WHERE WE'RE AT

- We know how to construct fixed points using domains and continuous functions
(Kleene's fixed point theorem).
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WHERE WE'RE AT

- We know how to construct fixed points using domains and continuous functions
(Kleene's fixed point theorem).

- We know how to construct interesting domains and continuous functions.

- Missing: how to reason on fixed points?
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SCOTT INDUCTION



REASONING ON FIXED POINTS: SCOTT INDUCTION

Let D be a domain, f: D — D be a continuous function and S € D be a subset of D. If
the set S

(i) contains L,
(i) is stable under f,ie. f(S)CS,

(iii) is chain-closed, i.e. the lub of any chain of elements of S is also in S,

then fix(f) € § 1cS _LS LQ%DES‘(D? =N
(DﬁS o o
5 )h UL e S S @) . %({);&(& (L)
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REASONING ON FIXED POINTS: SCOTT INDUCTION

Let D be a domain, f: D — D be a continuous function and S € D be a subset of D. If
the set S

(i) contains L,
(i) is stable under f,ie. f(S)CS,

(iii) is chain-closed, i.e. the lub of any chain of elements of S is also in S,

then fix(f) € S.

g%‘x GWL\%Q?
o)  (x) = (f(x)  (¥ieN.O(x) =0 |x)

iEN

SCOTTIND

O(fix(f))
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BUILDING CHAIN-CLOSED SETS

All the following are chain-closed:
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BUILDING CHAIN-CLOSED SETS

All the following are chain-closed:

{(x,y) e DxD | xC y}, did:ef{xeD|xEd} and  {(x,y) € DxD | x = y}
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BUILDING CHAIN-CLOSED SETS

All the following are chain-closed:

{(x,y) e DxD | x C y}, did:ef{xeD|xEd} and  {(x,y) € DxD | x = y}

flS={xeD]| f(x)eS} ifSCEischain-closed, and f: D — E is continuous
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BUILDING CHAIN-CLOSED SETS

All the following are chain-closed:
{(x,y) e DxD | x C y}, didzef{xeD |xCd} and {(x,y) € DxD|x =y}
flS={xeD]| f(x)eS} ifSCEischain-closed, and f: D — E is continuous
SuT and mSi if S, T and S; are

i€l
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BUILDING CHAIN-CLOSED SETS

All the following are chain-closed:

{(x,y) e DxD | x C y}, did:ef{xeD|xEd} and  {(x,y) € DxD | x = y}
flS={xeD]| f(x)eS} ifSCEischain-closed, and f: D — E is continuous

SuT and mSi if S, T and S; are

i€l

VSdzef{yeE|Vx€D.(x,y)€S}§E ifSCDxEis

00 ) o Qrd » T Qo) o Soad
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EXAMPLE: DOWNSET

Assume f(d) C d, ie. dis a pre-fixed point of the continuous f : D — D. By Scott
induction on d | fix(f) C d.

i) J‘W\\\M4 1
: C N Lt
} @wg M (Ve xcd > (f(q);cf) i 2<d =xf@)%a/)

W Coof od J’&&CCN’/
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EXAMPLE: DOWNSET

Assume f(d) C d, ie. dis a pre-fixed point of the continuous f : D — D. By Scott
induction on d |, fix(f) C d.

Proof!
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EXAMPLE: PARTIAL CORRECTNESS

Let wy: State; — State | be the denotation of
while X >0do (Y :=X*Y; X:=X—-1)
Recall that w,, = fix(F) where t)‘ = / 7 = \6‘)

ECE)) ifx<0
F(w)(x,y) = { wx—1,x-y) ifx>0

Fw)(L) = L
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EXAMPLE: PARTIAL CORRECTNESS

Let wy: State; — State | be the denotation of
while X >0do (Y :=X*Y; X:=X—-1)

Recall that w,, = fix(F) where

ECE)) ifx<0
F(w)(x,y) = { wx—1,x-y) ifx>0

Fw)(L) = L

Claim:
Vx. ¥y 2> 0. Weo(x, y) | = 71y (Weo(x, ) >0
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EXAMPLE: PARTIAL CORRECTNESS

Let wy: State; — State | be the denotation of
while X >0do (Y :=X*Y; X:=X—-1)

