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Theorem ([J. Curry]). Suppose 𝒟 is a complete category, and 𝑷𝑋 is 
the poset of face relations of a (say) simplicial complex 𝑋. Then, 
there is an equivalence of categories

𝑆ℎ𝒟 Alex 𝑷𝑋 ≃ 𝒟𝑷𝑋 .
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A cellular sheaf is a functor 
ℱ:𝑷𝑋 → 𝒟

where 𝒟 is an arbitrary category.



Our motivation is to compute limits i.e. global sections—consistent 
assignments of data to a sheaf.

In this talk, we consider cellular sheaves where

• 𝑋 is a graph, 𝐺 = (𝑉𝐺 , 𝐸𝐺)

• 𝒟 is a category of categories and adjunctions
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Graph Laplacian



𝐺 = 𝑉𝐺 , 𝐸𝐺 ,𝑊𝐺 is a weighted graph

𝑤𝑖𝑗 is weight of  𝑖𝑗 ∈ 𝐸𝐺

𝑑𝑖 is degree of 𝑖 ∈ 𝑉𝐺
𝑛 = |𝑉𝐺|

The graph Laplacian is a 𝑛 × 𝑛 matrix,

𝐿 𝑖𝑗 = ቐ

−𝑤𝑖𝑗 , 𝑖𝑗 ∈ 𝐸𝐺
𝑑𝑖 , 𝑖 = 𝑗
0, else

dim ker 𝐿 = # connected components

ሶ𝒙 = −𝐿𝒙 where 𝒙: 𝑉𝐺 → ℝ exponentially stable



Tarski Sheaves



𝐺 = 𝑉𝐺 , 𝐸𝐺 , a graph.

ℱ:𝑷𝐺 → ℒ𝑡𝑐, a functor.

Can we compute
lim ℱ:𝑷𝐺 → 𝒮𝑢𝑝

where ℱ:𝑷𝐺 → 𝒮𝑢𝑝 forgets right adjoints?

Definition. The Tarski Laplacian is an order preserving map

ෑ

𝑣∈𝑉𝐺

ℱ(𝑣)→
𝐿
ෑ

𝑣∈𝑉𝐺

ℱ(𝑣)

𝐿𝒙 𝑣 = ሥ

𝑒∈𝛿𝑣

ℱ𝑣<𝑒
𝑅 ሥ

𝑤∈𝜕𝑒

ℱ𝑤<𝑒
𝐿 (𝑥𝑤)



Theorem. Let ℱ:𝑷𝐺 → ℒ𝑡𝑐 be a Tarski sheaf over 𝐺. Then, 
𝑃𝑜𝑠𝑡 𝐿 = limℱ

𝑃𝑜𝑠𝑡 𝐿 = {𝒙: 𝐿 𝒙 ≽ 𝒙}

limℱ = 𝒙 ∈ ෑ

𝑣∈𝑉𝐺

ℱ 𝑣 :ℱ𝑣<𝑒
𝐿 𝑥𝑣 = ℱ𝑤<𝑒

𝐿 (𝑥𝑤)

Mimics Hodge Theorem: 𝐻𝑘 𝐶∙ ≅ ker 𝐿𝑘

Corollary. limℱ is a complete lattice. 

Proof. Tarski Fixed Point Theorem.



• Graph Signal Processing (GSP)

• Formal Concepts

• Consensus



Cellular Stacks



𝒞𝑎𝑡𝒜𝑑𝑗 is a 2-category.

ℱ:𝑷𝐺 → 𝒞𝑎𝑡𝒜𝑑𝑗, a cellular adjunction stack

Definition. The 𝒞𝑎𝑡-Laplacian is a functor 

ෑ

𝑣∈𝑉𝐺

ℱ(𝑣)→
𝐿
ෑ

𝑣∈𝑉𝐺

ℱ(𝑣)

𝐿𝑿 𝑣 = ෑ

𝑒∈𝛿𝑣

ෑ

𝑤∈𝜕𝑒

ℱ𝑣<𝑒
𝑅 ℱ𝑤<𝑒

𝐿 𝑋𝑤



Theorem. limℱ ≃ 𝑃𝑜𝑠𝑡(𝐿)

Δ 𝑿 𝑣 = ෑ

𝑒∈𝛿𝑣

ℱ𝑣<𝑒
𝑅 ℱ𝑣<𝑒

𝐿 (𝑋𝑣)

𝜂: 1 ⇒ Δ
𝜇: 𝐿2 ⇒ Δ

𝑃𝑜𝑠𝑡 𝐿 = 𝑿, 𝑓: 𝑿 → 𝐿 𝑿 : 𝜇𝑿 ∘ 𝐿𝑓 ∘ 𝑓 = 𝜂𝑿

ℱ: 𝑃𝑮 → 𝒞𝑎𝑡, a cellular stack



Cellular 𝕄-Stacks



𝕄, closed monoidal thin (preorder) category whose unit is terminal.

e.g.

• 𝔹, 2-element Boolean

• 𝕀 = ( 0,1 ,⋅, 1, ≤)

• 𝕃 = ( 0,∞ ,+, 0, ≥)

• ℍ, Heyting algebra

𝕄𝒜𝑑𝑗, category of 𝕄-enriched and 𝕄-adjunctions



Definition. The weighted Laplacian is a 𝕄-functor 

ෑ

𝑣∈𝑉𝐺

ℱ(𝑣)→
𝐿
ෑ

𝑣∈𝑉𝐺

ℱ(𝑣)

𝐿𝑿 𝑣 =ෑ
𝑒∈𝛿𝑣
𝑤∈𝜕𝑒

𝒲

ℱ𝑣<𝑒
𝑅 ℱ𝑤<𝑒

𝐿 (𝑋𝑤)

ℱ:𝑷𝐺 → 𝕄𝒞𝑎𝑡, adjunction 𝕄-stack

𝒲:𝑷𝐺 → 𝕄, a weighting



Theorem. 

hom 𝑿, 𝐿 𝑿 ≽ 𝑚

if and only if ∀ 𝑣 < 𝑒 > 𝑤

𝒲 𝑒 , hom ℱ𝑤<𝑒
𝐿 𝑋𝑤 , ℱ𝑣<𝑒

𝐿 𝑋𝑣 ≽ 𝑚

ℱ:𝑷𝐺 → 𝕄𝒞𝑎𝑡, adjunction 𝕄-stack

𝒲:𝑷𝐺 → 𝕄, a weighting

𝑚 ∈ 𝕄, choice of object



• our paper (on Tarski Laplacian): 
to appear in Homology, 
Homotopy, and Applications:

• accessible: 
arxiv.org/abs/2007.04099

• preprint w/ Paige North on 𝕄-
stacks: TBD 

• you can follow me on twitter: 
@hansmriess

• you can email me: 
hmr@seas.upenn.edu

• my website: www.hansriess.com

https://arxiv.org/abs/2007.04099
http://twitter.com/hansmriess
mailto:hmr@seas.upenn.edu
http://www.hansriess.com/

