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Dedekind Category

A Dedekind category (locally complete division allegory) D is a
category satisfying the following:
e (D(X,Y),E,M,U,=,0xy, Vxy) is a complete Heyting
algebra
o Converse *: D(X,Y) — D(Y, X) satisfying
(aB) = plot, (') =, * C a*if a C o
is given
Fora: X —-Y,08:Y —Z,~v: X — Z
o Dedekind formula a8 M~ C a(B M afv) holds

e Residual composition oo > B: X — Z is a morphism s.t.
Vé: X - Z.6Ca>Biffa*s C 3
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The category Rel(L) of sets and L-relations
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The category Rel(L) of sets and L-relations
X,Y: sets, L: complete Heyting algebra

o L-relation a: X — Y isa mappinga: X XY — L

e For a,a’: X — Y the ordering @ C ' is defined by
Ve € XVy € Y.a(z,y) < o'(z,y)

e Fora: X — Y, 3:Y — Z the composition a3: X — Z is
defined by a3(x, z) = Vyey (a(z, y) A B(y, 2))
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The category Rel(L) of sets and L-relations

The category FRel (= Rel([0,1])) of sets and
fuzzy relations

The category Rel (= Rel({0,1})) of sets and

relations
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Background

Rel(L), FRel, Rel: Objects are sets

Points of objects are available
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Objects are objects (may be pointless)
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Background

Rel(L), FRel, Rel: Objects are sets

Points of objects are available

notion of points and point axioms
for Dedekind categories have been studied

Dedekind category: Objects are objects

Objects are objects (may be pointless)
Only homsets have a rich structure

RAMICS13 20. 09. 2012



Background

notion of points and point axioms (PA), (PA,)

for Dedekind categories have been introduced

In addition to this, related axioms such as
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Background

notion of points and point axioms (PA), (PA,)

for Dedekind categories have been introduced

In addition to this, related axioms such as
o axioms of totality (Tot), (Tot,)
o axiom of subobject (Sub)
o axiom of complement (Ba)
o relational axiom of choice (AC)

have been introduced.
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What we have done

o Summarise interrelations of point axioms and
some related axioms
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What we have done

o Summarise interrelations of point axioms and
some related axioms

o Remark some fundamental facts on L-relations

o Study under Winter's sufficient conditions

(Winter, M.: Complements in distributive
allegories. RelMiCS 2009)
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a: X —-Y
ccunivalent <> ofa C idy

H. Furusawa (Kagoshima Univ.) RAMICS13 20. 09. 2012 6/



a: X —-Y

ccunivalent <> ofa C idy
o:total <—=> idx C aa’
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a: X —-Y

ccunivalent <> ofa C idy

o:total <—=> idx C aa’
o tfn <> oc:univalent and total
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a: X —-Y

ccunivalent <> ofa C idy
o:total <—=> idx C aa’
o tfn <> oc:univalent and total

I: object

I:unit <= 077 # id;y = Vg
/\VX.(VXIVIX = Vxx)

( substitute for a singleton set )
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X object, I: unit

Atfh x: I — X is called an I-point of X
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X: object, I: unit

Atfh x: I — X is called an I-point of X

Notations

r € X <= xisan I-point of X
p: I — X

a:ép<:>a:éX/\a:Ep
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(PA) vVX. (VIX = UméXCB)
( universal relation Vx is the sup of all I-points of X )
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(PA) vVX. (VIX = UméXCB)
( universal relation Vx is the sup of all I-points of X )

(PAL) Vp: I — X.(p = I_lwépa:)
( relation p: I — X is the sup of all I-points in p )
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On Point Axiom (PA)

(PA) vX. (VIX = uwéXm)

The following three are equivalent to (PA)
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On Point Axiom (PA)

(PA) vX. (VIX = uwéXm)
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oidx = I_ImEXw x
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On Point Axiom (PA)

(PA) vX. (VIX = uwéXm)

The following three are equivalent to (PA)

. . . 4
oidx = I_ImEXw x

o Va,a': X — Y.
Ve € X.(xa = za') — (a = )]
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On Point Axiom (PA)

(PA) vX. (VIX = uwéXm)

The following three are equivalent to (PA)
oidx = I_IméXw”m
o Va, Q/: X —Y.
Ve € X.(xa = za') — (a = )]
oVu,pu': X — 1.
Vz &€ X.(zp = zp') — (n = )]
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Axioms of Totality

(Tot)
VX.[(Vix # 0rx) — (idr = VixVxr)]

( nonzero universal relation Vx is total )
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Axioms of Totality

(Tot)
VX.[(Vix # 0rx) — (idr = VixVxr)]

( nonzero universal relation Vx is total )

(Tot,)
Vp: I — X.[(p # 0rx) — (idr = pp?)]

