> ¢ Q= y
apply (simp add: mem-infmal-iff)
apply (blast intro: approz-trans approx-sym)
done
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lemma approz-add: || a« Q= b; ¢ Q= d || ==> a+c¢ Q= b+d
proof (unfold approz-def)
assume inf: a — b € Infinitesimal ¢ — d € Infinitesimal
have a + ¢ — (b + d) = (a — b) + (¢ — d) by simp
also have ... € Infinitesimal using inf by (rule Infinitesimal-add)
finally show a + ¢ — (b + d) € Infinitesimal .
qed

lemma approz-minus: a Q= b ==> —ag Q= —b

apply (rule approz-minus-iff [THEN iffD2, THEN approz-sym))
apply (drule approz-minus-iff [THEN iffD1))

apply (simp add: add-commute diff-minus)

done

lemma approz-minus2: —a Q= —b ==> a Q=)
by (auto dest: approz-minus)

lemma approz-minus-cancel [simp]: (—a Q= —b) = (a Q= b)
by (blast intro: approz-minus appror-minus2)

lemma approz-add-minus: [| a Q= b; c @=d || ==>a + —c Q= b + —d
by (blast intro!: approz-add approz-minus)

lemma approz-diff: [| a @=b; c Q= d || ==>a — cQ=0b — d
by (simp only: diff-minus approz-add approz-minus)

lemma approz-mult:
fixes a b ¢ :: 'a::real-normed-algebra star
shows [| a Q= b; ¢: HFinite|]] ==> axc Q= bxc
by (simp add: approz-def Infinitesimal-HF'inite-mult
left-diff-distrib [symmetric])

lemma approz-mult2:
fixes a b c :: 'a::real-normed-algebra star
shows [|a Q= b; ¢: HF'inite|] ==> cxa Q= cxb
by (simp add: approz-def Infinitesimal-HFinite-mult2
right-diff-distrib [symmetric])

lemma approz-mult-subst:

fixes u v T y :: 'a::real-normed-algebra star

shows [|u Q= vxz; x Q= y; v € HFinite|] ==> u Q= vxy
by (blast intro: approz-mult2 approx-trans)

lemma approz-mult-subst2:

fixes u v T y :: 'a::real-normed-algebra star

shows [| u @= zxv; © Q= y; v € HFinite || ==> u Q= yx*v
by (blast intro: approz-mult] approx-trans)

lemma approx-mult-subst-star-of :

93
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fixes u z y :: 'a::real-normed-algebra star
shows [| u Q= zxstar-of v; x Q= y || ==> u Q= yxstar-of v
by (auto intro: approx-mult-subst2)

lemma approz-eg-imp: a = b ==> a Q=5
by (simp add: approz-def)

lemma Infinitesimal-minus-approz: x € Infinitesimal ==> —z Q= z
by (blast intro: Infinitesimal-minus-iff [THEN iffD2]
mem-infmal-iff [THEN iffD1] approz-trans2)

lemma bex-Infinitesimal-iff: (3y € Infinitesimal. x — z = y) = (z Q= 2)
by (simp add: approz-def)

lemma bex-Infinitesimal-iff2: (3y € Infinitesimal. x = z + y) = (xz Q= z)
by (force simp add: bex-Infinitesimal-iff [symmetric])

lemma Infinitesimal-add-approz: [| y € Infinitesimal; x + y = z || ==> 2 Q= 2
apply (rule bex-Infinitesimal-iff [THEN 4ffD1])

apply (drule Infinitesimal-minus-iff [THEN 4ffD2])

apply (auto simp add: add-assoc [symmetric])

done

lemma Infinitesimal-add-approz-self: y € Infinitesimal ==> ¢ Q= z + y
apply (rule bex-Infinitesimal-iff [THEN 4ffD1])

apply (drule Infinitesimal-minus-iff [THEN iffD2])

apply (auto simp add: add-assoc [symmetric])

done

lemma Infinitesimal-add-approz-self2: y € Infinitesimal ==> x Q= y + x
by (auto dest: Infinitesimal-add-approz-self simp add: add-commute)

lemma Infinitesimal-add-minus-approz-self: y € Infinitesimal ==>r Q= + —y
by (blast intro!: Infinitesimal-add-approz-self Infinitesimal-minus-iff [THEN iffD2])

