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Set Theory Primitives

® The type & set, which is similar to cx=bool

® The membership relation:
® The subset relation: C

* Reflexive, anti-symmetric, transitive

® The empty set: { }

® [he universal set;: UNIV
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Basic Set Theory Operations

e € {x. P(x)} < P(e)
ec{re A. Plx)} — ec AN P(e)
ec —A << e¢ A
ec AUB <= ec AVec B
ec ANB < ec ANe€ B
e € Pow(A) <— eC A
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Big Union and Intersection

e € (U:EB(:E)) < dz.e € B(x)
e € (UmEA.B(:E)) < dx € A.e € B(x)
eEUA<:> Jre A.eex

And the analogous forms of intersections...
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A Simple Set Theory Proof

o B o T

> Examples.thy
QO Z 4P Y .00 = 6 P
lemma (j

apply auto
» done

-u-:--- Examples.thy 2% L9 (Isar Utoks Abbrev; Scripting )=--=========c=c---
proof (prove): step 1

goal:
No subgoals!

-u-:%%- *goals* Top L1 (Isar Proofstate Utoks Abbrev;)-----------ccc---o

tool-bar next Y
T —
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Finite Set Notation

{ai....a,} =1mserta; (.. (mserta,{})..)

where

xEmsertaB < x=avx&EBRB
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Finite Sets

A finite set is defined inductively
in terms of {} and insert

finite(AU B) = (finite A A finite B)

finite A = card(Pow A) = 2244
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Proving Theorems about Sets

® |t is not practical to learn all the built-in lemmas.

® |nstead, try an automatic proof method:

e auto
e force

e blast

® FEach uses the built-in library, comprising hundreds
of facts, with powerful heuristics.

Tuesday, 18 September 12



Finding Theorems about Sets

Step |: click this button!

lemma Find theorems -
fixes ¢ :: "real” @
shows "finite A = setsum (¥x. ¢ * f xX) A = c * setsum f A"

apply (induct A rule: finite_induct)

apply auto

apply (Cauto simp add: algebra_simps)

done

-u-:--- Examples.thy 5% L13 (Isar Utoks Abbrev; Scripting )-==-=======cecea---
lemma finite ?A = (Zx€?A. ?c * ?f x) = ?c * setsum ?f ?A l

-u-:%%- *response* All L1 (Isar Messages Utoks Abbrev;)---------cecocaaaa--
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Finding Theorems about Sets

® OO0 > Examples.thy =)
DEE*xBE S $HEHRE XD
lemma ~
fixes ¢ :: "real” ()
shows "finite A > setsum (¥x. ¢ * f xX) A= ¢Cc * setsum f A"
apply (induct A rule: finite_induct)
apply auto
apply (auto simp add: algebra_simps)
done
-u-:--- Examples.thy 5% L13 (Isar Utoks Abbrev; Scripting J)========cecceccacaa-

lemma finite ?A = (Xx€?A. ?2¢c * ?f x) = ?c * setsum ?f ?A

-u-:%%- *response* All (Isar Messages Utoks Abbrev;)------------cc-ce-o-
Find theorems containing: "_ Un _" "_ Int _" card
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Which Theorems Were Found?

*response*
QO X AP Y »ifhi o0 = 6P
searched for: ™
ll- U —"
H_ n —"
"card"

found 2 theorems in 0.120 secs:

Finite_Set.card_Un_Int:

[finite ?A; finite ?7B]

=> card ?A + card 7B = card (?A v 7B) + card (?A n 7B)
Finite_Set.card_Un_disjoint:

[finite ?A; finite 7B; ?2A n 7B = {}] = card (?A v 7B) = card ?A + card 7B

-u-:%%- *response* All L2 (Isar Messages Utoks Abbrev;)---====cccccccceaax-
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Inductively Defined
Sets
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Defining a Set Inductively

® The set of even numbers is the least set such that
e (is even.
 |f nis even,then nt+2 is even.

® These can be viewed as introduction rules.

® We get an induction principle to express that no
other numbers are even.

® |nduction is used throughout mathematics, and to
express the semantics of programming languages.
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Inductive Definitions in Isabelle

Ind.thy
DO X 4P Y ..o 00w = 68
theory Ind 2
imports Main |
begin

subsection{*Inductive definition of the even numbers*}

inductive_set Ev :: where
Zerol:
| Add21:
-u-:**-  Ind.thy Top L10  (Isar Utoks Abbrev; Scripting )=-==-===-ceeeeaa--
Proofs for inductive predicate(s) "Evp" ~

Proving monotonicity ...