( nonzero relation p: I — X s total )

RAMICS13 20. 09. 2012 10 / 21



Point Axiom and Totality

(P ) vVX. (VIX = Llwéxil?)

(PA) Vo: I — X.(p=U o )

(Tot) vX. [(VIX 75 ij) — (ldI VIXVXI)]
(Tots) Vp: I — X.[(p # O1x) — (idr = pp")]

(PA) — (Tot)

T T
(PA,) — (Tot)
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On Totality (Tot,)

(Toty) Vp: I — X.[(p # 01x) — (id; = pp*)]

The following three are equivalent to (Tot,)
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On Totality (Tot,)

(Toty) Vp: I — X.[(p # 01x) — (id; = pp*)]

The following three are equivalent to (Tot,)

o All I-points x: I — X are atoms of
D(I, X)
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On Totality (Tot,)

(Toty) Vp: I — X.[(p # 01x) — (id; = pp*)]

The following three are equivalent to (Tot,)
o All I-points x: I — X are atoms of
D(I, X)
e D(I,I)={0ys,ids}
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On Totality (Tot,)

(Toty) Vp: I — X.[(p # 01x) — (id; = pp*)]

The following three are equivalent to (Tot,)
o All I-points x: I — X are atoms of
D(I, X)
e D(I,I)={0yy,ids}
o All nonzero relations a: X — Y satisfy

VxxaVyy = Vxy (Tarski rule)
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(Tot.) in Rel(L)

(Tots) Vp: I — X.[(p # O1x) — (idr = pp")]
L: complete Heyting algebra

If Rel(L) satisfies (Tot,), L = {0,1}
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(Tot.) in Rel(L)

(Tot) Vp: I — X. [(p # 01x) — (idr = pp*)]
L: complete Heyting algebra

If Rel(L) satisfies (Tot,), L = {0,1}

Assuming (Tot,), an L-relation becomes
an ordinary relation
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Representation Theorem

(PA) vVX. (VIX = Uwéxm)

(Toty) Vp: T — X.[(p # Orx) — (idr = pp?)]

For a Dedekind category D satisfying (PA) and
(Tot,) there exists a full and faithful functor
which embeds D into Rel.
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Representation Theorem

(PA) vVX. (VIX = LlwéXCL‘)

(Toty) Vp: T — X.[(p # Orx) — (idr = pp?)]

For a Dedekind category D satisfying (PA) and

(Tot,) there exists a full and faithful functor
which embeds D into Rel.

The functor is determined by
x: D — Rel(D(1,1I))
X — {z|z€ X}

X x(X) xx(Y) 3 (z,9)
la x(a) 1
Y D(I,1I) > zayt
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Axiom of complement

(Ba) Va: X — Y. (a -« = ny)

( each relation has a complement )
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Axiom of complement

(Ba) Va: X — Y. (a -« = ny)

( each relation has a complement )

(PA) vX. (VIX = Uwéxw)
(Toty) Vp: I — X.[(p # Orx) — (idr = pp?)]

Theorem (PA) A (Tot,) — (Ba)
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Axiom of complement

(Ba) Va: X — Y. (a -« = ny)

( each relation has a complement )

(PA) vX. (VIX = Uwéxw)

(Toty) Vp: I — X.[(p # 01x) — (idr = ppt)]
Theorem (PA) A (Tot,) — (Ba)
o't X —Y st x(&) =x(a)  isa

complement of a«: X — Y since Rel satisfies
(Ba) and x is full and faithful.
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Axiom of complement

(Ba) Va: X — Y. (a -« = ny)

( each relation has a complement )

(PA) vX. (VIX = uwéxm)
(Toty) Vp: I — X.[(p # Orx) — (idr = pp?)]

