Fig. 4. Prett Prin ting Pro of Space #PROOF_S PAC E( );; asm0 (* Assump ti on *) |- |--> asm1 (* Assump ti on *) |- |--> /\ |--> asm2 (* Assump ti on *) |- unless lem10 (* HINT: asm1, |--> is transiti ve *) ... |- |--> lem20 (* HINT: asm0, asm2, PSP Law *) .. |- (p AND a) |--> ((q AND a) OR b) lem30 (* HINT: lem10, lem20, Cancella tio Law *) ... |- (p AND a) |--> ((q AND a) OR q) lem40 (* HINT: Lem30, |--> is monoton ic *) ... |- (p AND a) |--> () void think mac hi ne-lik to increase his pro ductivit Lik ewise, to increase con enience the mac hine should equipp ed with facilities to supp ort uman-l ev el reasoning. Then one will at least ha the hoice whether to pro ductiv or to ork con enien tl Moreo er this will mak mec hanical pro ving more accessible for the uninitiated. go st yle of mec hanical pro ving is, in opinion, to found in the order et een pro ductivit and con enience. Ac kno wledgem en wish to thank Doaitse Swierstra for his patience and resourcefulness in impro v ing this pap er. also thank Carl Seger for encouraging me to start writing this pap er. References 1. Cam bridge Univ ersit The HOL System utorial 1991. source included in the standard HOL pac age. 2. K.M. Chandy and J. Misra. Par al le Pr gr am Design ounda tion Addison- esley Publis hi ng Compan Inc., 1988. 3. J.T. Jeuring. The ories for lgorith Calculation PhD thesis, Utrec Univ ersit 1993. This article as pro cessed using the macro pac age with LLNCS st yle Fig. 3. Example of LEMMA st yle LEMMA (‘lem30‘ ," ((p :^P re d) AND a) |--> (q AND a) OR q", ‘HINT: lem10, lem20, Cancell at ion Law‘, ONCE_R EW RIT E_ TAC [pOR_SY M] THEN ASSUME _T AC (RECALL ‘lem10‘) THEN ASSUME _T AC (ONCE_RE WR ITE _RU LE [pOR_SY M] (RECALL ‘lem20‘ )) THEN IMP_RE S_ TAC CANCELA TI ON_ LAW ;; LEMMA (‘lem40‘ ," ((p :^P re d) AND a) |--> q", ‘HINT: Lem30, |--> is monotoni c‘, SUBGOA L_ THE "|== (((q AND a) OR q) IMP (q:^Pre d)) (\thm. ASSUME_T AC thm) THENL [pred_J ADE _TA 3; ALL_TAC] THEN ASSUME _T AC (RECALL ‘lem30‘) THEN IMP_RE S_ TAC LT_MONO TO NIC ;; or example if after feeding HOL with the complete pro of of the Jade Prop- ert PROOF_SPACE will sho as in Figure 4. Compare the prett prin with the pap er pro of giv en earlier. 3.3 In teracti Mo de The last argumen in the LEMMA statemen is tactic that actually pro es the lemm a. The question is of course ho one can construct this tactic. The answ er again is: the usual orking hard in in teractiv mo de. There are only three in teractiv Pro of Space op erations: Lg (Lemma set Goal) to set new lemm to pro en, Le (Lemma Extend) to replace the standard goal expander and LU (Lemm Undo) to delete lemm from the Pro of Space. Their use is analogous to that of Dg De and DU of the DERIV TION pac a ge. Conclusion What the DERIV TION and LEMMA pac a ges o�er is, �rst of all, con e- nien to write our pro of as ou ould do it on pap er. This will spare ou from ha ving to fuss ab out mac hi ne restrictions at to early stage. Secondly it impro es pro of readabilit as the pro of is no formatted ery uc in the same as pap er-and-p encil pro ofs. Thirdly it eeps record on the expressions or lemm as ou ha pro en so far. ou can at an mom en request prett prin of our pro of |complete with hin ts| whic lo oks as close as yp ewriter fon can to nicely prin ted pro of on pap er. Finally wish to sa that it has to admitted that in mec hanical theorem pro ving |as in an conjunction et een man and mac hi ne| man should learn to Pro AND 7! do so deriv e: lem10: asm1, ransitivit of 7! 7! lem20: asm0, asm2, PSP La AND 7! AND OR lem30: lem10, lem20, Cancellation La AND 7! AND OR lem40: lem30, Monotonicit of 7! AND 7! Notice the non-linearit in the pro of ab e: lem30 is inferred from lem10 and lem20. 3.1 Settin ssumption The �rst thing to do efore actually starting the pro of is to tell HOL the assump- tions the pro of ma use. This is accomplished function Set_Assumptio ns as has already een explained in Section 2. only an to add that the assump- tions are the �rst lemm a ou get for free, and so they are included in the Pro of Space. The follo wi ng will set up the assumptions to pro the Jade Prop ert y: #Set_Assump tions [(‘asm0‘," (p:^P red)| --> " (‘asm1‘,"(b:^P red)| -->c c|--> ") (‘asm ‘,"(a:^P red) un ess b") ;; 3.2 xtending ro Space extend the Pro of Space with new lemm ha to tell HOL, using the function LEMMA (a) the new lemm a, (b) ho to pro it, (c) its name for future reference s, and (d) hin as ho the lemm as inferred. 