WHERE WE'RE AT

We want:

- a mapping of PCF types 7 to domains [z]; '/
- a mapping of closed, well-typed PCF terms - =t : 7 to elements [t] € [z];

- denotation of open terms will be continuous functions.

11



WHERE WE'RE AT

We want:

- a mapping of PCF types 7 to domains [z]; '/
- a mapping of closed, well-typed PCF terms - =t : 7 to elements [t] € [z];

- denotation of open terms will be continuous functions.

Such that:

Compositionality: [t] = [¢'] = [c[t]] = [clt’]].
Soundness: forany type 7, t |, v = [t] = [v].
Adequacy: fory = bool or nat, ift € PCFY and [t] = [v] thent ll}, V.
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DENOTATIONAL SEMANTICS FOR PCF
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DENOTATIONAL SEMANTICS OF PCF

To every typing judgement
I'Ht:t

we associate a continuous function
[T=t:7]): I — [r]
between domains. In other words,

[-1:PCFr, — [I7 - [7]
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DENOTATION OF OPERATIONS ON B AND N

pred : N — N
0 +— undefined
n+l1l — n

succ: N — N
n - n+1

zero? : N — B
0 — ftrue
n+1 — false
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DENOTATION OF OPERATIONS ON B AND N

d, : N N
succ, : N, - N precy 6 : J_L
B 5 Bar n+1 = n
1 1
~ 1 - 1
zero?, : N, — B}
0 +— ftrue
n+1 — false
1l = 1
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DENOTATION OF OPERATIONS ON B AND N

[e](p) = ©
[true] (p) L true
[false] (p) L false

€N,
eB,

eB,
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[o] (p)
[true] (p)
[false] (p)

[succ®] (p)
[pred®)] (p)
[zero?(®)] (p)

0
true

false

suce, (It (p))
pred, ([ (p))
zero? (1t (p))

[succ(®)] = succ °[t]

€N,
eB,
eB,

€N,
€N,

eB,

DENOTATION OF OPERATIONS ON B AND N
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DENOTATION OF OPERATIONS ON B AND N

[o](p) = 0 eN,
[true] (p) L true eB;
[false] (p) o false eB;

[succ®] (p) = suce, (I1] (p)) €N,
[pred®] (p) = pred, (It] (p)) eN,
[zero?(®)] (p) = zero?, (1] (p)) €B,

[if bthentelset’] = (16l (p), [ (p), [] (p)) €Il

[if b thent else ¢'] =if «([b],([¢], [']))
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=21y -1 [m
Tho T mw T2y

def

[+ (p) 2 ¢ Pl

[x] (p) = 7 (p)
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DENOTATION OF THE A-CALCULUS OPERATIONS

(o) < px) e [F(x)]
el () £ (ul @) (L] (o)

[t t,] = eval([t;], [t2])

el . (D>ox ) 5T
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DENOTATION OF THE A-CALCULUS OPERATIONS

r_,x A t -G
0 1'5: —¢q
Vefonr M) < o) ¢ Pl
el () = ([u] () (L] ()

ef

[funx:7.t] (p) L e [z]. [t (p, d)

[funx:z.t] = cur([t])

\ —

3 D)\S .J)? - Q> () -C
S é«mt\z\»ﬁl’%\ STl » Gd ~E9
e )™ TCY ={T»s\
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DENOTATION OF FIXED POINTS

def

[fix fl1(p) = fix([f] (p))
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DENOTATION OF PCF TERMS

For any PCF term t such thatT" ¢ : 7, the object [t]
is well-defined and a continuous function [t] : [I'] — 7.
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DENOTATION OF PCF TERMS

For any PCF term t such thatT" ¢ : 7, the object [t]
is well-defined and a continuous function [t] : [I'] — 7.

IftePCF.: [t] € []—-[r] = 1= = I[]
A
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DENOTATIONAL SEMANTICS FOR PCF

COMPOSITIONALITY



COMPOSITIONALITY

Suppose t,u € PCFr, such that

[] = [u] : [IT = [7]

Suppose moreover that C[—] is a PCF context such thatI'” -, C : 7/. Then

[ele]] = [elw]] = ['] - [T
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A DENOTATION FOR EVALUATION CONTEXTS

IfT Faq C : 7, then define [C] such that

[c] : ([A] = [o]) — [T - 7]
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A DENOTATION FOR EVALUATION CONTEXTS

IfT Faq C : 7, then define [C] such that

[c] : ([A] = [o]) — [T - 7]

-
w} Ty

V- — . C -1(d) =D
: [e ] (@)(p) = ([T (@D(P)[] (p))
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A DENOTATION FOR EVALUATION CONTEXTS

IfT Faq C : 7, then define [C] such that

[c] : ([A] = [o]) — [T - 7]

F@=a
i€ 11 (d)(p) = (L@ (p))
WELS) - -
U\ = T = @)

[clt]] = [T (D)

IfI'=pq C:Tand At : o, then
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Kapne Tel=TWle LAD - Tel € ue Pk

Ad r2,:6 T ,
Tenyd = e (lel)
~ I T (@)
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SUBSTITUTION PROPERTY OF THE SEMANTIC FUNCTION

Assume

R N a7 s

I'x:oct:7

Then for all p € [I7
[tlu/x]] (p) = [t] (plx = [ul (p)D.

In particular when I = - [t] : [o] — [r] and U/E’V : Y" . rn 6—;6?
u
[t[w/x]1] = [t] ([ud) T ‘S’H
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DENOTATIONAL SEMANTICS FOR PCF
SOUNDNESS



SOUNDNESS

For all PCF types 7 and all closed terms ¢, v € PCF, with v a value, ift |, v is derivable,
then

[l = v] € [7]
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RELATING DENOTATIONAL AND OPERATIONAL SEMANTICS



REMINDER: ADEQUACY

For any closed PCF term ¢ and value v of ground type y € {nat, bool}

Gy [l=Wely]l =t v

e~ e )

Elan o ey o
N
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REMINDER: ADEQUACY

For any closed PCF term ¢ and value v of ground type y € {nat, bool}

[l=Wely]l =t v

Adequacy does not hold at function types or for open terms
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REMINDER: ADEQUACY

For any closed PCF term ¢ and value v of ground type y € {nat, bool}

[l=Wely]l =t v

Adequacy does not hold at function types or for open terms
[funx:z.(funy:z.y)x] = [funx:z.x] :[r] — [7]

but
funx:z. (funy:7. y) x{f, 5, funx:z. x
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RELATING DENOTATIONAL AND OPERATIONAL SEMANTICS

FORMAL APPROXIMATION RELATION



HOw TO PROVE ADEQUACY

. DT s
\(FC/~4CTC_ /(c,,}\

Proof idea: introduce a relation R such that

1. ift € PCF 3¢, n € N, and R(n,t), then ¢ U}, n (same for booleans);
2. for any well-typed term ¢, R([t] , t);
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HOw TO PROVE ADEQUACY

Proof idea: introduce a relation R such that

1. ift € PCF 3¢, n € N, and R(n,t), then ¢ U}, n (same for booleans);
2. for any well-typed term ¢, R([t] , t);

Assume t,v € PCF ¢, [t] = [v], and v is a value.

Thus v = n for somen € N, and [v] = n.

i1 = o] =n
= R(n,t)
=tln=v
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