Recall that w,, = fix(F) where

ECE)) ifx<0
F(w)(x,y) = { wx—1,x-y) ifx>0

Fw)(1) =
Claim: ~ /\Jo) /”Q-#J_
M/\D@} VX VY 2 0. weo(x, y) | = 71y (Weo(x,¥)) 20
Proof: by Scott induction!
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PCF



PCF

TERMS AND TYPES



SYNTAX OF PCF

Types: T u=nat|bool |7 > 1
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SYNTAX OF PCF

Types: T u=nat |bool |z > 7

Terms: t == 0|succ(t)|pred(t)]
true | false | zero?(¢) | if t thent elset
x| funx:z.t|tt] fix(d)
(6,25, 26 = T) x><<i\
N
JrgNve &) - QQ
)K Ay - 56/92



TYPING FOR PCF (I)

The term t has type 7 in context I’

I'—t:nat I'—t:nat

/ERO ——M8M8M8888 succ PRED
I'—0:nat I' - succ(t) : nat I' - pred(?) : nat
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TYPING FOR PCF (I)

The term t has type 7 in context I’

I'~t:nat I'~t:nat
/ERO ——M8M8M8888 succ PRED
I'—0:nat I' - succ(t) : nat I' - pred(?) : nat
I'~t:nat
TRUE FALSE IsZ
I' - true : bool I' false : bool I' - zero?(t) : bool
I'—b:bool

T'Ht:1 Tt :1
|

F
' if b thentelset’ : 7

57/92



TYPING FOR PCF (II)

I'x)=1 Ixiokt:T '-f:o0>7 Thru:o
VAR ———— FUN ApP
F'Hx:7 '+ funxio.t:o =1 I'fu:r
I'f:t—>71

N TEFix) 7
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TYPING FOR PCF (II)

I'x)=1 Ixiokt:T '-f:o0>7 Thru:o
VAR ———— FUN ApP
F'Hx:7 '+ funxio.t:o =1 I'fu:r
I'f:t—>71

N TEFix) 7

def def

PCFr, = {t | T+t : 7} PCF, = PCF.,
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PCF

OPERATIONAL SEMANTICS



PCF EVALUATION

Values: v = 0| succ(v) | true | false | funx:z.t
| S —
n
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PCF EVALUATION

Values: v = 0| succ(v) | true | false | funx:z.t
| S —
n

vt

VAL
vi,v
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PCF EVALUATION

Values: v = 0| succ(v) | true | false | funx:z.t
| S —
n
Fv:T tlnat v t lnat succ(v)
VAL succ PRED ————
vi v succ(t) Jpat succ(v) pred(t) lpac v
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PCF EVALUATION

Values: v = 0| succ(v) | true | false | funx:z.t
| S —
n

Fv:t t Upat v t Upat succ(v)
succ PRED ———— X
vi v succ(t) Jpat succ(v) pred(t) lpac v

VAL

t lpat @ blpoor true 1 l; v
ZEROZ IFT -
zero?(t) Jpoor true if b thent; elsety |, v
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PCF EVALUATION

Values: vi=0|succ(v)|true| false| funx:z.t
| —
n
Fv:t t Upat v t Upat succ(v)
VAL succ PRED ——m8M888@8 ™
vigv succ(t) Upat succ(v) pred(t) Unat v
t lpat @ blpoor true 1 l; v
ZEROZ IFT =
zero?(t) Jpoor true if b thent; elsety |, v
tlos; funx:o.t”  t'[u/x] ;v t (Fix(@)) U, v
FUN FIX ——————————
tul, v fix(t) I, v
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PCF EVALUATION

Values: vi=0|succ(v)|true| false| funx:z.t
| —
n
Fv:t t Upat v t Upat succ(v)
VAL succ PRED ——m8M888@8 ™
vigv succ(t) Upat succ(v) pred(t) Unat v
t lpat @ blpoor true 1 l; v
ZEROZ IFT =
zero?(t) Jpoor true if b thent; elsety |, v
tlos; funx:o.t”  t'[u/x] ;v t (Fix(@)) U, v
FUN FIX ——————————
tul, v fix(t) I, v

Alternatively: small-step ¢t ~», u, we havet |, v ifft ~»> u. 59/92