3.1 LEMMA (string term string tactic) -> void LEMMA (name, em, int ,tac) if success ful |that is, if tac can pro ?- em then it will add |- em to the Pro of Space and asso ciate the name name to it. int is string that hin ts ho |- em is inferred. access the lemm as already in the Pro of Space, RECALL is used, whic has already een explained in Section 2. Figure sho ws part of the pro of of the Jade Prop ert (lem30 and lem40) in the LEMMA-st yle. Compare the format with the pap er pro of giv en earlier. One can at an time request prett prin of the Pro of Space, complete with the hin ts with the function PROOF_SPACE 3.2 PROOF_SPACE void -> void Set_Assumptio ns (‘Asm1‘,A1) (‘Asm ‘,A ;; LEMMA (‘ em10‘,E1, Asm1, Asm PSP Law‘, ac1) ;; LEMMA (‘ em 0‘,E , Asm1, Monotonicit |-->‘, ac ;; ... LEMMA (‘ em100‘,E, em10, em 0, Cance Law‘, ac10) ;; Do not other with details et.The �rst line setup the assumptions of the pro of. Eac LEMMA statemen pro es lemma and adds it to the Pro of Space. or example the second LEMMA deriv es and ac is the tactic to pro this. The second argumen of LEMMA is string that serv es as hin as ho the lemm is inferred. The only primiti op erations are: initiali zation of, addition of lemm to, deleting lemm from, and prett prin ting the Pro of Space. These will de- tailed in the next subsections. The pac a ge again supp orts an in teractiv mo de. The est to explain ho to use the pac ag is again an example. will consider an example from programm i ng logic ]. Consider non terminating program. or predicates and unless means that once holds it will hold at least un til ecomes true, and 7! means that once holds then ev en tuall will hold. The inference rules elo hold for these op erators. What they op erationally mean is not imp ortan for our purp ose. Our in terest is only in the calculation. Monotonicit of 7! 7! 7! ransitivit of 7! 7! 7! 7! PSP La 7! unless AND 7! AND OR Cancellation La 7! OR 7! 7! OR are in terested in pro ving the follo w ing prop ert whic for con enience will refer as the ade er ade rop ert p; a; b; 7! 7! 7! unless AND 7! pap er pro of of the Jade Prop ert go es as follo ws. ssume asm0 asm1 asm2 7! 7! 7! unless simple rewriting will pro this. The resulting deriv ation is sho wn automaticall Notice that hin can |as in this case| pro vide more informa tion than the tactic that pro es deriv ation step. #Dg(" :boo ->boo ->bo ", "( )) dom)", is an invo ution‘ ;; U( )) U( PLUS PLUS PLUS () void #De(ASM_RE RI E_ AC[] ;; .. goa proved |- U( )) "Derivatio n" re ivit "( U( )) () void undo the last deriv ed expression, use DU er not ent on, e. 2. DU void -> void ge As said efore in Section 1, pro of is most naturally set structure and as suc an to to represen pro ofs in HOL. is essen tially set of the lemma pro en so far. access the lemm as it is necessary that unique name is asso ciated with eac lemm a. It is up to the user to ho ose the names. When pro ving new lemm a, one is free to use an lemm as existing in the Pro of Space. Assumptions can considered as initiali zation of the Pro of Space. The pac ag uses global ariabl es to o, so nesting is again not ossible. This has een done so accessing lemm as ecomes simpler. Indeed, trade exibilit for simplicit and hop that in practice eople will ene�t more from the latter. Let us assume an to pro |- giv en A1 and as assumptions. pro of using the LEMMA ac age lo oks essen tially as follo ws: #DERI IO () ;; "Derivation" is an invo ution "( U( )) Unit Design uation "d (( PLUS )" PLUS is commutative and Unit Design uation "( )" () void 2.4 In teracti eriv at ion The last argumen in the DERI statemen is tactic that justi�es the deriv ation step. The question is of course ho one can construct this tactic. The answ er is: in the usual orking in teractiv ely assume the reader is famil iar with this practice otherwise he migh consult the HOL utorial ok ]. There are only three op erations for in teractiv deriv ation Dg (Deriv atio step set Goal) to set the target expression of deriv ation step, De (Deriv atio Extend) to replace the standard goal expander and DU (Deriv ation Undo) to undo deriv ation step. 2. Dg (term term string) -> void Let the last deriv ed expression so far, the base relation, and Asm the list of assumptions of the deriv ation. Dg (R, int) in ok es the subgoal pac age and mak es ?