lemma Infinitesimal-add-cancel: [| y € Infinitesimal; t+y Q= z|] ==> ¢ Q= 2
apply (drule-tac x = z in Infinitesimal-add-approz-self [THEN approz-sym))
apply (erule approxz-trans3 [THEN approx-sym)|, assumption)

done

lemma Infinitesimal-add-right-cancel:
[| y € Infinitesimal; x Q= z + y|] ==> ¢ Q= 2
apply (drule-tac x = z in Infinitesimal-add-approz-self2 [THEN approz-sym))
apply (erule approx-trans3 [THEN approx-sym])
apply (simp add: add-commute)
apply (erule approz-sym)
done

lemma approz-add-left-cancel: d + b Q= d 4+ ¢ ==> b Q= ¢
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apply (drule approz-minus-iff [THEN iffD1])
apply (simp add: approx-minus-iff [symmetric] add-ac)
done

lemma approz-add-right-cancel: b + d Q= ¢ + d ==> b Q= ¢
apply (rule approz-add-left-cancel)

apply (simp add: add-commute)

done

lemma approz-add-monol: b Q= ¢ ==>d + b Q=d + ¢
apply (rule approz-minus-iff [THEN 4ffD2])

apply (simp add: approx-minus-iff [symmetric] add-ac)
done

lemma approz-add-mono2: b Q= ¢ ==> b + a Q= c + a
by (simp add: add-commute approz-add-monol)

lemma approz-add-left-iff [simp]: (a + b Q= a + ¢) = (b Q= ¢)
by (fast elim: approz-add-left-cancel approx-add-monol)

lemma approz-add-right-iff [simp]: (b + a Q= ¢ 4+ a) = (b Q= ¢)
by (simp add: add-commute)

lemma approz-HFinite: || x € HFinite; x Q= y || ==> y € HFinite

apply (drule bez-Infinitesimal-iff2 [THEN iffD2], safe)

apply (drule Infinitesimal-subset-HFinite [THEN subsetD, THEN HFinite-minus-iff
[THEN iffD2]])

apply (drule HFinite-add)

apply (auto simp add: add-assoc)

done

lemma approz-star-of-HFinite: x Q= star-of D ==> x € HFinite
by (rule approx-sym [THEN [2] approx-HFinite], auto)

lemma approz-mult-HFinite:
fixes a b ¢ d :: 'a::real-normed-algebra star
shows [|a Q= b; ¢ Q= d; b: HFinite; d: HFinite|] ==> axc Q= bxd
apply (rule approz-trans)
apply (rule-tac [2] approz-mult2)
apply (rule approz-multl)
prefer 2 apply (blast intro: approz-HFinite approz-sym, auto)
done

lemma scaleHR-left-diff-distrib:
Na b z. scaleHR (a — b) © = scaleHR a x — scaleHR b
by transfer (rule scaleR-left-diff-distrib)

lemma approz-scaleR1:
[| @ @Q= star-of b; ¢: HFinite|]] ==> scaleHR a ¢ Q= b xg ¢
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apply (unfold approz-def)

apply (drule (1) Infinitesimal-HFinite-scale HR)

apply (simp only: scaleHR-left-diff-distrib)

apply (simp add: scaleHR-def star-scaleR-def [symmetric])
done

lemma approz-scaleR2:
aQ=b==>c*gpaQ=cx*xgb
by (simp add: approz-def Infinitesimal-scaleR2
scaleR-right-diff-distrib [symmetric])

lemma approz-scaleR-HFinite:
[la Q= star-of b; ¢ Q= d; d: HFinite|] ==> scaleHR a ¢ Q= b *p d
apply (rule approz-trans)
apply (rule-tac [2] approz-scaleR2)
apply (rule approz-scaleR1)
prefer 2 apply (blast intro: approz-HFinite approz-sym, auto)
done

lemma approz-mult-star-of :
fixes a c :: 'a::real-normed-algebra star
shows [|a Q= star-of b; ¢ Q= star-of d |]
==> axc Q= star-of bxstar-of d
by (blast introl: approz-mult-HFinite approz-star-of-HF'inite HFinite-star-of)

lemma approz-SReal-mult-cancel-zero:
[| (a::hypreal) € Reals; a # 0; axzx Q= 0 || ==> z Q= 0
apply (drule Reals-inverse [THEN SReal-subset-HFinite [THEN subsetD]])
apply (auto dest: approz-mult2 simp add: mult-assoc [symmetric])
done