Theorem (PA) A (Tot,) — (Ba)
o't X —Y st x(&) =x(a)  isa

complement of a«: X — Y since Rel satisfies
(Ba) and x is full and faithful.

(another proof is given in the paper)
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Axiom of complement

(Ba) Va: X — Y. (a U —~a = Vxy)

( each relation has a complement )

(PA) vVX. (VIX = uwéXZB)
(Tots) Vp: I — X. [(p # Orx) — (idr = pp?)]

Theorem (PA) A (Tot,) — (Ba)

(PAL)Vp: T — X.(p=U o x)
xrep

Remark Since (PA,) — (PA) A (Tot,),
(PA,) — (Ba)
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Axiom of Choice

(AC) Va: X — Y.
(idx C aof) — 3f: X — Y. (f C a)]

( each total relation contains at least one tfn )
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Axiom of Choice

(AC) Va: X — Y.
(idx C aof) — 3f: X — Y. (f C a)]

( each total relation contains at least one tfn )

(AC) fails in FRel.
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Axiom of Choice

(AC) Va: X — Y.
(idx C aof) — 3f: X — Y. (f C a)]

( each total relation contains at least one tfn )

(AC) fails in FRel.

(0,1): open real interval
p: I x (0,1) — [0, 1] defined by p(*,t) =t
is total but no tfn contains.
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Axiom of Choice

(AC) Va: X — Y.
[(idx C act) - 3f: X - Y.(f C )]

( each total relation contains at least one tfn )

(AC) fails in FRel.

(AC) holds in Rel(L) if L is a complete Boolean
algebra.
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Axiom of Choice

(AC) Va: X — Y.
[(idx C act) - 3f: X - Y.(f C )]

( each total relation contains at least one tfn )

(AC) fails in FRel.

(AC) holds in Rel(L) if L is a complete Boolean
algebra.

Studying fuzzy relation,
(AC) should not be assumed
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Winter (2009)

e For all equivalence relations 6 : X — X, there exists a tfn (total
splitting) s : X — @ such that s*s = idg and ss* = 6.

@ For all pairs of objects X and Y there exists an object (relational
sum) X +Y together with a pair of tfnsi: X — X +Y and
Jj:Y — X +Y satisfying

fiujt =idx,y, f=idx, jj*=idy, and i =0xy.

@ For all pairs of objects X and Y there exists an object (relational
product) X x Y together with a pair of tfns p: X XY — X and
q: X xY — Y satisfying

pp*Mad® =idxxy, pp=idx, ¢fqg=idy, and piqg= Vxy.

Theorem (AC) — (Ba) in D with total splittings,
relational sums and relational products.
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(Tot,) and (PA,)

(AQ) Va: X — Y.[(idx C acf) - 3f: X - Y.(f C a)]
(Ba) Vao: X — Y. (aU-a = Vxy)

(Tots) Vp: I — X.[(p # 01x) — (idr = pp*)]

(PAL) Vp: I — X.(p= uwépm)

Proposition

(AC) A (Ba) A (Tot,) < (AC) A (PA,)
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(Tot,) and (PA,)

(AQ) Va: X — Y.[(idx C acf) - 3f: X - Y.(f C a)]
(B)Va:X—/Y.(Oél_l—!a:VXy)

(Tots) Vp: I — X.[(p # 01x) — (idr = pp*)]

(PAL) ‘v’p:I—,X.(p:I_Iwépac)

Proposition (New)

(AC) A (Ba) A (Toty) < (AC) A (PA,)
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(Tot,) and (PA,)

(AQ) Va: X — Y.[(idx C acf) - 3f: X - Y.(f C a)]
(Ba) Vao: X — Y. (aU-a = Vxy)

(Tots) Vp: I — X.[(p # 01x) — (idr = pp*)]

(PAL) Vp: I — X.(p= uwépm)
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and Theorem in the last slide implies
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(Tot,) and (PA,)

(AQ) Va: X — Y.[(idx C acf) - 3f: X - Y.(f C a)]
(Ba) Vao: X — Y. (aU-a = Vxy)

(Tots) Vp: I — X.[(p # 01x) — (idr = pp*)]

(PAL) Vp: I — X.(p= uwépm)

Proposition (New)
(AC) A (Ba) A (Toty) <« {ACHA (PA)

and Theorem in the last slide implies

Corollary If D with total splittings, relational
sums and relational products satisfies (AC),

(Tot,) < (PA,) X
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(Tot,) and (PA)

ACQ)Va: X — Y.[(ildx C aaf) — 3f: X =Y. (f C a)]
Ba) Va: X — Y. (al ~a = Vxy)
Tot.) Vp: I — X.[(p # Orx) — (idr = pp?)]