- as the goal and Asm as the assumptions. or the deriv ation to mak sense ust either or int is string represen ting the hin asso ciated with the deriv ation step. One is free to manipulate the goal th us created using b,e and as usual. One can ho ev er opt to use De instead of to automatical ly extend the deriv a- tion. 2. De tactic -> void De orks in the same as except that when the goal is pro en, the deriv ation is automati cally extended with the expression whic as men tioned in the call to Dg Also the resulting deriv ation is then prin ted. The �gure elo sho ws ho to use Dg to setup the deriv ation of from Notice that this actually means pro ving the equalit mak sense should either or int is string represe ting the hin asso ciated with the deriv ation of from In case of successful DERI the theorem |- is also prin ted. The complete HOL pro of of in ersion using DERI is displa ed elo w. It de�nitely lo oks neater then the pro of with SU OAL_ as displa ed in the earlier section. DERI E(" :b oo -> boo - >boo ", "( )) dom)", is an invo ution‘, RE RI E_ AC[RE CALL U_I O‘]) ;; DERI E(" :b oo -> boo - >boo ", "d PLUS dom)", Unit Design uation‘, RE RI E_ AC [RECALL ‘U _DE‘]) ;; DERI E(" :b oo -> boo - >boo ", dom))", PLUS is commutative and Unit Design uation‘, CE_RE RI E_ AC [RECALL ‘PLUS_COM‘] RE RI E_ AC[RE CALL ‘U _DE‘]) ;; Let the starting expression, the last deriv ed expression, and the base relation. Th us is deriv able from Assuming that eac deriv ation step consisten tly preserv es the relation, it follo ws from the transitivit of that holds. extract this theorem from the deriv ation use the function (Extract Theorem from Deriv ation). 2. void -> or example, after the complete deriv ation of in ersion is fed to HOL, will return the in ersion theorem: #E D();; ... |- an mom en one can request prett prin of the deriv ation constructed so far with the function DERI IO 2. DERI IO void -> void or example after the complete pro of of in ersion is fed to HOL, DERI IO will prin as displa ed elo w. Notice ho uc it lo oks lik the deriv ation in Fig- ure 1. lab el is used to refer to the assumption. The follo wi ng sets up the assumptions of our example deriv ation: #Set_Assumpti ons [(‘U _DE‘, dom) PLUS ") (‘PLUS_COM‘," dom) PLUS PLUS ") (‘ U_I O‘, dom. U( ") ;; An assumption (in theorem form) can accessed using the function RECALL 2.2 RECALL string -> The argumen is string whic is the lab el of the assumption wish to access. This should the same lab el set up function Set_Assumptions or example RECALL U_I O‘ will return |- U( Ha ving set the assumptions, to start deriv ation one has to tell HOL oth the base transitiv relation and the starting expression. This is done with the function (’ egin Deriv ation’). 2.3 term -> term -> void The function has argumen ts. The �rst is the preorder relation up on whic the deriv ation should based. The second is the starting expression. This function initiali zes arious global ariabl es, and as side e�ect it redispla ys the list of assumptions, the base relation, and the egin expression. at on to tr an for the deriv ation to mak sense. The follo wing starts the deriv ation of in ersion: :boo ->bo -> boo "( dom) ;; 2.3 xtending eriv ati on extend the deriv ation with new expression one has to pro vide (a) the new expression, (b) the relation et een the new expression and the last expression deriv ed so far |this is either the base relation or equalit y|, (c) the hin t, and (d) the tactic that justi�es the deriv ation step. This is done with the function DERI 2.4 DERI (term term string tactic) -> void Let sa that is the last deriv ed expression and that is the base preorder of the deriv ation. Then the call DERI (R, int, ac) if it succeeds |that is, if ac pro es ?- |, will add to the deriv ation. or the deriv ation to and 2. Then pro of with the DERIV TION pac age lo oks lik e: Set_Assumpt ions (‘asm1‘, A1); (‘asm ‘, ;; ;; DERI (" ", E1, is monotonic‘ ac1) ;; DERI (" ", asm and is unit ‘, ac ;; ... DERI (" ", ,‘ ows rom asm1‘, acLast) ;; Do not other with the precise details et. The �rst line sets up the as- sumptions of the deriv ation. The second line indicates the base relation of the deriv ation and the starting expression. As are in terested in pro ving then is the ob vious hoice of the base relation. The starting expression is of course Eac DERI statemen is deriv ation step. or example the second DERI deriv es from and ac is the tactic whic do es the ork |more precisely the tactic should pro ?