-u-:%%- *response* All L2 (Isar Messages Utoks Abbrev;)------------cccceeoo
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Even Numbers Belong to Ev

& N MO

> Ind.thy O
VO EIAr Y G ..o s o P
text{*All even numbers belong to this set.*} -
lemma "2*k : EV" U
apply (induct k)

Papply auto

apply (auto simp add: Ze dd2I)
done

ordinary induction

yields two subgoals S
-u-:**- Ind.thy 6% L17 :

proof (prove): step 1
goal (2 subgoals):
1. 2 *0 € kv

2. N\k. 2 * k e Ev = 2 * Suc k € Ev

-u-:%%- *goals* Top L1 (Isar Proofstate Utoks Abbrev;)
tool-bar next




Proving Set Membership

®OO0 s> Ind.thy )

CO X 4P Yo O = 6 F

text{*All even numbers belong to this set.*}
lemma "2*k : EV"
apply (induct k)
apply auto
»apply (auto simp add: Zerol Add2I)
done

&)

-u-:**-  1Ind.thy

after simplification, the subgoals
resemble the introduction rules

proof (prove): step 2

goal (2 subgoals):
1. @ € Ev
2. Nk. 2 * k € Ev = Suc (Suc (2 * k)) € Ev

-u-:%%- *goals* Top L1 (Isar Proofstate Utoks Abbrev;)-------------c----
tool-bar next
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Finishing the Proof

® O O > Ind.thy O
WO I 4> X o0 < 6P

text{*All even numbers belong to this set.*} r
lemma "2*k : EV" Ok

» done

apply (induct k)
apply (auto intro: Zerol Add2I)

Isabelle also supports

introduction rules

goal:

-u- %%~

Ind.thy 2 (backward chaining)

proof (prove): step 2

No subgoals!

*goals* Top L1 (Isar Proofstate Utoks Abbrev;)----------

tool-bar goto
 —

........

/.

Tuesday, 18 September 12



Rule Induction

Proving something about every element of the set.
It expresses that the inductive set is minimal.
It is sometimes called “induction on derivations”

There is a base case for every non-recursive
introduction rule

...and an inductive step for the other rules.
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Ev Has only Even Numbers

® 0O > Ind.thy @)
QO EZ 4P Y GG..o00w o 6 F

text{*All elements of this set are even.*} Py
lemma "n € Ev = 3k. n = 2*K" 0
»apply (indu&t n rule: Ev.induct)

apply auFo
S’y arith naming the induction rule

rule induction is needed!

-u-:**-  Ind.thy 13% L43  (Isar Utoks Abbrev; Scripting )=--======ceeeee---
e
proof (prove): step 0
goal (1 subgoal):
l.nektv= 3k. n=2*k
»

-u-:%%- *goals* Top L1 (Isar Proofstate Utoks Abbrev;)-------------c----
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An Example of Rule Induction

®OO0 s> Ind.thy )

CO X 4P Yo O = 6 F

text{*All elements of this set are even.*}
lemma "n € Ev = 3k. n = 2*k" ()
apply (induct n rule: Ev.induct)

Papply auto
apply arith
done

-u-:**-  1Ind.thy 13% L39 (Isar Utoks Abbrev; Scripting J)========eecceccacaa-
proof (prove): step base case: n replaced b)’ 0

1.3k.0=2*k
2. An. [n€Ev; 3k. n=2 *kl = 3k. Suc (Suc n) =2 *k
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One Tricky Goal Left!

® OO0 s Ind.thy O

QX 4P Yo = 6P
text{*All elements of this set are even.*}

lenma "n € Ev = 3k. n = 2*k" ()
apply (induct n rule: Ev.induct)
apply auto
papply arith
done
-u-:**-  Ind.thy 13% L40 (Isar Utoks Abbrev; Scripting )==-=====cecccaaa--
h

proof (prove): step 2

goal (1 subgoal):
1. Ak. 2 * k € Ev = 3ka. Suc (Suc (2 * k)) = 2 * ka

Too difficult for auto,

but easy for arith!

-u-:%¥%- *goals*
tool-bar next
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A Final Example
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Defining Finiteness

®OO0 s> Ind.thy )

CO X 4P Yo O = 6 F

subsection{* Proofs about finite sets *}
text{*The finite powerset operator*} ()
inductive_set Fin :: "'a set set” where

emptyIl: "“{} & Fin’

| insertI: "A € Fin ==> insert a A € Fin"

declare Fin.intros [intro]

-u-:**-  Ind.thy ¥ make the rules available

to auto,blast

"/

A

v

-u-:%%- *response* All L1 (Isar Messages Utoks Abbrev;)----------cccceceon-
tool-bar goto

PA
y/2
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The Union of Two Finite Sets

/. N .

Ind.thy
QO X 4P XY O = 6 F

lemma : * B | -
apply (induct A rule: Fin.induct)

»apply auto ()
done 2 .
perform induction on A

-u-:**- Ind.thy 24% L68 (Isar Utoks Abbrev; Scripting )==-==---cccccaaaa-
-
proof (prove): step 1
goal (2 subgoals):
1. B€ Fin = {} UB € Fin
2. NA a. [A € Fin; B € Fin = AUB € Fin; B € Finl = 1insert a A U B € Fin
"/

-u-:%%- *goals* Top L1 (Isar Proofstate Utoks Abbrev;)-------------cu---
tool-bar next
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A Subset of a Finite Set

®00 5 Ind.thy =
QO X 4P Y )G o0 < 6 F

lemma "[| A € Fin; B € A |] => B € Fin" »
apply (induct A arbitrary: B rule: Fin.induct)