lemma approz-mult-SReall: || (a::hypreal) € Reals; x Q= 0 || ==> zxa Q= 0
by (auto dest: SReal-subset-HF'inite [THEN subsetD)] approz-multl)

lemma approz-mult-SReal2: [| (a::hypreal) € Reals; x Q= 0 || ==> axz Q= 0
by (auto dest: SReal-subset-HF'inite [THEN subsetD)] approz-mult2)

lemma approz-mult-SReal-zero-cancel-iff [simp]:
[|(a::hypreal) € Reals; a # 0 || ==> (axz Q= 0) = (z Q= 0)
by (blast intro: approz-SReal-mult-cancel-zero approxz-mult-SReal2)

lemma approz-SReal-mult-cancel:
[| (a::hypreal) € Reals; a # 0; ax w Q= axz || ==> w Q= z
apply (drule Reals-inverse [THEN SReal-subset-HFinite [THEN subsetD]])
apply (auto dest: appror-mult2 simp add: mult-assoc [symmetric])
done

lemma approz-SReal-mult-cancel-iff1 [simp]:
[| (a::hypreal) € Reals; a # 0]] ==> (ax w Q= a*z) = (w Q= 2)
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by (auto introl: approz-mult2 SReal-subset-HFinite [THEN subsetD)]
intro: approz-SReal-mult-cancel)

lemma approz-le-bound: || (z::hypreal) < f; f Q=g; g < z || ==> f Q=2
apply (simp add: bez-Infinitesimal-iff2 [symmetric], auto)

apply (rule-tac z = g+y—=z in bexl)

apply (simp (no-asm))

apply (rule Infinitesimal-interval2)

apply (rule-tac [2] Infinitesimal-zero, auto)

done

lemma approz-hnorm:
fixes z y :: 'a::real-normed-vector star
shows z ~ y = hnorm x =~ hnorm y
proof (unfold approz-def)
assume z — y € Infinitesimal
hence 1: hnorm (x — y) € Infinitesimal
by (simp only: Infinitesimal-hnorm-iff)
moreover have 2: (0::real star) € Infinitesimal
by (rule Infinitesimal-zero)
moreover have 3: 0 < |hnorm = — hnorm y|
by (rule abs-ge-zero)
moreover have 4: |hnorm x — hnorm y| < hnorm (z — y)
by (rule hnorm-triangle-ineq3)
ultimately have |hnorm = — hnorm y| € Infinitesimal
by (rule Infinitesimal-interval2)
thus hnorm = — hnorm y € Infinitesimal
by (simp only: Infinitesimal-hrabs-iff )
qged

8.6 Zero is the Only Infinitesimal that is also a Real

lemma Infinitesimal-less-SReal:
[| (z::hypreal) € Reals; y € Infinitesimal; 0 < x || ==> y < x
apply (simp add: Infinitesimal-def)
apply (rule abs-ge-self [THEN order-le-less-trans], auto)
done

lemma Infinitesimal-less-SReal2:
(y::hypreal) € Infinitesimal ==> Vr € Reals. 0 < r ——> y < r
by (blast intro: Infinitesimal-less-SReal)

lemma SReal-not-Infinitesimal:
[| 0 <y; (y:hypreal) € Reals|] ==> y ¢ Infinitesimal
apply (simp add: Infinitesimal-def)
apply (auto simp add: abs-if)
done

lemma SReal-minus-not-Infinitesimal:
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[| v < 0; (y:hypreal) € Reals || ==> y ¢ Infinitesimal
apply (subst Infinitesimal-minus-iff [symmetric])
apply (rule SReal-not-Infinitesimal, auto)
done

lemma SReal-Int-Infinitesimal-zero: Reals Int Infinitesimal = {0::hypreal}
apply auto

apply (cut-tac x = z and y = 0 in linorder-less-linear)

apply (blast dest: SReal-not-Infinitesimal SReal-minus-not-Infinitesimal)
done

lemma SReal-Infinitesimal-zero:
[| (z::hypreal) € Reals; x € Infinitesimal|] ==> z = 0
by (cut-tac SReal-Int-Infinitesimal-zero, blast)

lemma SReal-HFinite-diff-Infinitesimal:
[| (z::hypreal) € Reals; x # 0 || ==> = € HFinite — Infinitesimal