- E1 The third argumen of DERI is just the hin asso ciated with the deriv ation step. DERI or on er. nt art DERI onta an-r ada or at on at ot ate at on der at on te ta art ne de deta t and on at te One can also at an time prett y-prin the deriv ation so far. The format is ery uc lik in Figure 1. In further subsections will discuss eac function in further detail. Ho to use the DERIV TION pac age is est explained an example. will again pro the in ersion theorem. consider general triple ). Under the assumptions that: 1. is an in o lutio n, that is, 2. is comm utativ 3. Unit Design Equation is satis�ed, that is, will pro the in ersion theorem, that is: 2.2 Settin up eriv ati on The �rst thing to do is to et on This is done with function Set_Assumption 2.1 Set_Assumpti ons (string term) ist -> void The argumen is list of pair where is olean term represen ting -th assumption and is string represen ting the lab el of assumption The the linear pro of st yle as in Figure 1. ge The idea is quite similar to the WINDO library Jim Grundy The actual pac age ho ev er is simpler to use and exp ect that one will �nd it easier to learn. deriv ation, view ed as an ob ject, is list suc that In particular, transitivit of holds, where is the last expression in the deriv ation. tend der at on with new expression basically corresp onds to pro ving Suc sequence construction can generalized to deriv ation with resp ect to some transitiv relation whic is not necessarily an equalit In this case, either or should hold. The transitiv relation in the deriv ation in of in ersion ho ev er is just the olean equalit The basic idea is to extend HOL with deriv ation as new class of ob jects. The primitiv op erations are: initializatio n, extension, undoing, prett prin ting, and extracting theorem. These are the services pro vided the pac a ge, and are supp orted oth in in teractiv as ell as non-in teractiv mo des. The mec hanism is built on top of the existing pro of mec hanism s. This means one can use HOL as one is used to, but with the additional ossibilit to pro theorem in deriv ation-st yl e. The mec hanism emplo ys global ariables, whic prev en ts the construction of nested deriv ations. argue that eople should eep eac deriv ation step su cien tly small suc that one or line hin is enough for others to see wh and ho the step as tak en. If one should need sub-deriv ation to justify deriv ation step, this is go indication that the step tak en migh to big. The global ariables represen the curren deriv ation and the transitiv re- lation up on whic the deriv ation is based, and furthermore the assumptions of the curren deriv ation. go habit is to lea hin for ev ery deriv ation step. If the step is trivial, then sa so in the hin suc that those who later read it will at least are of the trivialit and can feel safe to skip it. th us included suc hin ts in the HOL in ternal represen tation of deriv ation, and consequen tly the user is required to explicitly supply suc hin ts when extending deriv ation. This is all sa here ab out the in ternal mec hanism in olv ed, since most users are not required to are of it. or our purp ose here, to the pac age is more imp ortan than or eople eager enough for the latter will probably �nd no di cult in reading the co de. 2.1 ro it ac age Supp ose wish to pro where is some transitiv relation (examples of suc relation: and ). Let us assume that are allo ed to assume some rewritings can compacter written than others or ecause some resolution will create few er garbage assumptions. go st yle should not mak explicit suc mec hanical considerations. One ma indeed ask wh other ab out the logic of the pro of at all. What coun ts is that the theorem is pro en. The en is only in teresting to displa to let other eople erify its correctne ss. Since HOL guaran tees correct- ness, suc or er at on is no longer necessary Ho ev er, eri�cation is not the only purp ose of displa yi ng pro ofs. The pro of ma giv more insigh in to the nature of problem