»apply auto O

to prove that every

subset of A is finite

-u-:**-  1Ind.thy 27% L79 (Isar Utoks Abbrev; Scripting J)========cecceccacaa-

proof (prove): step 1

as seen in the induction hypothesis

goal (2 subgoals):
1. AB. BS€ {} = B € Fi
2. NAaB. [A€Fin; AB. BSC A= B € Fin; B € insert a A] = B € Fin

A

v

-u-:%%- *goals* Top L1 (Isar Proofstate Utoks Abbrev;)-------------=----
tool-bar next /4
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A Critical Point in the Proof

® OO Ind.thy
QO X 4P XY O = 6 F

lemma . |

apply (induct A arbitrary: B rule: Fin.induct)

apply auto (]
| : A _

-u-:**-  Ind.thy 27% L80  (Isar Utoks Abbrev; Scripting )=====-==ceeeceee--

M

proof (prove): step 2

goal (1 subgoal):
1. AAa B. [AB. BSC A= B € Fin; B € insert a Al = B € Fin

nhow what??

-u-:%%- *goals* Top L1 (Isar Proofstate Utoks Abbrev;)

tool-bar next
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Time to Try Sledgehammer!

o e A€ m Refute (C-c C-a <r>)
BVoi1Ar 1 & : Show Me > Quickcheck (C-c C-a C-q) i

lemma | Sledgehamper (C-c C-a C-s)

apply (induct A ar‘bltr‘ar‘y B rule Favc?urites > Display Draft (C-c C-a C-d)
apply auto Settings *  Print Draft (C-c C-a C-p) )
Start Isabelle (C-c C-s \ r

Exit Isabelle (C-c C-x)
Set Isabelle Command

Help >

-u-:**- 1Ind.thy 27% L8O (Isar Utoks Abbrev; Scripting )=======-cecccea---

-u-:%%- *response* All L1 (Isar Messages Utoks Abbrev;)----------------u---
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Success!

®@00 s Ind.thy o
QO X 4P Y )G o0 < 6 F

lemma “[| A € Fin; B S A |] => B € Fin" ra
apply (induct A arbitrary: B rule: Fin.induct)

apply auto [)

this command should

-u-:**-  Ind.thy 27% L8O (Isar Utc
Sledgehammer: external prover "spass' #0r subgoal PI"OVG the goal
AA a B. [AB. B € A = B € Fing®"C insert a Al = B € Fin
Try this command: apply (metis Fin.insertl Int_absorbl Int_commute Int_insert_ri?
sght Int_lowerl m f inser
For minimizing the number of lemmas try this command:
atp_minimize [atp=spass] Fin.insertl Int_absorbl Int_commute Int_insert_right In@2
st_lowerl mem_def subset_insert

this one may return a

more compact command

-u-:%%- *response* All L1 (Isarf Me : DDrev
menu-bar Isabelle Commands Sledgehammer p
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The Completed Proof

» O C Ind.thy

WCO X 4P Y -2 00w = 6 ¢

lemma

apply (induct A arbitrary: B rule: Fin.induct)

apply auto (')

apply (metis Fin.insertl Int_absorbl Int_commute Int_insert_right Int_lowerl mem=
¢ _def subset_insert)

-u-:**- Ind.thy 27% L85 (Isar Utoks Abbrev; Scripting )==-==---cccccaaaa-

proof (prove): step 3

goal:
No subgoals!

-u-:%%- *goals* Top L6 (Isar Proofstate Utoks Abbrev;)-------------cu---
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How Sledgehammer Works

Problem and
|00s of lemmas

Isabelle

Vampire

Theorem provers run
in the background.
Isabelle can still be

used!

Tuesday, 18 September 12



Notes on Sledgehammer

It is always available, but it cannot work miracles.

It does not prove the goal, but returns a call to
metis.This command usually works...

The minimise option removes redundant
theorems, increasing the likelihood of success.

Calling metis directly is difficult unless you know
exactly which lemmas are needed.
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Counterexample Finding

® Don’t waste time trying to prove impossible
statements!

® |sabelle can find counterexamples quickly...

* quickcheck: random testing of executable
specifications (broadly interpreted)

* nitpick: a more general, SAT-based
counterexample finder

® Consider switching on “auto quickcheck” or “auto
nitpick”, although they can be slow!
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Nitpick Example

8@ Aquamacs File Edit Options Tools pirld|l8 Proof-Ceneral Tokens Maths Window He
©00 ™ BT.thy 216

QO I4DPYHAELOTS 6F

@ Def.thy C BT.thy |

lemma reflect_reflect_ident: reflect (reflect t) =t
apply (induct t)
apply auto
done

lemma reflect t =t

u-:**- BT.thy 62% (17,1) (Isar Utoks Abbrev; Scripting )

o *response* | [ *goals*
Nitpicking formula...

Nitpick found a counterexample for card 'a = 4:

Free variable:
t = Br al (Br a2 Lf Lf) Lf

ul:%%- *response* All (6,30) (Isar Messages Utoks Abbrev)
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Other Things to Learn

® structural operational semantics (SOS):
definitions and proofs

® the Isar structured proof language
® axiomatic type classes
® |ocales and contexts

® code generation
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