PA) vVX. (VIX = umélew)

(
(
(
(

Remark In D with (AC) A (Ba)
(Toty) — (PA) holds but (PA) — (Tot,) fails
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(Tot,) and (PA)

(AC)Va: X — Y. [(idx C aaf) — 3f: X — Y.(f C )]
(Ba) Vao: X — Y. (aU ~a = Vxy)
ET t) Vp: I — X.[(p # 01x) — (idr = pp*)]

*)
vVX. (VIX = umélew)

Remark In D with (AC) A (Ba)
Tot,) — (PA) holds but — (Tot,) fails

( (PA)
(Tot*) — (PA) follows from (PA,) — (PA) and
(AC) A (Ba) A (Totu) « (PA.)
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(Tot,) and (PA)

(AQ) Va: X — Y.[(idx C acf) - 3f: X - Y.(f C )]
(Ba) Va: X — Y. (aU~a=Vxy)
ET t) «)Vp: I — X.[(p # 01x) — (idr = pp*)]

X. :|_| °
vVX.(Vix weleaz)

Remark In D with (AC) A (Ba)
(Tots) — (PA) holds but (PA) — (Tot,) fails

B = {0, a,—a,1}: Boolean algebra
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(Tot,) and (PA)

AC)Va: X — Y.[(ildx C acf) — 3f: X =Y. (f C )]
Ba )Va:X—/Y.(al_I—!Of:VXy)
To t))Vm I — X.[(p#0rx) — (id; = pp*)]

X. :|_| °
vVX.(Vix weleaz)

Remark In D with (AC) A (Ba)
(Tots) — (PA) holds but (PA) — (Tot,) fails

(
(
(
(PA

B = {0, a,—a,1}: Boolean algebra
Rel(B) satisfies (AC) A (Ba) A (PA).
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(Tot,) and (PA)

(AQ) Va: X — Y.[(idx C acf) - 3f: X - Y.(f C )]
(Ba)Va: X — Y. (alU -~a=Vxy)
ETO «)Vp: I — X.[(p # 01x) — (idr = pp")]

A) vX. (VIX = UwéVIX:L')

Remark In D with (AC) A (Ba)
(Tots) — (PA) holds but (PA) — (Tot,) fails

B = {0, a,—a,1}: Boolean algebra
Rel(B) satisfies (AC) A (Ba) A (PA).
Though p: I X I — B defined by
p(*,*) = a is nonzero, pp* = p # idy.
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(Tot,) and (PA) New

(AC)Va: X — Y. [(idx C aaf) — 3f: X — Y.(f C )]

(Totu) ¥p: T — X.[(p # O1x) — (ids = ppt)]

(PA) vX. (VIX = umélew)

Remark In D with total splittings, relational sums,
relational products and (AC), (Tot,) — (PA)

holds but (PA) — (Tot,) fails
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(Tot,) and (PA) New

(AC)Va: X — Y. [(idx C aaf) — 3f: X — Y.(f C )]

(Tots) Vp: I — X.[(p # O1x) — (idr = pp*)]

(PA) vX. (VIX = umélex)

Remark In D with total splittings, relational sums,
relational products and (AC), (Tot,) — (PA)

holds but (PA) — (Tot,) fails

Rel(B): same as the last slide

Eq(Rel(B)): Dedekind category obtained by

total split construction
(Proof of Eq(Rel(B)) [=(AC) has not been finished in time)

K
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Summary of Interrelations

(PA) A (Tot.) (PA) — (NE) — (Tot)
) 1 1 1

(Ba) A (NE.) o (PA.) - (NE.) - (Tot.)
T T T T

(Ba)A(NE)A(Sub) < (PA)A(Sub) — (NE)A(Sub) — (Tot)A(Sub)
(AC)A(Ba)A(Tot,) <« A5~ (PAL)
Details of (NE), (NE,) and (Sub) are omitted in this talk.
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