than the theorem itself. It ma giv go exam- ple of an elegan use of the calculus in o lv ed. It ma also in olv some clev er tric whic ma inspire other pro ofs. Also, one ma wish to hange or extend the represen tation of an abstract domain. This implies re-doing the pro ofs and mo difying them accordingly Unfortunately if the pro ofs ere done quite some time ago |or orse, they ere written someone else| then this philosoph of or on en, one ne to no will de�nitely cause lot of anno ying re-thinking. There is of course neater of giving pro ofs using HOL. One can use the WINDO library Jim Grundy to mim ic the pro of st yle in Figure 1. One can also use the SU OAL_ tactical, st yle whic is displa ed elo w. et AC_PROOF (([U _DE; PLUS_COM; U_I O], dom). )"), REPEA AC SU OAL_ "( dom) m. RE RI E_ AC[t m]) RE RI E_ AC [ASSUME U_I O] ALL_ AC] SU OAL_ dom)) PLUS m. RE RI E_ AC[t m]) RE RI E_ AC [ASSUME _DE] ALL_ AC] SU OAL_ "(d: dom) (( PLUS )" m. RE RI E_ AC[t m]) CE_RE RI E_ AC [ASSUME PLUS_COM] RE RI E_ AC[ASS UME _DE]) ;; Indeed, the pro of is considerably larger than the pro of in Figure 2, but do not discouraged its size. or su cien tly complicated theorem this is more than fair price to pa as the logic and of the pro of is no made explicit. Still, this SU OAL_ mec hanism can enhanced further in order to facilitate and encourage ev en etter pro of st yles, esp ecially remo vi ng the ne- cessit to pro vide excessiv informatio and impro vi ng the visual app earance. Section discusses the DERIV TION pac age, an extension to HOL to supp ort it ma not ery precise only men ti oning the most imp ortan tric of the particular deriv ation step. The step is usually small enough for the reader to reconstruct the missing informatio |usually they are either trivialiti es or ell kno wn facts. or example hin (1) is ery precise while hin (3) assumes the reader is are that is comm utativ e. Indeed, suc trivialit is est eri�ed mac hi ne. This st yle has een success fully applied, esp ecially in the calculational deriv a- tion of algorithm from sp eci�cations ]. ourselv es ha practiced it with great pleasure er the ears and think it will great enhancemen if mec hani cal pro ving en vironm en ts ould also supp ort suc pro ofs. This is not to suggest to only use the mac hi ne as piece of pap er. readily admit that pap er and mac hine are basically di�eren pro of medium s. Still, when deal- ing with abstract domains where �niteness is not necessary prop ert |or not ev en desired| mec hani cal pro ving ecomes an extensiv in teraction et een man and mac hi ne. That is wh adv cate that success ful, mec hanicall sup- orted pro of st yle should com binati on of the ypical mac hi ne pro of st yles and pap er-and-p encil pro of st yles. HOL is de�nitely erful enough to deriv the in ersion. ypical (non- in teractiv e) pro of is giv en in Figure 2. Fig. ypical HOL Pro of of In ersion #let thm TAC_PROO (([UNIT _DE PLUS_COM NU_IN O], :*dom ). (NU (NU )"), REWRIT E_T AC [SYM(SP EC_ AL (ASSUM UNIT_D E)) THEN ONCE_R EWR ITE _T AC[ AS SUM PLUS_C OM THEN REWRIT E_T AC (map ASSUME [NU_IN O UNIT_D E]) ;; thm ... |- (NU (NU The pro of in Figure is de�nitely short, but unfortunately it do es not tell ou ery uc ab out the theorem is pro ed. It do es tell ou ab out what facts are used in the pro of |for example the comm utati vit of is used PLUS_COM and the Unit Design Equation is used wice _DE )| but ho the deriv ation is constructed, one has to decipher it from the co de, or to �nd out running the co de in in teractiv mo de. Either this is not con enien to follo the logic of the pro of and the linear pro of in Figure |despite its informal it at some oin ts| will signi�can tly more appreciated most uman readers. There is another signi�can di�erence. It ma the case that deriving from is more natural than the other around. et in HOL it can ery tempting to follo di�eren order |as in the pro of in Figure 2| or to in tro duce in termediate expressions whic are less natural ecause, for example, more con en ti onal mathem aticia ns ma cause the remark that they ha written ASCAL co de etter than that, and one will not able to construct ev en clue ab out the essen tial pro of steps tak en. Without the help of mac hines eople only use resolution and rewriting when it ecomes trivialit or commo kno wledge, or