by (auto dest: SReal-Infinitesimal-zero SReal-subset-HFinite [THEN subsetD])

lemma hypreal-of-real- HFinite-diff-Infinitesimal:
hypreal-of-real * # 0 ==> hypreal-of-real x € HFinite — Infinitesimal
by (rule SReal-HFinite-diff-Infinitesimal, auto)

lemma star-of-Infinitesimal-iff-0 [iff]:
(star-of © € Infinitesimal) = (z = 0)

apply (auto simp add: Infinitesimal-def)

apply (drule-tac x=hnorm (star-of z) in bspec)

apply (simp add: SReal-def)

apply (rule-tac z=norm z in exl, simp)

apply simp

done

lemma star-of-HFinite-diff-Infinitesimal:
x # 0 ==> star-of v € HFinite — Infinitesimal
by simp

lemma numeral-not-Infinitesimal [simp]:
numeral w # (0::hypreal) ==> (numeral w :: hypreal) ¢ Infinitesimal
by (fast dest: Reals-numeral [THEN SReal-Infinitesimal-zero])

lemma one-not-Infinitesimal [simp]:
(1::'a::{real-normed-vector,zero-neq-one} star) ¢ Infinitesimal

apply (simp only: star-one-def star-of-Infinitesimal-iff-0)

apply simp

done

lemma approz-SReal-not-zero:
[| (y::hypreal) € Reals; z Q= y; y#£ 0 || ==> x # 0
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apply (cut-tac x = 0 and y = y in linorder-less-linear, simp)

apply (blast dest: approxz-sym [THEN mem-infmal-iff [THEN iffD2]] SReal-not-Infinitesimal
SReal-minus-not-Infinitesimal)

done

lemma HFinite-diff-Infinitesimal-approx:
[| © @= y; y € HFinite — Infinitesimal ||
==> z € HFinite — Infinitesimal
apply (auto intro: approz-sym [THEN (2] approz-HFinite]
simp add: mem-infmal-iff)
apply (drule approz-trans3, assumption)
apply (blast dest: approx-sym)
done

lemma Infinitesimal-ratio:
fixes = y :: 'a::{real-normed-div-algebra,field} star
shows [| y # 0; y € Infinitesimal;, z/y € HFinite |]
==> z € Infinitesimal
apply (drule Infinitesimal-HFinite-mult2, assumption)
apply (simp add: divide-inverse mult-assoc)
done

lemma Infinitesimal-SReal-divide:
[| (z::hypreal) € Infinitesimal; y € Reals || ==> x/y € Infinitesimal
apply (simp add: divide-inverse)
apply (auto intro!: Infinitesimal-HFinite-mult
dest!: Reals-inverse [THEN SReal-subset-HF'inite [THEN subsetD]])
done

8.7 Uniqueness: Two Infinitely Close Reals are Equal

lemma star-of-approz-iff [simp): (star-of © Q= star-of y) = (z = y)
apply safe

apply (simp add: approz-def)

apply (simp only: star-of-diff [symmetric])

apply (simp only: star-of-Infinitesimal-iff-0)

apply simp

done

lemma SReal-approx-iff
[|(z::hypreal) € Reals; y € Reals|] ==> (z Q= y) = (z = y)
apply auto
apply (simp add: approz-def)
apply (drule (1) Reals-diff)
apply (drule (1) SReal-Infinitesimal-zero)
apply simp
done
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lemma numeral-approz-iff [simp]:
(numeral v Q= (numeral w :: 'a::{numeral,real-normed-vector} star)) =
(numeral v = (numeral w :: 'a))

apply (unfold star-numeral-def)

apply (rule star-of-approz-iff)

done

lemma [simp]:
(numeral w Q= (0::'a::{numeral,real-normed-vector} star)) =
(numeral w = (0::'a))
((0::"a::{ numeral,real-normed-vector} star) Q= numeral w) =
(numeral w = (0::'a))
(numeral w Q= (1::'b::{numeral,one,real-normed-vector} star)) =
(numeral w = (1::'b))
((1::'b::{numeral,one,real-normed-vector} star) Q= numeral w) =
(numeral w = (1::'h))
~ (0 Q= (1::'c::{zero-neg-one,real-normed-vector} star))
~ (1 Q= (0::'c::{zero-neg-one,real-normed-vector} star))