something whic can con- vincingly motiv ated despite the inform ali eople pro�t most from their in tel- ligence systematically breaking up the pro of in to smaller lemm as. pro of pro ceeds pro ving one lemm after another un til one �nally comes to the desired one. As the inference of lemm ma dep end on an |or ev en all| previously pro en lemm as, pro of is most naturally set structured. On the other hand, HOL with its Subgoal ac a ge seems to enforce that pro of has tree-lik structure, and if not it has to molded in to suc structure duplicating parts of the pro of. ut eople (and computer scien tists esp ecially) do not lik duplication, and so it ecomes sp ort as ho to construct tree-lik pro ofs without duplicating. do not consider this as preferable route. pro of should structured as it seems most natural to one’s mind. in uence this naturalit with the mac hine’s restrictions is to force man to think mac hi ne-lik e. Since the lemm as re ect ho one’s mind views and decomp oses the problem and since this is something mac hine cannot do, it is est to eep it this The mac hine should ho ev er pro vide an excellen en vironmen for the um an to decomp ose the problem in an desirable The mac hine can con tribute at an time whenev er lemm is su cien tly simple to pro en more or less automaticall Section discusses the LEMMA pac age, an extension to HOL to supp ort set structured pro ofs. sp ecial class of pro ofs is formed the linear pro ofs. In linear pro of the deriv ation of the next expression dep ends solely on the last deriv ed expression. Linear pro ofs read nice and are preferred man uite large um er of useful theorems can pro en with linear pro ofs. Figure displa ys an example of this st yle. It sho ws ho can deriv ed from assuming the at on Fig. Example of Deriv ation In ersion is an in olution, that is Unit Design uation Unit Design uation The hin ts tell us ho to deriv eac expression from the previous one although ISW Praset ksuniv ersiteit Utrec t, akgro ep Informatica ostbus 89, Utrec t, Nederland Email wishn cs.ruu.nl It is uite surprisin that after ears of exp erience there has een still ery little written ab out ho to presen and con- struct mec hanical pro ofs. Suc guideli nes ould de nitely help no vice. Since mec hanical pro ving is ery di eren from pro ving on pap er, it ma tak long time efore one gets accustomed to it and dev elops an cien st yle for constructing and presen ting suc pro ofs. raditional st yles, lik e.g. decomp osing problem in to lemmas and incorp orati ng hin ts to mak the logic of pro of visibl e, are not straigh tforw ardly tak en er to the HOL orld. In this pap er presen extensions to HOL, the DE TION and LEMMA pac ages, whic pro ofs can written in ery uc the same format as one ould on pap er. They are not in- tended as replacemen of existing HOL mec hanisms, but rather as an extension for enabli ng ork in higher lev el pro of en vironmen t. ategor Researc Rep ort Com ining nd ine man users of the HOL system, ev en after gaining extensiv exp erience, the con enience of encil-and-pap er pro of ould still ery tempting. Of course suc pro ofs do not ha the on ten er prop ert whic HOL pro vides, but on the other hand one is not othered complain ts if one delib erately has left out the yp of some function, or if one delib erately abuse some notation. Ev en if one is willing to accept the latter as fair price to pa for the rigorousness o�ered the mac hi ne, there is still another onderful asp ect of encil-and-pap er pro ofs missing: the abilit to adhere to sp eci�c pro of st yle, resulting in ell do cumen ted and easily readable pro ofs. Mac hines are ery go in doing brute resolution and rewriting, and this mak es them unsurpassed for pro ving prop erties of �nite domains, with tautology hec king for prop ositional logic eing the prime example. Ho ev er when one an ts to use mac hi nes to assist reasoning ab out abstract domains, things will ery so on explo de esp ecially as abstract domai ns are usually |and for go reason to o| in�nite. One has to man uall direct the mac hine in selecting what and ho to rewrite, and whic theorems exactly to use for resolution. When the pro of is �nally completed, HOL eteran will not surprised when erlo oking the long and obscure co de dev elop ed during the pro cess. Sho wing this result to