apply (unfold star-numeral-def star-zero-def star-one-def)

apply (unfold star-of-approz-iff)

by (auto intro: sym)

lemma star-of-approz-numeral-iff [simp):
(star-of k Q= numeral w) = (k = numeral w)
by (subst star-of-approz-iff [symmetric], auto)

lemma star-of-approz-zero-iff [simp]: (star-of k Q= 0) = (k = 0)
by (simp-all add: star-of-approz-iff [symmetric])

lemma star-of-approz-one-iff [simp]: (star-of k Q= 1) = (k= 1)
by (simp-all add: star-of-approz-iff [symmetric])

lemma approz-unique-real:
[| (r::hypreal) € Reals; s € Reals; r Q= z; s Q= z|] ==>r = s
by (blast intro: SReal-approz-iff [THEN iffD1] approx-trans2

8.8 Existence of Unique Real Infinitely Close

8.8.1 Lifting of the Ub and Lub Properties

lemma hypreal-of-real-isUb-iff :
(isUb (Reals) (hypreal-of-real * Q) (hypreal-of-real Y)) =
(isUb (UNIV :: real set) Q Y)

by (simp add: isUb-def setle-def)

lemma hypreal-of-real-isLubl1:
isLub Reals (hypreal-of-real * Q) (hypreal-of-real )
==> isLub (UNIV :: real set) QY

apply (simp add: isLub-def leastP-def)
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apply (auto intro: hypreal-of-real-isUb-iff [THEN 4ffD2]
simp add: hypreal-of-real-isUb-iff setge-def)
done

lemma hypreal-of-real-isLub2:
isLub (UNIV :: real set) Q Y
==> isLub Reals (hypreal-of-real * Q) (hypreal-of-real Y)
apply (simp add: isLub-def leastP-def)
apply (auto simp add: hypreal-of-real-isUb-iff setge-def)
apply (frule-tac 2 = z in isUbD2a [THEN SReal-iff [THEN iffD1], THEN ezE))
prefer 2 apply assumption
apply (drule-tac * = za in spec)
apply (auto simp add: hypreal-of-real-isUb-iff)
done

lemma hypreal-of-real-isLub-iff :
(isLub Reals (hypreal-of-real ¢ Q) (hypreal-of-real Y)) =
(isLub (UNIV :: real set) Q Y)

by (blast intro: hypreal-of-real-isLubl hypreal-of-real-isLub2)

lemma lemma-isUb-hypreal-of-real:
isUb Reals P'Y ==> 3 Yo. isUb Reals P (hypreal-of-real Yo)
by (auto simp add: SReal-iff isUb-def)

lemma lemma-isLub-hypreal-of-real:
isLub Reals P'Y ==> 3 Yo. isLub Reals P (hypreal-of-real Yo)
by (auto simp add: isLub-def leastP-def isUb-def SReal-iff)

lemma lemma-isLub-hypreal-of-real2:
3 Yo. isLub Reals P (hypreal-of-real Yo) ==> 3 Y. isLub Reals P Y
by (auto simp add: isLub-def leastP-def isUb-def)

lemma SReal-complete:
[| P C Reals; Jz.z € P; Y. isUb Reals P 'Y ||
==> Jt:hypreal. isLub Reals Pt
apply (frule SReal-hypreal-of-real-image)
apply (auto, drule lemma-isUb-hypreal-of-real)
apply (auto intro!: reals-complete lemma-isLub-hypreal-of-real2
stmp add: hypreal-of-real-isLub-iff hypreal-of-real-is Ub-iff )
done

lemma hypreal-isLub-unique:

[| isLub R S x; isLub R S y || ==> = = (y::hypreal)
apply (frule isLub-isUb)
apply (frule-tac x = y in isLub-isUb)
apply (blast intro!: order-antisym dest!: isLub-le-isUb)
done
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lemma lemma-st-part-ub:
(z::hypreal) € HFinite ==> Ju. isUb Reals {s. s € Reals & s < z} u
apply (drule HFiniteD, safe)
apply (rule exI, rule isUbI)
apply (auto intro: setlel isUbI simp add: abs-less-iff )
done

lemma lemma-st-part-nonempty:
(z::hypreal) € HFinite ==> Jy. y € {s. s € Reals & s < z}
apply (drule HFiniteD, safe)
apply (drule Reals-minus)
apply (rule-tac z = —t in exl)
apply (auto simp add: abs-less-iff)
done

lemma lemma-st-part-subset: {s. s € Reals & s < z} C Reals
by auto

lemma lemma-st-part-lub:
(z::hypreal) € HF'inite ==> 3t. isLub Reals {s. s € Reals & s < z} t
by (blast intro!: SReal-complete lemma-st-part-ub lemma-st-part-nonempty lemma-st-part-subset)

lemma lemma-hypreal-le-left-cancel: ((t::hypreal) + r < t) = (r < 0)
apply safe

apply (drule-tac ¢ = —t in add-left-mono)

apply (drule-tac [2] ¢ = t in add-left-mono)

apply (auto simp add: add-assoc [symmetric])

done

lemma lemma-st-part-lel:
[| (z::hypreal) € HF'inite; isLub Reals {s. s € Reals & s < z} t;
7 € Reals; 0 <rl|]==>z<t+r
apply (frule isLubD1a)
apply (rule ccontr, drule linorder-not-le [THEN iffD2])
apply (drule (1) Reals-add)
apply (drule-tac y = r + t in isLubD1 [THEN setleD], auto)
done

lemma hypreal-setle-less-trans:
[| § #<= (z:hypreal); z < y || ==> § *<=y
apply (simp add: setle-def)
apply (auto dest!: bspec order-le-less-trans intro: order-less-imp-le)
done

lemma hypreal-gt-isUb:
[| isUb R S (z::hypreal); z < y; y € R|] ==>isUbR Sy
apply (simp add: isUb-def)
apply (blast intro: hypreal-setle-less-trans)
done
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lemma lemma-st-part-gt-ub:
[| (z::hypreal) € HFinite; x < y; y € Reals ||
==> isUb Reals {s. s € Reals & s < z} y
by (auto dest: order-less-trans intro: order-less-imp-le intro!: isUbI setlel)

lemma lemma-minus-le-zero: t < t + —r ==> r < (0::hypreal)
apply (drule-tac ¢ = —t in add-left-mono)

apply (auto simp add: add-assoc [symmetric])

done

lemma lemma-st-part-le2:
[| (z::hypreal) € HFinite;
isLub Reals {s. s € Reals & s < z} t;
r € Reals; 0 < 1 |]
==>t+ —r <z
apply (frule isLubD1a)
apply (rule ccontr, drule linorder-not-le [THEN iffD1])
apply (drule Reals-minus, drule-tac a = t in Reals-add, assumption)
apply (drule lemma-st-part-gt-ub, assumption+)
apply (drule isLub-le-isUb, assumption)
apply (drule lemma-minus-le-zero)
apply (auto dest: order-less-le-trans)
done

lemma lemma-st-partla:
[| (z::hypreal) € HFinite;
isLub Reals {s. s € Reals & s < z} t;
7 € Reals; 0 < r |]
=>z+ —t<r
apply (subgoal-tac © < t+r)
apply (auto intro: lemma-st-part-lel)
done

lemma lemma-st-part2a:
[| (z::hypreal) € HFinite;
isLub Reals {s. s € Reals & s < z} t;
r € Reals; 0 <]
=>—(z+ —-t)<r
apply (subgoal-tac (t + —r < x))
apply (auto intro: lemma-st-part-le2)
done

lemma lemma-SReal-ub:
(z::hypreal) € Reals ==> isUb Reals {s. s € Reals & s < z} z
by (auto intro: isUbI setlel order-less-imp-le)

lemma lemma-SReal-lub:
(z::hypreal) € Reals ==> isLub Reals {s. s € Reals & s < z} z

103



THEORY “NSA” 104

apply (auto intro!: isLubI2 lemma-SReal-ub setgel)
apply (frule isUbD2a)

apply (rule-tac ¢ = ¢ and y = y in linorder-cases)
apply (auto intro!: order-less-imp-le)

apply (drule SReal-dense, assumption, assumption, safe)
apply (drule-tac y = r in isUbD)

apply (auto dest: order-less-le-trans)

done

lemma lemma-st-part-not-eql :
[| (z::hypreal) € HFinite;
isLub Reals {s. s € Reals & s < z} t;
7 € Reals; 0 < r |]
==>x+ —t#r
apply auto
apply (frule isLubD1a [THEN Reals-minus])
apply (drule Reals-add-cancel, assumption)
apply (drule-tac x = x in lemma-SReal-lub)
apply (drule hypreal-isLub-unique, assumption, auto)
done

lemma lemma-st-part-not-eq2:
[| (z::hypreal) € HFinite;
isLub Reals {s. s € Reals & s < z} t;
r € Reals; 0 < 1 |]
==>—(z+ —t)#r
apply (auto)
apply (frule isLubD1a)
apply (drule Reals-add-cancel, assumption)
apply (drule-tac a = —z in Reals-minus, simp)
apply (drule-tac x = x in lemma-SReal-lub)
apply (drule hypreal-isLub-unique, assumption, auto)
done

lemma lemma-st-part-major:
[| (m::hypreal) € HFinite;
isLub Reals {s. s € Reals & s < z} t;
r € Reals; 0 < 1 |]
==>abs (z —t) <r
apply (frule lemma-st-partia)
apply (frule-tac [4] lemma-st-part2a, auto)
apply (drule order-le-imp-less-or-eq)+
apply (auto dest: lemma-st-part-not-eql lemma-st-part-not-eq2 simp add: abs-less-iff )
done

lemma lemma-st-part-major2:
[| (z::hypreal) € HFinite; isLub Reals {s. s € Reals & s < z} t ||
==>Vr € Reals. 0 <r ——>abs (z —t) <

by (blast dest!: lemma-st-part-major)
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Existence of real and Standard Part Theorem

lemma lemma-st-part-Ex:
(z::hypreal) € HFinite
==> 3t € Reals. Vr € Reals. 0 <r ——> abs (z — t) <r
apply (frule lemma-st-part-lub, safe)
apply (frule isLubD1a)
apply (blast dest: lemma-st-part-major2)
done

lemma st-part-Fx:

(z::hypreal) € HFinite ==> 3t € Reals. © Q= ¢
apply (simp add: approxz-def Infinitesimal-def)
apply (drule lemma-st-part-Ezx, auto)
done

There is a unique real infinitely close

lemma st-part-Fzxl: x € HFinite ==> EX! t::hypreal. t € Reals & x Q= t
apply (drule st-part-Ezx, safe)

apply (drule-tac [2] approz-sym, drule-tac [2] approz-sym, drule-tac [2] approxz-sym)
apply (auto introl: approz-unique-real)

done

8.9 Finite, Infinite and Infinitesimal

lemma HFinite-Int-HInfinite-empty [simp]: HFinite Int HInfinite = {}
apply (simp add: HF'inite-def HInfinite-def)

apply (auto dest: order-less-trans)

done

lemma HFinite-not-HInfinite:
assumes z: © € HFinite shows z ¢ HInfinite
proof
assume z": x € Hlinfinite
with z have = € HFinite N HInfinite by blast
thus Fulse by auto
qged

lemma not-HFinite-HInfinite: x¢ HFinite ==> x € HlInfinite
apply (simp add: HInfinite-def HFinite-def, auto)
apply (drule-tac x = r + 1 in bspec)

apply (auto)
done

lemma Hlinfinite-HFinite-disj: x € HInfinite | x € HFinite
by (blast intro: not-HFinite-HInfinite)

lemma Hlinfinite-HFinite-iff : (x € HInfinite) = (z ¢ HFinite)
by (blast dest: HFinite-not-HInfinite not-HFinite-HInfinite)
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lemma HFinite-HInfinite-iff : (x € HFinite) = (x ¢ HInfinite)
by (simp add: HInfinite-HFinite-iff )

lemma HlInfinite-diff- HFinite-Infinitesimal-disy:
x ¢ Infinitesimal ==> x € Hinfinite | © € HFinite — Infinitesimal
by (fast intro: not-HFinite-HInfinite)

lemma HFinite-inverse:

fixes z :: 'a::real-normed-div-algebra star

shows [| z € HFinite; x ¢ Infinitesimal || ==> inverse x € HFinite
apply (subgoal-tac = # 0)
apply (cut-tac x = inverse x in HInfinite- HF'inite-disj)
apply (auto dest!: HInfinite-inverse-Infinitesimal

simp add: nonzero-inverse-inverse-eq)

done

lemma HFinite-inverse2:

fixes z :: 'a::real-normed-div-algebra star

shows z € HFinite — Infinitesimal ==> inverse x € HFinite
by (blast intro: HF'